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1. Introduction. Fix a real number 1 < ¢ < 2. For every nonnegative
integer k let

(1) k:€0—|—261—|—...+2n€n, 61'6{0,1}
be its dyadic expansion and set
(2) T =¢€0+€1q+ ... +enq".

Denote by yp < y1 < ... the increasing rearrangement of the sequence (x),
without repetitions. It is clear that

Y=0, wn=1 wy2=gq
and that
yr — oo if kK — oo.
We are interested here in the behavior of the difference sequence yi41 —
yk- Let us introduce for brevity the following notations:

Uq) = nf(ye1 —yx),  L(g) = limsup(yk+1 — yk)-

Note that I(¢) = liminf(yg+1 — yx). Indeed, fix ¢ > 0 arbitrarily. It is
sufficient to show that there exist arbitrarily large integers m < [ such that
Y1 — Ym < l(q) + €. By the definition of I(q) there exists an integer k such
that yr+1 — yr < l(q) + €. Then for every sufficiently large integer n (such
that ¢" > yk11) the numbers ¢" + y, and ¢" + yr41 are in the sequence (y;).
Denoting them by y,, and y; we have y; — Y = yr+1 — yr < l(¢) + € and
[,m — oo as n — oo. Hence the claim follows.

We recall the following results; the first three of them were proved in [3],
while the last one was obtained in [2].
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<l(qg)<L(g) <lforalll<g<2.

(q) =1 for all A <q< 2 where A= (1++/5)/2.

(q) > 0 for all Pisot numbers.

q) = 1/q > 0 for all Pisot numbers 1 < g < 2 satisfying the equation
+q+ ...+ q" for some integer r > 1.
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In the proof of (b) it was assumed that ¢ > A, but the proof remains
valid for ¢ = A. (One can also give a different proof by adapting that of
Proposition 3 below; see the remark following that proposition.)

In this paper we obtain several new estimates of I(q) and of L(q) for
some special classes of numbers 1 < ¢ < 2. In particular, we obtain the
following two results:

(e) l(g) > 0 for all Pisot numbers.

(f) L(q) = 0 (i.e. yg+1 — yr — 0) for all transcendental numbers 1 < ¢
< V2.

The property (e) was also obtained independently in another way by Y.
Bugeaud [1]. He also proved a partial converse of this statement.

At the end of the paper we correct a small error in our previous paper
[3] and we formulate some open problems.

The authors are grateful to the referee for his suggestions.

2. Pisot numbers. For any real number x let us denote by ||z|| its
distance from the closest integer. Our main result is the following:

THEOREM 1. We have l(q) > 0 for all Pisot numbers. More precisely,

(3) Lig) = (1= ¢
k=N

for all nonnegative integers N, and

(@ @)= (1- Y 1¢H1)

for all nonnegative integers N satisfying
> 1
(5) ol < —-
k=N g+1

Proof. Since ||¢*| — 0 exponentially if ¢ is a Pisot number, the in-
equality (5) is satisfied if NV is sufficiently large. Then it follows from (4)
and (5) that

(g) 2 ¢~V /(g+1) >0.
It remains to prove the estimates (3) and (4).
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For every real z there is a unique integer m satisfying —1/2 < z —m <
1/2. Set d(z) = x — m. Then —1/2 < d(z) < 1/2 and |d(x)| = |||
There is nothing to prove if > ;- \ [[¢*|| > 1. Fix a nonnegative integer

N such that
o
D gl <1
k=N
and set

(6) o=~ min{d(g"),0}, =) max{d(g"),0}.
k=N k=N

(7) a>0, >0 and a+8=) |d<L
k=N
Consider the increasing sequence y¥ < yI¥ < ... of the numbers of the
form (2) with g9 = ... =ey_1 = 0. Since clearly y¥ = ¢"y;, for all k > 0,
it is sufficient to prove that

(8) e~y > 1= |1
j=N

for infinitely many k£ > 0, and that

(9) vy — U = 1= Il
j=N
for all £ > 0 if the condition (5) is satisfied.
It follows from (6) and (7) that for every k& > 0 there is a unique integer
m = m(k) satisfying m — o < yY¥ < m + 3. Since y) — oo, there are
infinitely many k’s for which m(k) < m(k + 1). For these k’s we have
(writing m = m(k))

o
(10) g =y 2 (m+l—a)=(m+ B =1—(a+p8)=1-> ||
j=N
and (8) follows.

Now assume (5). It follows from (6) and (7) that for any [ > k£ > 0 we
have either 0 < y¥ —yY <a+Bory" —yY >1— (a+ 3). It remains to
prove that the first case never occurs.

Assume on the contrary that 0 < le — y,iv < «a+ g for some l > k > 0.
Choose an integer m > 1 such that o + 8 < ¢™(y)¥ —y») < q(a + ) and
consider the numbers yiY = ¢"y and y}} = ¢™yY. Then a+8 <y —yby <
q(a+ ). However, this is impossible because ¢(a+ ) < 1 — (a+ 3) by the
assumption (5). m
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EXAMPLES. 1. Let ¢ ~ 1.32472 be the first Pisot number (the real
root of ¢> — ¢ — 1 = 0). Denoting its conjugates by g, and g3, we have the
(crude) estimates ||¢*| < |g2|* + |gs|* for all kK > 0. Applying the theorem
with N = 22 resp. N = 26 and using these estimates we easily obtain
L(gq) > 0.0006 and I(g) > 0.0004.

2. Let ¢ ~ 1.46557 be the fourth Pisot number (the real root of ¢* —
q*> — 1 =0). Applying the theorem with N = 15 and with N = 18 we easily
obtain L(g) > 0.0011 and [(g) > 0.0006. Simple numerical tests seem to
indicate that L(q) = ¢—1 ~ 0.46557 and l(q) = ¢° —q¢* —¢3+¢*>—1 ~ 0.1479.

3. Let ¢ = A = (1 ++/5)/2. Applying the theorem with N = 4 we
find that I(g) > 0.09. We recall from [2] (see (d) in the introduction) that
I(A) =1/A ~ 0.618. We also recall that L(A) =

We can give lower bounds of L(g) and I(q) without using N.

COROLLARY 2. Let q be a Pisot number. Denote by d the degree of its
minimal polynomial, by qo,...,qq the conjugates of q and by Q) the largest
absolute value of these conjugates, so that Q < 1. Then

L(q) > (2¢)1qllos(2d=2)~log(1-Q))/log Q

and

Proof. If we choose N such that

o0

> ekl < 0.5,

k=N

then L(q) > 271¢~" by the preceding theorem. Since

(11) leq I < ZZ!%!’“ d—1) ZQk HeY/(1-Q),

k=N j=2
it is sufficient to choose N so that (d —1)QY /(1 —Q) < 0.5, or equivalently,
log(1 — Q) —log(d — 1) —log2
log Q '
Choosing the smallest integer N satisfying this inequality, we have
log(1 — Q) —log(d — 1) — log 2
log @

N >

N-1<

and therefore
L(q) > 271(]71\[ _ (2q)71q7(N71) > (2q)71q(10g(d71)+10g2710g(17Q))/logQ’

proving the first part of the corollary.
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Next, if we choose IV such that
> el < 1/(1 +q),
k=N

then I(q) > ¢'~™ (1 +¢)~!. By (11) it is sufficient to choose N so that
(d-1)QY/(1-Q) <1/(1+aq),
or equivalently,
- log(1 — Q) — log(d — 1) — log(1 + q)
log Q ’
Choosing the smallest integer IV satisfying this inequality, we have
< log(1 — Q) —log(d — 1) — log(1 + q)
- log @

N

N-1

and therefore
l(q) > ql—N(l + q)—l > (1 + q)—1q(log(d—1)+log(1+q)—1og(1—Q))/logQ,

proving the second part of the corollary. m

It is possible to obtain more accurate lower bounds of L(gq) by ad hoc
arguments for special Pisot numbers. Let us give an example.

PROPOSITION 3. If ¢ =~ 1.46557 is the fourth Pisot number (i.e. the
only real root of the equation ¢> = ¢* + 1), then none of the open intervals
(¢" — (¢ —1),q4") contains any element yy,. Hence L(q) > q — 1.

Proof. Assume that this is false and let n > 0 be the smallest integer
such that there exists yr € (¢" — (¢ — 1),¢"). It follows easily from the
relations

Yo=0, yi=1 yp2=q¢ ys=¢*, wya=q+1

that n > 4. Furthermore, we have obviously

Y = €0 +€19+ ...+ En_1q™ L.

Observe that €,_1 = 0. Indeed, otherwise we would have

Y =Yk — qn_l S (qn_3 - (q - 1)7qn_3)7

contradicting the minimality of n.
Similarly, we have €,,_3 = 0, for otherwise
y=yr—q" €@ = (g 1),¢"Y),

again contradicting the minimality of n.
Next we claim that €,_o = 1. Indeed, otherwise y; would be too small:
we would have y < ¢" — (¢ — 1) by the following computation:
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"= (1) —y>q¢"—(¢g—1)—(1+qg+...+¢""

n—3_1
:qn—q4‘1—q7
qg—1
_qn+1_qn_q2+2q_1_qn—3+1
= p—
LT H2 0" a1 +a2—a)
q—1 q—1 '

Now it follows that ¢,,_4 = 0. Indeed, otherwise

Y=Yk — 4 q yk—q" e (@" P = (a—1),¢"7?),
contradicting the minimality of n.
However, this is also impossible, because now we have y;, < ¢" — (¢ —1).
Indeed, using also the relation ¢?(¢ — 1) = 1 and the inequality ¢ > v/2, we
obtain

"=y > = (1 4+qg+ . )

n n—2 qn 1 qn(q 1) qn 2(q 1) qn 1
q q

"2 —2¢" 1+ 1 1
= > . n
q—1 q—1
REMARK. One can prove by a similar but simpler argument that if ¢ = A,
then none of the open intervals (¢",¢" + 1) (n = 1,2,...) contains any

element of the sequence (yx). Hence L(q) = 1.

n—=2_ n—4 _

3. Numbers ¢ close to 1. We do not know whether L(gq) = 0 for all ¢
sufficiently close to 1. We have the following weaker result:

THEOREM 4. We have L(q) — 0 as ¢ — 1. More precisely, L(q) <
(¢> —1)e for all1 < q< 2.

Proof. If ¢ > 6/5, then (¢ —1)e > 1 and the estimate follows from the
inequality L(q) < 1. Assume therefore that 1 < ¢ < 1.2; then there exists
an odd integer n > 5 satisfying

1 1
1+ ——<g<14+ —.
+n+2*q +n

Consider the numbers ¢ < ¢ < ... < ¢"2. First of all, we have
n+2 3
nt2 5 (29 S (3 sarlo g
1 —<n+2 3 Tyoat

because n > 3. Furthermore,

3

P -g<-@F<. .. .<q"?=q"
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and
" —q" = (* - 1)¢" < (¢*> —1)e =: 6.
We claim that for every real number o > ¢ there exists a yj satisfying
a— 0§ <y, < a. Indeed, since 1 < ¢ < 2, we have L(¢?) < 1 by (a) of the
introduction. Hence there exists

Y=co+eq + ...+ 2mq®™"
such that « — g — 1 <7 < a — ¢. Consider the numbers
T+qg<y+¢ <...<y+q""
The first of them is clearly less than «, while the last one is greater than a:
7+q"TP>y+q+1>a
Furthermore, the distance of two consecutive numbers is always less than 4.
It follows that if we denote by ¥ the largest term of this sequence which is

still less than «, then a — 0 < Y < a.
The above claim implies that

lim sup(yx4+1 — yx) < 6,
and the proof is complete. m

Our next result shows that yx11 — yr — 0 for almost all numbers ¢
sufficiently close to 1.

THEOREM 5. Let q be a real number satisfying 1 < q < v/2 and 1(¢?) = 0.
Then L(q) = 0, i.e. Yp+1 — yx — 0. In particular, this is true when
1 < q <2 and q is transcendental.

We need three lemmas.

LEMMA 6. Let 1 < q < 2 satisfy I(q) = 0 and fir 6 > 0. Then there exists
a subsequence (zx) of (yx) satisfying the following two conditions:

(a) if i # j, then z; and z; have no common term q";
(b) o< 29i — 22i—1 < 20 f07‘ all i = 1,2,...

Proof. Since l(q) = 0, there exist [ > k > 1 such that 0 < y; — yx < 9.
(We may even choose | = k+1.) By omitting the common terms ¢" (if any),
we may assume that y, and y; have no common terms. Choose a positive
integer m such that § < ¢"(y; — yx) < 26 (possible because 1 < g < 2), and
set z1 = ¢""yk, 22 = q" Y.

Now we proceed by induction. Assume that z; < ... < zy, are already
defined for some n > 1 and that they satisfy the conditions (a) and (b).

Fix a positive integer N such that g~ > z2,,. Then none of the numbers
21 < ... < 2o, contains any term ¢' with ¢ > N. Since I(g) = 0, there
exist [ > k > 1 such that 0 < y; — yr < ¢~ V6. We may also assume that
yr and y; have no common terms. Choose a positive integer m such that
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q N6 < q™(yi —yr) < 2¢7N5 (possible because 1 < g < 2), and set 29,41 =
A" yr, zonso = ¢V ™y Then § < zopi2 — 2oni1 < 20. Furthermore,
Zon+2, Z2n+1 have no common term, and no term ¢" with i < N. Hence the
properties (a) and (b) continue to hold. m

LEMMA 7. Let 1 < q < 2 satisfy l(q) = 0 and fiz 6 > 0, D > 0. Then
there exists a finite subsequence

(12) wo < Wy < ... < Wy

of (yx) such that

(13) w; —wi—1 <20, 1=1,...,m,
and

(14) Wy, — wo > D.

Proof. Consider the sequence (zj) of the preceding lemma. Choose an
integer m > D /6 and define

wo =21+23+ 25+ ...+ 22m—3+ 22m—1,
wl:22+Z3+Z5+"-+Z2m73+z2m71;

Wwo =29+ 24+ 25+ ...+ 29m—3 + 22m—1,

Wmp—1 =22+ 24+ 26+ ...+ 22am—2 + Z2m—1,

Wy =22+ 24+ 26+ ...+ 229m—2+ 2om-

We clearly have (12) and it follows from property (a) of the preceding
lemma that (w;) is a subsequence of (y). It is also clear from (b) that (13)
is satisfied. Finally, (14) also follows from (b):

wm—wg:(z2—21)+...+(22m—22m,1)>m5>D. ]

LEMMA 8. If 1 < g < 2 and q does not satisfy any algebraic equation
with integer coefficients belonging to the set {—1,0,1}, then l(q) = 0.

Proof. Fix § > 0. Choose a sufficiently large n with (¢" —1)/(¢g—1) <
(2" — 1)0 and consider the numbers z;, 0 < i < 2", constructed in the
introduction. It follows from our assumption on ¢ that they are all different.
Furthermore, all these 2" numbers belong to the interval [0,1+ ...+ ¢"7!]
whose length is less than (2™ — 1)d by the choice of n. Therefore, by the
box principle there are two x; whose distance is less than §. Hence I(g) < 9.
Letting § — 0 we conclude that I(¢) = 0. =

Proof of Theorem 5. Fix § > 0 and apply Lemma 7 with ¢? instead of q.
It follows that there exists a finite sequence ag < a1 < ... < a,, of numbers
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of the form
0+ eaq® +eaqt +.. g™, & €{0,1},
satisfying
O<a;—a;_1<26, i=1,....,m, a;,—ay>q.

On the other hand, since L(¢?) < 1 (see (a) in the introduction), every
open interval I C (0,00) of length ¢ contains at least one number of the
form

(15) €1+ e3¢’ +e5¢° + ...+ eon1®, g, €{0,1}.

It follows that every interval (z,z +2), © > ag + ¢, contains at least one
yk. Indeed, choose b of the form (15) in (x — ap — g, — ap) and consider
the numbers

bt+ap<b+ar <...<b+anm.
It is clear that they all are in the sequence (yi). Since b+ ag < z, b+ a,, >
b+ ag + ¢ > x and since the difference of two consecutive elements is always
less than 26, it follows that at least one of them lies in (z,z + §).

We have thus proved that L(q) < 2§. Since 0 > 0 was arbitrary, we
conclude that L(g) = 0.

The last part of the theorem follows from Lemma 8. m

The following result completes Theorem 5:
PROPOSITION 9. We have L(v/2) = 0.

Proof. Fix § > 0 and choose an integer N > 1/§. There exist two
integers 0 < k < I < N such that the fractional part of IV2 — k2 is in
(0,1/N). Taking integer multiples of Iv/2 — kv/2, it follows easily that there
exists a finite sequence of integers k1 < ... < ky such that every interval
of length § contains at least one number having the same fractional part as
one ofk:iﬂ, 1 << N.

It follows that every interval (x,z +§), x > kx+/2, contains at least one
yr. Indeed, let z < ' < 2+ 6 and 1 < i < N be such that z’ and k;v/2
have the same fractional part. Then [ := 2’ — k;1/2 is a nonnegative integer
and hence 2’ = [ 4 k;/2 is in the sequence (y;). m

Correction. We have proven in [3] that if 1 < ¢ < 2 and L(q) = 0, then
the number 1 has an infinite expansion containing arbitrarily long sequences
of consecutive 0 digits (Theorem 4, part (c)). In the proof, at the bottom
of page 388, the sentence “It is equal to y, for some n > 1.” should be
changed to: “If m is sufficiently large, then this number belongs to the
interval (y,,—1,¥yn] for some n > 2.7 Next, the first sentence on the top of
page 389 should be changed to: “It follows from (19) that g,,_; < ¢™ %"k
and therefore n;4;, > k+n;, > n;,.” The rest of the proof is the same.
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Let us note that the proof can easily be modified to prove, more generally,
that under the same assumption L(q) = 0, every = € (0,1/(¢ — 1)) has
an infinite expansion containing arbitrarily long sequences of consecutive 0
digits.

4. Open problems

1. Is it true that I(q) > 0 if and only if ¢ is a Pisot number?

2. It would be interesting to determine the exact values of I(¢) and L(q)
for the Pisot numbers. Is it possible to adapt the proof of Proposition 3 for
all Pisot numbers?
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