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A 
onditional result on Goldba
h numbersin short intervalsbyA. Languas
o (Genova)1. Introdu
tion. De�ne a Goldba
h number (G-number) to be an evennumber representable as a sum of two primes, and write L = logX. The�rst result 
on
erning the existen
e of G-numbers in short intervals is dueto Linnik [11℄ who proved, assuming the Riemann Hypothesis (RH), thatfor any " > 0 and X suÆ
iently large, the interval [X;X + L3+"℄ 
ontainsa G-number. Linnik's result was improved by K�atai [8℄ and, independently,by Montgomery{Vaughan [14℄ who showed that the interval [X;X + CL2℄
ontains a G-number for some 
onstant C and X suÆ
iently large. Otherproofs of the K�atai and Montgomery{Vaughan result have re
ently beenobtained by Goldston [3℄ and Languas
o{Perelli [9℄.The main aim of this paper is to study the distribution of G-numbers inshort intervals under the assumption of RH and Montgomery's pair 
orre-lation 
onje
ture, a form of whi
h asserts that(1) F (X;T ) � 12�T log T for X !1uniformly for X" � T � X, for every �xed " > 0, whereF (X;T ) = 4 X0<
1;
2�T Xi(
1�
2)4 + (
1 � 
2)2and 
j , j = 1; 2, run over the imaginary part of the nontrivial zeros of theRiemann zeta-fun
tion �(s).It is easy to see that(2) F (X;T )� T log2 Tuniformly inX. Moreover,Montgomery [13℄ (see also Goldston{Montgomery1991 Mathemati
s Subje
t Classi�
ation: Primary 11P32.[93℄
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o[4℄) proved, again under RH, that(3) F (X;T ) � 12�T logX for X !1holds uniformly for X � T .In the following we will denote by MC the hypothesis (1) and by WMCa weaker form of it where� repla
es �. As a slight generalization of WMC,we state the followingHypothesis. Let � 2 [1; 2). For any " > 0 the estimate(4) F (X;T )� T (log T )�holds uniformly for X" � T � X.We will denote the hypothesis above by WMC(�). Observe that WMC= WMC(1) and that, for � � 2, (4) is implied by (2). Our result isTheorem. Let � 2 [1; 2) be �xed and 1=(2X) � � � 1=2. Assume RHand WMC(�) uniformly in the range 2X� � T � X. Then�\�� ��� XX�n�2X(�(n)� 1)e(n�)���2d�� X�L� +min� L2�(log 2�)2 ;X�L�+2�;where � is the von Mangoldt fun
tion and e(x) = exp(2�ix).We remark that this theorem is an analogue of Theorem 3 of Languas
o{Perelli [10℄. As an appli
ation we 
an obtain the following result on thedistribution of Goldba
h numbers in short intervals.Corollary. Let � 2 [1; 2) and H = CL�, where C > 0 is a suÆ
ientlylarge 
onstant. Assume RH and WMC(�) uniformly in the range X=H �T � X. Then, for all suÆ
iently large X , the interval [X;X +H℄ 
ontainsa G-number.We remark that our Corollary 
an be obtained using the method ofGoldston [3℄.We also re
all that, under RH and MC, Goldston [3℄ proved that theinterval [X;X+CL℄ 
ontains a G-number and that Friedlander{Goldston [2℄proved that the interval �X;X+C (log logX)2log log logX � 
ontains a G-number assumingRH together with a strong form of MC and a suitable form of the Elliott{Halberstam 
onje
ture.Our se
ond aim is to prove the following result, whi
h may have someindependent interest, on the mean-square of the singular series of the Gold-ba
h problem.
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h numbers in short intervals 95Proposition. LetS(n) = 8>><>>: 2Yp>2�1� 1(p� 1)2� Ypjnp>2 �p� 1p� 2� if n is even,0 if n is odd.Then Xn�XS(n)2 = 2XYp>2�1 + 1(p� 1)3�� 14L2 +O(L5=3):The Proposition is a sharper version of Lemma 2 of Goldston [3℄, andits proof is based on the argument in Friedlander{Goldston [2℄.A
knowledgments. We wish to thank Prof. A. Perelli for his en
our-agement. We also thank the referee for his positive suggestions and for the
areful revision of this paper.2. Some lemmas. Now we state two lemmas whose proofs follow thelines of Languas
o{Perelli [10℄ (see also Heath-Brown [6℄).Lemma 1. Writing�(X;T; v) = X0<
�T Xi
eiv
we have F (X;T ) = 1\�1 j�(X;T; v)j2e�2jvj dv:Lemma 2. Let � = �(X) and � = �(X) be real numbers satisfying
 � � < � � C for some absolute 
onstants 
; C > 0. Let T > U � 0.Then �X\�X ��� X0<
�T yi
���2 dy � XF (X;T )and XU<
�T Xi
 � T 1=2( maxU�u�T F (X;u))1=2 :The next lemma is an analogue of Lemma 2 in whi
h we insert a fa
tor1=% in the summation on the 
.Lemma 3. Let % = 1=2 + i
, � = �(X) and � = �(X) be real numberssatisfying 
 � � < � � C for some absolute 
onstants 
; C > 0. LetT > U � 0. Then
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o�X\�X ���� XU<
�T yi
% ����2 dy � X�F (X;T )T 2 + F (X;U)U2 + 1U1=2 T\U F (X;u) duu5=2�and XU<
�T Xi
% � � 1T maxU�u�T F (X;u)�1=2 + T\U( maxU�v�uF (X; v))1=2 duu3=2 :P r o o f. By partial summationXU<
�T Xi
% � 1T ��� XU<
�T Xi
���+ T\U ��� XU<
�uXi
���duu2 :The se
ond estimate above follows immediately from the se
ond estimate inLemma 2. For the �rst estimate we have, by the Cau
hy{S
hwarz inequalityand Lemma 2,�X\�X ���� XU<
�T yi
% ����2 dy� 1T 2 �X\�X ��� XU<
�T yi
���2 dy + �X\�X ���� T\U ��� XU<
�u yi
���duu2 ����2 dy� XT 2 (F (X;T ) + F (X;U)) + �X\�X� T\U ��� XU<
�u yi
���2 duu5=2�� T\U duu3=2� dy� XT 2 (F (X;T ) + F (X;U)) + 1U1=2 T\UX(F (X;u) + F (X;U)) duu5=2� X�F (X;T )T 2 + F (X;U)U2 + 1U1=2 T\U F (X;u) duu5=2�:3. Proof of the Theorem and of the Corollary. Writing Selberg'sintegral J(X; 2X;H) = 2X\X j (t+H)�  (t)�Hj2 dt;where  (t) = Pn�t �(n), we get, by Gallagher's lemma (see, e.g., Mont-gomery [12℄, Lemma 1.9),
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h numbers in short intervals 97(5) �\�� ��� XX�n�2X(�(n)� 1)e(n�)���2 d�� �2� X\X�1=(2�) ���� �t+ 12���  (X) ��t�X + 12������2 dt+ J�X; 2X � 12� ; 12��+ 2X\2X�1=(2�) j (2X) �  (t)� (2X � t)j2 dt�+X�2 + �= �2(I1 + I2 + I3) +O(X�2 + �);say. We remark that the term O(X�2 + �) in (5) arises from the O(1) termin the estimate Pa<n<b 1 = b� a+O(1) applied in the above integrals.Using the expli
it formula (see Davenport [1℄, Ch. 17) (x) = x� Xj
j�K x%% +O�x(log xK)2K �+O� log xmin�1; xKkxk��;where kxk = minn2N jx� nj, with K = XL2�1=2, we get, by (5),(6) �\�� ��� XX�n�2X(�(n)� 1)e(n�)���2 d�� �2(J1 + J2 + J3) +O(X�);where J1 = X\X�1=(2�) ���� X0<
�K (y + 1=(2�))% �X%% ����2 dy;J2 = 2X�1=(2�)\X ���� X0<
�K (y + 1=(2�))% � y%% ����2 dy;J3 = 2X\2X�1=(2�) ���� X0<
�K (2X)% � y%% ����2 dy:We �rst 
onsider the terms in J1 + J2 + J3 where 0 < 
 � 2X�, andshow that they make a 
ontribution(7) � 1X�2 �X\�X ��� X0<
�2X� yi
���2 dy:
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oUsing the Cau
hy{S
hwarz inequality with 0 < V < W we get���� X0<
�U W % � V %% ����2 = ���W\V X0<
�U u%�1 du���2 � jW � V jW\V ��� X0<
�U ui
���2 duu :Applying this estimate in J1; J2 and J3 we obtain (7). By Lemma 2 andWMC(�) the right hand side of (7) is � F (X; 2X�)=�2 � XL�=�, whi
h,by (6), makes the 
ontribution X�L�.Now we 
onsider the 
ontribution from the terms 2X� < 
 � K inJ1 + J2 + J3. We see immediately that this 
ontribution is� X �X\�X ���� X2X�<
�K yi
% ����2 dy+ X� ����� X2X�<
�K Xi
% ����2+ ���� X2X�<
�K (2X)i
% ����2�:By Lemma 3 and WMC(�) the �rst term is � XL�=�. The other termson the right 
ome from J1 and J3. By Lemma 3 and WMC(�) they 
on-tribute � XL2+�=�; alternatively they are bounded by I1 + I3, whi
h bythe Brun{Tit
hmarsh theorem is� L2=(�3(log 2�)2). These estimates, 
om-bined with (6), give the se
ond error term in the Theorem.Now we prove the Corollary. Let H = [CL�℄, where C � 1 is a 
onstant.De�ne L(�) = ��� HXm=1 e(�m�)���2 = HXm=�H a(m)e(�m�);where a(m) = H � jmj,R(n) = Xh+k=n�(h)�(k); S(�) = XX�n�2X �(n)e(n�);T (�) = XX�n�2X e(n�); E(�) = S(�)2 � T (�)2:We haveX+HXn=X�H a(n�X)R(n) = 1=2\�1=2S(�)2L(�)e(�X�) d�(8) = 1=2\�1=2T (�)2L(�)e(�X�) d�+ 1=2\�1=2E(�)L(�)e(�X�) d� = A+B;
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h numbers in short intervals 99say. It is easy to prove that(9) A = X+HXn=X�H a(n�X) Xh+k=n 1 = H2X +O(H3):Now we pro
eed to estimate B. UsingT (�)� min(X; 1=j�j) for j�j � 1=2we get(10) �\�� jT (�)j2 d��� X2� if 0 < � < 1=X;= X +O(1=�) if 1=X � � � 1=2:Hen
e, using the identityf2 � g2 = 2f(f � g)� (f � g)2;the Cau
hy{S
hwarz inequality and (10), we have(11) �\�� jE(�)j d� � �X �\�� jS(�)� T (�)j2 d��1=2 + �\�� jS(�) � T (�)j2 d�provided 1=X � � � 1=2.Sin
e(12) L(�)� min(H2; 1=j�j2) for j�j � 1=2;we have(13) B � H2 1=H\�1=H jE(�)j d� + 1=2\1=H jE(�)jd��2 :From the Theorem and (11) we get(14) H2 1=H\�1=H jE(�)j d� � H3=2XL�=2:By partial integration, the Theorem and (11) we obtain(15) 1=2\1=H jE(�)jd��2 � H3=2XL�=2:Hen
e from (13){(15) we have(16) B � H3=2XL�=2;and from (8), (9) and (16) we get
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o(17) X+HXn=X�H a(n�X)R(n)� H2Xprovided that C is suÆ
iently large. Thus the Corollary follows.4. Proof of the Proposition. LetS = Yp>2�1� 1(p� 1)2�:We have Xn�XS(n)2 = 4S2 X2n�X Yp jnp>2 �p� 1p� 2�2(18) = 4S2 X2n�X Ypjnp>2 �1 + 2p� 3(p� 2)2�= 4S2 Xn�X=2Xjjn f(j);where f(j) = 8<:�2(j)Ypjj 2p� 3(p� 2)2 if j is odd,0 if j is even.Then, 
hanging the order of summation in (18), we obtainXn�XS(n)2 = 4S2 Xj�X=2 f(j)�X2j �(19) = 2S2X 1Xj=1 f(j)j � 2S2X Xj>X=2 f(j)j� 2S2 Xj�X=2 f(j)� 4S2 Xj�X=2 f(j)P�X2j�;where P (u) = u� [u℄� 1=2.By straightforward 
omputations we get2S2 1Xj=1 f(j)j = 2Yp>2�1� 1(p� 1)2�2�1 + 2p� 3p(p� 2)2�(20) = 2Yp>2�1 + 1(p� 1)3�:
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h numbers in short intervals 101Next, we will show(21) Xj�U f(j) = 18S2 log2 U +B logU +O(1);where B is a 
onstant. By partial summation this implies(22) Xj>U f(j)j = 14S2 � logUU +O� 1U �:The Proposition follows from (19){(22) together with the estimate(23) Xj�X f(j)P (X=j) � L5=3:Now we prove (21). WritingH(s) = 1Xm=1 f(m)m�s = Yp>2�1 + 2p� 3ps(p� 2)2�we see that H(s) is an analyti
 fun
tion for Re s = � > 0 and, using thePerron formula with error term (see, e.g., Lemma 3.12 of Tit
hmarsh [15℄),we obtainXj�U f(j) = 12�i 
+iZ\
�iZH(s)Uss ds+O�U 
 1Xm=1 jf(m)jm
(1 + Zjlog(U=m)j)�;where " > 0 is a �xed 
onstant, 
 = "+1=logU < 1=4 and Z will be 
hosenlater on.The error term 
an be estimated usingf(m)� d(m)m Xhjm d2(h)h(see (30) of Goldston [3℄), where d(m) is the divisor fun
tion, and the 
las-si
al estimates Pv�m d(v)q � m(logm)2q�1 (see, e.g., Theorem 5.3 of Hua[7℄) and d(m) � m" (see, e.g., Theorem 315 of Hardy{Wright [5℄). So wehave(24) Xj�U f(j) = 12�i 
+iZ\
�iZH(s)Uss ds+O�U 
Z �:Now we observe thatH(s) = �1� 12s+1�2�(s+ 1)2g(s);where g(s) = Yp>2�1� 1ps+1�2�1 + 2p� 3ps(p� 2)2�;
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owhi
h 
onverges absolutely and is analyti
 for � > �1=2. So H(s)Us=s hasa triple pole at s = 0 with residue18S2 log2 U +B logU +O(1):Consider a re
tangular 
ontour with right side s = 
 + it, t 2 [�Z;Z℄,and left side �1=4 + it, t 2 [�Z;Z℄. The 
ontribution of the top, bottomand left sides of the 
ontour 
an be estimated using �(� + it) � t1=6 for� � 1=2 (see, e.g., Tit
hmarsh [15℄, p. 115). Hen
e we haveXj�U f(j) = 18S2 log2 U +B logU +O(Z�2=3U 
 + Z1=3U�1=4) +O(1):Choosing Z = U3
, we obtain (21).Now we prove (23). For j odd we havef(j) = �2(j)Ypjj � 2p� 2��p� 3=2p� 2 � = �2(j)d(j)'2(j) Ypjj �1 + 12(p� 2)�= �2(j)d(j)'2(j) XÆjj �2(Æ)2!(Æ)'2(Æ) ;where !(n) is the number of distin
t prime fa
tors of n, '2(p) = p� 2 and'2 is extended to square-free numbers by multipli
ativity.Hen
e, inter
hanging the order of summation, we obtainXj�X f(j)P�Xj � = XÆ�X(Æ;2)=1 �2(Æ)d(Æ)2!(Æ)('2(Æ))2� Xk�X=Æ(k;2)=1 �2(k)d(k)'2(k) P�X=Æk ��:Using the argument in (2.9){(2.13) of Friedlander{Goldston [2℄, we �nd thatthe inner sum 
an be estimated byXn�X d(n)n P (X=n);whi
h is � L5=3 by the remark at the end of Se
tion 2 of [2℄. Using thisestimate we obtainXj�X f(j)P�Xj �� L5=3 XÆ�X(Æ;2)=1 �2(Æ)d(Æ)('2(Æ))2and hen
e (23) follows from the 
onvergen
e of the series1XÆ=1(Æ;2)=1 �2(Æ)d(Æ)('2(Æ))2 :
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