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STUDIA MATHEMATICA 124 (1) (1997)

On a function that realizes the maximal spectral type
by

KRZYSZTOF M. FRACZEX (Torud)

Abstract. We show that for a unitary operator U on L2(X, ), where X is a compact
manifold of class €7, r € NU {co,w}, and p is a finite Borel measure on X, there exists
a O function that realizes the maximal spectral type of U,

Introduction. Let U be a unitary operator on a separable Hilbert
space H. For any f € H we define the cyclic space generated by f as
Z(f) = span{U™f : n € Z}. By the spectral measure oy of f we mean a
Borel measure on the circle S determined by the equalities

G5(n) = { 2" dos(z) = (U"1.f)
g
for every n € Z.
THEOREM 0.1 (spectral theorem; see [5]). There ewists a sequence
i, fa, ..o in H such that

oo
(1) H= @Z(f.n) and of >0 P ..
el

Moreover, for any sequence ¢1,9z, .- H satisfying (1) we have o5, = 04,
Ofy B Ogyyees

The spectral type of o, (the equivalence class of measures) is called the
mazimal spectral type of U. _ . -

In this paper we will try to answer what is the “best” function realizing
the maximal spectral type of U in the case where H = L?(X, ). The mean-
ing of “best” is not rigorously defined; if no other than measurable sf_:ructure
is imposed on X we will seck a function from Lo°(X, u). However, }f X ad-
wits & structure of a compact manifold we will look for a function that
is sufficiently smooth (and this is not connected with possible smoothness
properties of U or an invariant measure ).
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2 K. M. Fraczek

In the case of U acting on L#(X, i), Alexeyev [1] proved the existence
of a function f € L=(X, p) that realizes the maximal spectral type. In this
note we will show that Alexeev’s arguments are in fact of pure spectral
nature and this will let us generalize his result in various directions.

The author would like to thank Professor Mariusz Lemadiczyk for some
valuable discussions.

1. What is the “best” function realizing the maximal spectral
type. The theorem below is a general version of the classical Alexcev theo-
rem ([1]).

THEOREM 1.1. Let U be a unitary operator on a separable Hilbert space H.
Let F be a linear subspace of H end let E C F be a dense linear subspace of
H such that for any sequence {gx}572., in E there exists a strictly incressing
sequence {ri }32, of natural numbers and a real number 0 < a < 1 such that
for every complex u with |u| < a the series

oo
D9
k=1

{convergent in H) belongs to F. Then for every f € H and every c > 0
there exists g € F such that ||f—g||n < € and o5 < 0y, In particular, there
exists g € F that realizes the mazimal spectral type of U,

Proof Let oy » o9 3» ... be a spectral sequence of U. Hence the
unitary operator U’ : @, ; L2(S8, o) — B, L3(SY,0,,) given by

o0 o] o [a]
v Ealzn)) =3 tntnlen)  for 3 () € LS, 0m)
n=1 n=1 n=1 me=l
and U are unitarily equivalent. Let V : H — @2, L?(S',0,) be a unitary
isomorphism of U and U”, For f € H let {f*}22, denote the sequence given
by
"= Pragi o oV f
where Pracgi oy 0 @neq LA(SY, 0n) — L*(SY, 0,) is the natural projection.
Let f € H and £ > 0. Then there exists a sequence {gn}25_, in B such
that
If = gmllz < /2™t for m > 0.
Since My —co [|f ~ gm ||z = 0 and the operator Prag: ) is bounded,
Jim V17~ 3 don =0 forn>1,
Sl
Since convergence in the L? norm implies the almost everywhere convergence
of a subsequence, by a diagonal process we can construct a sequence {rmg}C.,

icm
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mo = 1 and my, — oo and sets N, C S such that

(2) Jim 77,(2) = F(2) forz€ Ny, 0n(8\ Na) = 0.

Let {rx}re; be a strictly increasing sequence of natural numbers and let o
be a positive number such that for any complex u with |u| < a we have

o0
(3) Zu’f‘:« (gmi = gmy_y) EF
kel

where the series converges in H. Set D = {u € C: |u| < 1}. Given u € D
put

(4) 9) = g0+ Y U™ (Gmy = Gm,y ).
k=1

Since
o0 o
Z “gmk - gmk—l“H < ZE/EMk_1+1 < 3/2,
h==1 Bo=1

for w € D the series (4) converges absolutely in H and g(«) € H. From

o0
lg(w) = gollr £ lgmy = Gmaes &t < /2
k=1

for 4 € D we obtain |g(u) — filg < . It follows from (4) that for n > 1,
e8]

(5) §Mw,2) = G2 + Y u (G, (2) = T, (2D)-
k=1

We deduce from (2) that for z € N, and u = 1 the series (5) converges in
the usual sense. Hence §"(-, ) is an analytic function in D and

(L 2) = ().
Hence for z € N,, one of the two possibilities holds: either

e 7"(,,z) = 0, then g0, (2) = 0 for £ > 1 and consequently f{z) =
gr (1,2} =0, or _

e the function (-, #) has at most a countable number of zerces in D.

Lot Apy = {2 € Ny : §%(u, 2) # 0}. Then for z € Ay 3, the function
(-, 2) has at most a countable number of zeroes in D.

Let us consider the Cartesian product D X A, of D with Lebesgue
measure A and the set A, ; with measure op,. In that product the set {(u, z) :
§"(u,2) = 0} has A x o,-measure zero because every z-section of that set
has A-measure zero (consists of at most countably many points). Therefore,
for -a.e. u € D we have §*(u, z) # 0 for op-a.e. z € A, 1. That implies that
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for almost all v € D,

(6) on(An1\ Aru) = 0.

Choosing ug € D with |ug| < a such that (6) holds for all n > 1 we obtain
O 5n K Ogn(ug,) forn>1

and consequently o¢ < og(y,y- It follows from (3) and (4) that g(ug) € F.
This completes the proof. w

Lemma 1.2. Let (F,| |} be a Fréchet space. Then for any sequence

{fu}isy in F there exists a strictly increasing sequence {ry}S%, of natu-
ral numbers such that for every complex number u with |u| < 1/2 the series

(7) > oum i
k=1

converges in I,

Proof. Choose a sequence {s;}32, of natural numbers such that for any
complex number @ and for any k > 1,

if jo| <1/2% then |ofy] <1/25

Fix ry = 81+ ... + sg. Then the sequence {r;}$, is strictly increasing
and for any complex u with lu| < 1/2 we have |u™| < 1/2" and conse-
quently |u™ fi| < 1/2*. Since the series Y 5, Ju™ f;] converges, the series
(7) converges in the Fréchet space F. w

CoroLLARY 1.1. Let (F,| |} be a Fréchet space where F is a dense

subspace of H and | | > || ||g. Then there exists f € F that realizes the
mazimal spectral type of U

Now, we will consider a special case where H = L2(X, 1) (u is a positive
finite Borel measure on X and U is an arbitrary unitary operator) putting
better and better assumptions of the regularity of X. In the most general

case where (X, 1) is only assumed to be a Lebesgue space we obtain the
following.

COROLLARY 1.2, There ezists f € L™ (X, 1) that realizes the mazimal
specitral type of U.

The above result was proved by Alexeyev in [1].

COROLLARY 1.3. Let X be a compact metric space. Then there exists a
continuous function that realizes the mawimal spectral type of U.
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Proof Since p is a regular measure, C(X} is a dense subspace of
L*(X, w). Apply Corollary L1 to F = C(X). w

COROLLARY 1.4. Let X be a compact differentiable manifold of class C7

where r &€ NU {oo}. Then there exists f € CT(X) that realizes the mazimal
spectral type of U.

Proof For 7 < oo there exists a norm | ||or on C7(X) such that
[l 2 || oo and (C™(X), || ||o+) is a Banach space. For r = oo there exists an
F-nomm | Joee on C®(X) such that | |gee > || oo and (C=(X),]| Jee)
is a Fréchet space. Since C7(X) is a dense subspace of (C(X), || [lee), CT(X)
is a dense subspace of LP(X,u). Apply Corollary 1.1, and the proof is
complete. w

We will now pass to the case of real analytic manifolds. We need some
aunxiliary results.

LeEMMA 1.3, Let A be a real number such that 0 < A < 1. Then for ary
natural k we have
OO

k!
(1—4)¢

A

kAn < .
n* A" < T
n=1

Let W be an open subset of R%. We call a function f : W — C real
analytic (analytic) on W if in a neighborhood of every 2 € W, f(z) can be
represented by a power series of the form

[e3]

(8) Yo anag(er -t (za - o))"

Iyyoride=0

where ay,..1, € C.

LEMMA 1.4. Let {f}52, be a sequence of analytic functions on W such
that there ewist some strictly increasing sequences {Mi)}3e ., {Rr}32, of
natural numbers satisfying

5’:‘1 RANTE NN fk (m)

- - < RkM]i1+"'+ld
Oyt ... Oun

SUp
oEW

for every ly,...,lg 20, k> 1. Then for anyu € D= {u € C: ju| < 1} the

series
o0
Z uRth fk
kel :
oy UM

converges uniformly on any compact subset of W and f =3 ;7
is an anolytic function on W. -
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Proof By Lemma 1.3 for any &y,...,lg > 0suchthat Iy + ...+ {g >0
and z € W we have

& e 27l

k=1

oa
RpM lit.+la
8z't . fxhe SZM R M
1 d

k=1
< Z |uiRJGM:c (RkMk)h+»--+£d
=1
< Z ‘ulnnh Fotla
=]
bitoHly
| 1 )
< (1 LY
(.. +la) gl Ty
and for any z € W,
S 3 = [u]
Z JuIRkMklfk(m)I < E !u‘RkMkRk < Z ‘ulnn < T
k=1 k=1 n=1 (1= [ul)

It follows that for any 4,,...,l4 > 0 and z € W,

ah+,..—1—laf(m) |u‘ ( 1 )Il-l-..A-E,A
o | St i)
Ozt ... Oz e 2 (1= |u)2\ 1= |u|

l I1 e ld
( )
< l ld.

and finally f is an analytic function on W. =

LeMMA 1.5. Let X be a compact real analytic manifold. Then there exists

a subspace E of the space of all analytic functions on X such thot E is a
dense subspace of C(X) and for any sequence {gy )22, in E there exists o
strictly increasing sequence {ry}52, of natural numbers such that for any
complex u & D the series

o0

> g,

k=l

converges in C(X) and 5o, u™ gy is an analytic function on X.

Proof. Let ¢ : X - R? be an analytic injection in a Buclidean space
(see [4]). Set E' = {P : Pis a polynomial on R%} and B = {f: X — C :
fop™! € E'}. By the Stone-Weierstrass Theorem, E' is a dense subset of
C(p(X)). Hence E is a dense subspace of C(X ) and every function f € E iy
analytic. Given a sequence {gx}32, in F choose P, so that gy, = Py o  for
k 2 1. Let W be an open bounded subset of R such that @(X) C W. Then
there exist some strictly increasing sequences {My}32.,, {Ri}32, of natural
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numbers such that

811-1-...+ldpk (CC)
Ot ... Bz

for every 1,..., 1 2 0, k> 1. Fix r, = ReMy,. By Lemma 1.4 the series

2 oheig WPy, converges in C(p(X)) and ) heq UT* Py is an analytic function
on W. It follows that the series Y52, u™ g converges in C(X) and

[= ] o0
Zu""“gk = Zu“’Pk o
Rz,

k=1L

sup

< RkM.il‘l"--'Hd
reW

is an analytic function on X. =

CororLary 1.5. Let X be o compact real analytic manifold and 1 a
Jfinite Borel measure on X. Then there exists an analytic function on X that
realizes the maxzimal spectral type of U,
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