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Arithmetic of the modular function j 4
by

CHANG HEON KM and JA KyuNG Koo (Taejon)

We find a generator j; 4 of the function field on the modular curve X (4)
by means of classical theta functions #5 and 63, and estimate the normalized
generator N(j;,4) which becomes the Thompson series of type 4C. With
these modular functions we investigate some number theoretic properties.

1. Introduction. Let $ be the complex upper half plane and let I'; (V)
be a congruence subgroup of SLs(Z) whose elements are congruent to ((1] 9{ )
mod N (N =1,2,...). Since the group I} (V) acts on $) by linear fractional
transformations, we get the modular curve X(N) = I(IN)\H*, as the
projective closure of the smooth affine curve I'1(N)\$, with genus g1 n.
Since g1,y = 0 only for the eleven cases 1 < N < 10 and N = 12 ([9]),
the function field K (X;(4)) of the curve X;(4) is a rational function field
over C.

In this article we will first find the field generator j; 4 in Section 3 by
making use of the classical Jacobi theta functions 65 and 03. Furthermore, we
will show that Q(j1,4) = Q(J,7(42)) (j = the modular invariant of SLy(Z))
is the field of all modular functions in K (X(4)) whose Fourier coefficients
with respect to ¢ (= €*™*,z € §)) are rational numbers. We will also find
the relation between two modular functions j; 4 and jy = 03(2/2)/04(2/2)
([8]). In Section 4 we will estimate the normalized generator N(ji4) of
K(X7(4)) as the type of the field which turns out to be the Thompson series
of type 4C', and will investigate the replication formulas for the coefficients of
N(j1.4). When 7 € §NQ(v/—d) for a square-free positive integer d, we will
show that N(j1,4)(7) becomes an algebraic integer. Finally, in Section 5
we will construct some class fields over an imaginary quadratic field by
applying Shimura theory and standard results of complex multiplication to
our function jj 4.

Throughout the article we adopt the following notations:
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e H* the extended complex upper half plane,

e I'(N)={ye€ SLy(Z)|y=1mod N},

e I'H(N) the Hecke subgroup {(Z Z) €l(l)|c=0mod N},

e I the inhomogeneous group of I' (= I'/+ 1),

i 627riz/h’ z €N,

o My (I'1(N)) the space of modular forms of weight k& with respect to the
aroup T3(N),

e 7, the ring of p-adic integers,

e Q, the field of p-adic numbers.

2. Generators of I7(4). Let I' be a congruence subgroups of I'(1)
(= SLy(Z)). A subset F of §* is called a fundamental set for the group I if
it contains exactly one representative of each class of points of $* equivalent
under I'. A set F is called a fundamental region if F contains a fundamental
set and, for z € F and vz € F with v (# I) € T, z is a boundary point of F.

Although the following theorem is well known, we present its proof for
the sake of completeness.

THEOREM 1. Let I’ be a congruence subgroup of (1) of finite index
and F be a fundamental region for I'. Then the sides of F can be grouped
into pairs \j, N; (j = 1,...,s) in such a way that \; C F and N} = v;\;

J’_ 7
where v; € F_(j =1,...,5). v;’s are called boundary substitutions of F.
Furthermore, I' is generated by the boundary substitutions vy1,...,7s-

Proof. For the first part, see [16], p. 58. For any v € I', suppose that
there exists a sequence of images of F, that is, F, S1IF, SoF, ..., S,F = ~F
(S; € I'), each adjacent to its successor. Let F N S;F D A, Since v =
)\;- and ;I is another fundamental region, ;IF = S;F, which yields that S;
= ;. Then v;\;,v; A, (i =1,...,s) form the sides of S1F and (fyj’yifyj_l)’yj)\i
= ;A\, Le., ,yj%,yj—l (1 =1,...,s) are boundary substitutions of S;F.

Now, we use induction on n to show that S, (= ) is generated by
Y1,---,7s and boundary substitutions are also generated by them. The case
n = 1 has been done. Denote the sides of S, _1F by u;,u; (i =1,...,s).
Let L;u; = p} for i = 1,...,s. Then, by induction hypothesis, S, _; and
L; (i = 1,...,s) are generated by v1,...,7s. If S, 1FNS,F 2 pf, then
Lip; = u; implies that L;S,_F = S,F, ie., S, = L;S,—1. Hence, it
is generated by ~1,...,7s. Also, the set of all points in § belonging to
the region S, F that can be reached by such sequences is open, and so is
its complement in $ which must be empty by connectedness of $. This
completes the proof of the theorem. m

LEMMA 2. Let o = () '), Then £al'(2)a~! = £I'(4).

Proof. Straightforward. =
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It is well known ([17], p. 84) that I'(2) has the following fundamental
domain:

T2
< | -t
F
/ X\
—1 0 1
ST—28

where T' = ((1] 1) and S = ((1] _01 ) Thus, by Lemma 2 we can come up with

the fundamental domain oF of Iy (4) as follows:

T
| e
olF
/ AN
~1/2 0 1/2
ST~48

Since T and ST~%S are in I'1(4), they generate the group I'i(4) by
Theorem 1. There are 3 cusps oo, 0, % in X;(4) as seen in the above figure,
whose widths are 1, 4 and 1, respectively. Here we observe that the first two
are regular and the last one is irregular.

3. Hauptfunktionen of K(X;(4)) as a quotient of Jacobi theta
functions. First, we recall the Jacobi theta functions 65, 03,60, defined by

n 2 n2 n n2
() =3 "V () =", 0a(2) =D (-1)"g}
nezZ nez nez

for z € . Then we have the following transformation formulas ([16], pp.
218-219):
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(1) 03(z 4 1) = e™/40,(2),

(2) 03(2 + 1) = 04(2),

(3) 04(z 4+ 1) = 05(2),

(4) O2(—1/2) = (—iz)"?04(2),
(5) O3(—1/2) = (—iz)"?05(2),
(6) 04(—1/2) = (—iz)"/?0,(2).

Put j1.4(2) = 62(22)*/03(22)*. Then we obtain the following theorem.

THEOREM 3. (i) 02(22)%,05(22)* € My(I7y(4)).

(ii)) K(X1(4)) = C(j1,4(2)) and j1,4(c0) = 0 (simple zero), j1,4(0) = 1,
J1,4(1/2) = oo (simple pole).

Proof. For the first part, we must check the invariance of the slash

operator and the cusp conditions. Since T and ST %S generate I'(4), it is
enough to check it for these generators.

02(22)* |77, = 02(22 +2)* = (™/20,(22))* by (1)

= 05(22)%,
(7) 92(22’)4\[312 = 2_2 03(=2/2)* = 272 {(=i2/2)"%604(2/2)}* by (4)
04(2/2)%,
02(22)" (571}, = (2’/2)4|[ —1), = —304(2/2)" by (2) and (3),
02(22)*|(s7-15), = —304(2/2)* |11, = {(—212)1/292(22)}4 by (6)
( 2)%,

93(22)4|[T]2 = 05(22 +2)* = 03(22)* by (2) and (3),
(8)  63(22)"s), = 2‘293(—2/2)4 = 2 *{(~i2/2)"/?03(z/2)}* by (5)

05(22)"| [ST-4], = — %93

03(22)" (57151, = —503(2/2)* |11, = — 327 2{(—2i2)'/205(22)}* by (5)
= 05(22)".
Now we check the boundary conditions.
(i) s = oo: Since 05(2) = 2g3(1 +q+¢> +...), we have
02(22)* = 2'q(1 +® + ¢® + ¢+ .. )"

Hence 65(22)* has a simple zero at s = co. On the other hand, 65(22)* =
2
ez d™ )t = (1 +2¢+2¢* +2¢° +...)% Thus 63(22)*|s=c = 1.
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(ii) 5 = O:
02(22)4|s:0 = hm 92(22)4“5]2 = hm ——94(25/2) by (7)
—_1
4
and

03(22)4|s:0 = lim 93(22)4“5]2 = hm ——93(25/2) by (8)

2—100 Z—100
1

T
(iii) s = 1/2: Observe that (ST2S5)c0 = 1/2.
Considering the identities
02(22)" 1), = —194(2/2)4 by (7),
02(22)" |is7-2), = —304(2/2)|;r-2), = —303(2/2)* by (3),
02(22)"|(s725), = =7 (2/2)4“5}2 = —122{(~2i2)"/?63(22)}* by (5)
03(22)",

we get
02(22)* 5212 = im 02(22)*|[s7-25), = im 05(22)* = 1.

The facts that

05(22)*|(s}, = —305(2/2)* by (8),
05(22)"|(s7-2), = —203(2/2)*| 12}, = —204(2/2)* by (2),
05(22)* (57251, = —104(2/2)* |15, = — 127 2{(—2i2)"/%05(22)}* by (6)
= 92(22’)4

imply
05(22)* 5212 = thoo 03(22)* lisT-29], —th 05(22)*

—100

= lim 2'¢(1+¢@+¢®+¢2+..)*

Z2—100

=0 a simple zero.

Now, we prove the second part. From the well-known formula ([19],
p. 39) concerning the sum of orders of zeros of modular forms, it follows
that vg(02(22)*) = 19(03(22)*) = 1. Hence 65(22)* (resp. 03(22)*) has no
other zeros in X (4) except at s = oo (resp. s = 1/2). Therefore [K(X1(4)) :
C(j1,4(2))] = vo(j1,4(2)) =1, and so (ii) follows. =

Let K(X(I'")) be the function field of the modular curve X (I'") = I'"\9*.
Suppose that the genus of X (I'') is zero. Let h be the width of the cusp
oo. By F we mean the field of all modular functions in K (X (I'')) whose
Fourier coefficients with respect to g5 belong to Q.
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LEMMA 4. Let K(X(I")) = C(J’) for some J € K(X(I")). If J € F,
then F = Q(J’).

Proof. First, note that F' and C are linearly disjoint over Q. Indeed,
let p1,..., tm be the elements of C which are linearly independent over Q.
Assume that ) . p;9; = 0 with g; in F. Let g; = Y, cing) with ¢;, € Q.
Then ). picin, = 0 for every n, so that ¢;, = 0 for all ¢ and n. Hence
g1 = ... = gm = 0. We then have the field tower
C(J") F
s~ 7

C Q(J")
\@/

From the tower, we see that F' and C(J') are linearly disjoint over Q(J’) by
[12], p. 361. Hence,

1< [F QU] < [CF: () < [K(X(I) : K(X(I)] =1,
which yields that F'= Q(J'). =

LEMMA 5. If I'" = Iy(N), then F is equal to Q(j,7(Nz)) where j is the
modular invariant of I'(1).

Proof. Let X(I") = Xo(IN). We recall that K(Xo(N)) = C(j,7(Nz))
([19], Proposition 2.10) and consider the field tower

C(4,7(Nz
/(J i ))\ /F
C Q(4,j(N2))

Since F' and C are linearly disjoint over Q, we claim that F" and C(j,j(Nz))
are linearly disjoint over Q(j, 7(Nz)). Therefore

L<[F:Q(4,j(N2))] < [CX : C(4,j(N2)] < [K(Xpr): K(Xp/)]=1. m

Consider the case N = 4. Since j; 4 has rational Fourier coefficients,
from Lemmas 4 and 5 we derive

THEOREM 6. Q(7, j(42)) = Q(j1,4) is the field of all modular functions in
K(X1(4)) whose Fourier coefficients with respect to q are rational numbers.

Define j4(2) = 03(2/2)/04(2/2). Let Fy be the field of all modular func-
tions of level 4 whose Fourier expansions with respect to g4 have rational
coefficients. Then by [19], Proposition 6.9, we know that Fiy = Q(j(z), j(42),
f1,0(z)) where fi(z) is a Fricke function. Also by [8], Theorem 18, we
see that Fy = Q(ja). Since j;4 has rational Fourier coefficients, we have



Modular function ji 4 135

Jji1,4 € Fy. Hence we are able to express ji 4 as a rational function of j4. On
the other hand, it is not difficult to derive that

02(22) = 5(05(2/2) — 04(2/2)) and  03(2z) = 5(05(2/2) + 04(2/2)).

From the above we get

. 4
. Ja(z) — 1>
2)=|"—"—] .
hat) = (28
4. Some remarks on Thompson series. Let I' be a Fuchsian group

of the first kind and f € K(X(I')). We call f normalized if its q series is
¢ +0+a1qg+ag®+...

LEMMA 8. The normalized generator of a genus zero function field is
UNIQUE.

THEOREM 7.

Proof. Let I' be a Fuchsian group such that the genus of the curve
I'\9* is zero. Assume that K(X(I")) = C(J;) = C(Jz) where J; and J; are
normalized. We can then write their Fourier expansions as

Ji=¢ ' 4+04+aq+asg®>+... and Jo=q ' 4+0+bg+bg®+...

Observe that 1 = [K(X(I")) : C(J;)] = vo(J;) = veo(J;) for i = 1,2. Hence,
J1 and J have only one zero and one pole whose orders are simple. We
see that the only poles of J; occur at co. Then, J; — Jo has no poles
because the two series start with ¢~!. So, it should be a constant. Since
Jp — Jo = (ay — by)g + ..., this constant must be zero. This proves the

lemma. m
Let § be the set of functions f(z) satisfying the following conditions:

(i) f(z) € K(X(I")) for some discrete subgroup I'" of SLs(R) that
contains [H(N) for some N.
(ii) The genus of the curve X (I"”) is 0 and its function field K (X (I"))
is equal to C(f).
(iii) In a neighborhood of oo, f(z) is expressed in the form:

f(z)=q '+ Zanq”, a, € C.
n=0

We say that a pair (G, ¢) is a moonshine for a finite group G if ¢ is
a function from G to § and the mapping ¢ — a,(c) from G to C is a
generalized character of G when ¢,(z) = ¢! + ao(c) + > 0", an(0o)g™ for
o € G. In particular, ¢, is a class function of G.

Finding or constructing a moonshine (G, ¢) for a given group G, however,
involves some nontrivial work. This is because for each element o of G,
we have to find a natural number N and a Fuchsian group I’ containing
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I'o(N) in such a way that the function field K (X (I'')) is equal to C(¢,)
and the coefficients a,, (o) of the expansion of ¢, (z) at oo induce generalized
characters for all n > 1.

Let j be the modular invariant of I'(1) whose g-series is

(9) J=q T4+ 196884g + ... =) e

Then j — 744 is the normalized generator of I'(1). Let M be the monster
simple group of order approximately 8 - 10°3. Thompson proposed that the
coefficients in the g-series for j — 744 be replaced by the representations of
M so that we obtain a formal series

H_1¢g7 " +0+ Hyqg+ Hog® + ...

in which the H, are certain representations of M called head representations.
H, has degree ¢, as in (9), for example, H_; is the trivial representation
(degree 1), while H; is the sum of this and the degree 196883 representa-
tion and Hs is the sum of the former two and the degree 21296876 rep-
resentation ([20]). The following theorem conjectured by Thompson and
proved by Borcherds shows that there exists a moonshine for the monster
group M.

THEOREM 9. The series
T =q "+ 0+ Hi(m)g+ Ha(m)g® + ...

is the normalized generator of a genus zero function field arising from a
group between I'y(N) and its normalizer in PSLo(R), where m is an element
of M and H,(m) is the character value of the head representation H, at m

([1], 13])-
Now we consider the case I = I'1(4). We will then construct the nor-

malized generator from the modular function j; 4 mentioned in Theorem 3.
We have

16 1605(22)"
j1’4(2’) 92(22’)4

(1 +2¢+2¢* +2¢° +2¢"° + .. )*

g+ P+ g+ 4 )t

= ¢ ' +8+420q — 62¢° 4 216¢° — 641¢" + 1636¢° + . . .,
which is in ¢7!Z[[q]] because q(1 + ¢ + ¢® + ¢'2 + ...)* € ¢Z[[q]]*. Let
N(j1,4) = 16/j1,4 — 8. Then by [3], Lemma 8, Table 4, and checking the
coefficients of ¢*, i <5 ([1]) we have

THEOREM 10. N(j1,4) is the normalized generator of K(X1(4)), which
corresponds to the Thompson series of type 4C.
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REMARK 11. Let V' = @,,., Vi, be the infinite-dimensional graded rep-
resentation of the monster simple group constructed by Frenkel et al. ([6],
[7]). For each element m of the monster, we write the Thompson series

as
T = Z Tr(m|Vy,)q
neL
where Tr(m|V,,) is the trace of m on the vector space V,, and ¢ is a formal
variable which can usually be thought of as a complex number with |¢| < 1.
Let m be the conjugacy class of order 4 and type C in Atlas notation [2],
and set

N(jra)=q '+ Hu(m

n>1

Since N (j1,4) is the Thompson series of m by Theorem 10, the results of [1]
show that the coefficients H, (m) are the traces Tr(m|V,,) and satisfy the
relation

exp( Z Z Tr(m'| Vi )p*q m/z)

>0 k>0
= ZTr(ka)pk — Z Tr(m|V,)q

nez
kEZ nEL

where p is also a formal variable which can be thought of as a complex
number with |p| < 1. The above identities then imply that N(j;,4) is com-
pletely replicable, and lead us to the recursion formulas (9.1) in [1], which
later in this section turn out to be the same as ours (18) provided we put
H,(m?) = P (the coefficient of ¢™ of the 2-plicate of N(j1,4)).

Observe that I';(4) = I'g(4) as transformation groups, but the algorithm
presented here is different from Conway—Norton’s.

Following Norton’s idea ([15], also see [1], [3] and [11]), we will state
some replication formulas on the coefficients of N(j1,4). Let N be a positive
integer and S be a subset of Hall divisors of N. By N + S we mean the
subgroup of PSLy(R) generated by I'h(N) and all Atkin—Lehner involutions
Wg,n for Q € S. We assume that the genus of the curve X (N +.5) is zero.
Let t = ¢~ ! + Y m>1 Hmq™ be the normalized generator of the function
field of X (N + S) as a completely replicable function. Then for each n > 1,
there exists a unique polynomial X, (¢) in ¢ such that X, (t) = n~'¢~" mod
qCl[q]]. In particular, X;(¢) = t. Write X,,(¢t) =n"tq "+ >, o Hmng™
Let p = e2™ for y € $ and ¢ = €2™%* as usual. We then understand ¢(y) and
t(z)asp '+ > o  Hpp™ and ¢t + Y., o Hyq™, respectively. Observe
that X,,(t) can be viewed as the coefficient of p™ in logp~! —log(t(y) —t(2))
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([15], p. 185). To this end it suffices to show that

1 o

5" G (o = log(t(y) = () -0

is a polynomial in ¢, which is congruent to n~'¢™" mod ¢C[[g]]. Since

logp™' = Xn(t)p" = log(t(y) — t(2)),

n>1

we get by taking exponential on both sides,

(10) plexp (= D Xa(tp") = ty) — t(2).

n>1

If we compare the coefficients of the terms p?, p* and p* in (10), we have

(11) 5 (12 — 2X,(t)) = Hy,
(12) —5(t? =6t - Xo(t) +6X3(t)) = Ha,
(13) 5 (t* — 127 - Xo(t) + 12X, () + 24t - X3(t) — 24X4(t)) = Hs.

Let ¢t be the normalized generator of the function field of X (N ) + §(2))
and define t?") to be (t(2171))(2), where N2 = N/(2,N) and S® is the set
of all Q in S which divide N®. Write t&) = ¢~ 1+ 3 _ H{Jg™. Also
define the operator U,, such that for f(2) = >,., aid', -

f(Z) U, — nzanlql'

leZ

Then Koike ([11]) proved the following formulas called 2-plication and 4-
plication, respectively:

(14) Xo(t) = §(tu, + 3 (27)),

(15) Xa(t) = §(tlu, + tP v, (27) + @ (47)).

Then by (11) and (14), it follows that

(16) 12— L(tly, +t?(27) = Hy.

Also by (11)—(15) we get

A7) L(t[o,)? + Lt|y, -t (27) — Hot — Lt|y, = Hs + SH? — LH?.

If we compare the coefficients of ¢?* and ¢?**! (k > 1) of both sides in (16)
and (17) and carry out some routine calculation, we find that the coefficients
of t and ¢ satisfy the following recursion formulas for k > 1:
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H2 H(Q)
TR S HyHye g,

1<j<k
2
H3, + HY) | HR — HY),
2 * 2

Hyj, = Hopyq +

Hypp1 = Hopyz — HoHoyp +

+ Z H;Hop_jyo
1<j<k

+ Z H( )H4k 45 + Z ]HHALk Js
(18) 1<j<k 1<j<2k

Hypro = Hoppo+ Y HjHop ji1,
1<5<k

2
H3y 1 — Hyy

2

Hyjy3 = Hopys — HoHop g —

+ E H;Hop_jy3
1<j<k+1

+ > H( Hyp—sjoz+ Y (1) HjHy_jyo.
1<j<k 1<j<2k
From the above formulas, we see that if m = 4 or m > 5 then H,, is
determined by the coefficients H; and H 1(2) for 1 <14 < m, so if we know all

the coefficients Héf) for m =1,2,3, and 5 together with s = 2! then we can
work out all the coefficients H,,.

Now we take N = 4 and S = {1}. Then t is precisely N(j;4) and ¢
is the normalized generator of the function field of Xy(2) and for [ > 2,

2" is the normalized generator of the function field of Xo(1). Hence we
summarize the above results as follows.

THEOREM 12. If we know the 12 coefficients H1, Hy, H3, Hs, H§2), Hém,
H?(,Q), Héz), H1(4), Hgl), H§4) and H§4), then all the coefficients H,, of the
modular function N(ji.4) can be determined.

Observe that actually we do know the above 12 coefficients:

Hy =20, Hy =0, H3 = —62, H; =216 by the definition of N(j,4),
7 =276, B = —2048, H® = 11202, H® = 184024 by [10],
HY = 196884, H{Y = 21493760, HY = 864299970,

HY = 333202640600 by [3].

Here, the modular function ji o is defined by ji2(2) = 02(2)%/604(22)® for
zZ € 9.
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It is worth finding when the modular function N(j; 4) could be an al-
gebraic integer. We close this section by showing the following number
theoretic result.

THEOREM 13. Let d be a square-free positive integer. For T € Q(v/—d)N
9, N(j1,4)(7) is an algebraic integer.

Proof. Let j(z) = ¢~ + 744 + 196884q + . .. It is well known that j(7)
is an algebraic integer for 7 € Q(v/—d)N$H ([13], [19]). For algebraic proofs,
see [4], [14] and [18]. Let J = j/1728. Then we know that

2 3 2)4 .
= % . ();\2()\)‘_"’_1)12) where M\ = 222234 = j1,4 <§>
([16], p. 228). Hence,
(j1,4(7)? = jra(m) +1)>  (N? — 32N + 448)*
J1a(m)2(ra(r) =1 (N = 24)2(N —8)?

where N = N(j1,4)(7). This implies that N (j;, 4)(7') is mtegral over Z[j(27)].
Therefore it is integral over Z for 7 € Q(v/—d) N

j2r)=2°

5. Explicit class fields generated by the modular function j; 4.
Let I' be a Fuchsian group of the first kind. Then I'\$* (= X(I")) is
a compact Riemann surface. Hence, there exists a projective nonsingular
algebraic curve V, defined over C, biregularly isomorphic to I'\$H*. We
specify a ['-invariant holomorphic map ¢ of $* to V which gives a biregular
isomorphism of I'\$* to V. In that situation, we call (V,¢) a model of
IN9*. Now we assume that the genus of I'\$* is zero. Then its function
field K(X(I")) is equal to C(J’) for some J' € K(X(I)).

LEMMA 14. (P1(C), J’) is a model of I'\$*.

Proof. First, we view J’ as a meromorphic function on I'\$H*. By

defining
iy J[1:0] if z is a pole,
T(z) = { [J'(2): 1] otherwise,

we get a holomorphic function of I'\$H* to P!, as a map between compact
Riemann surfaces. We denote it again by J’. Now for any ¢y € C, we
consider J' — ¢g. Since K(X(I')) = C(J') = C(J' — ¢p) and [K(X(I")) :
C(J" = ¢o)] = vo(J" — ¢o) where v is the sum of orders of zeros, we have
vo(J" — cg) = 1. Therefore there exists a unique point zg € I'\$H* such
that J'(z9) = co. This implies the bijectivity of J’. Since any injective
holomorphic mapping between two Riemann surfaces is biholomorphic ([5],
Corollary 2.5), the assertion follows. m
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Let G be the adelization of G = GL1(Q). Put
Gp = GL2(Q,) (p a rational prime),
Goo = GL3(R),
Goot = {x € G | det(z) > 0},
Go, = {r € GL2(Q) | det(x) > 0}.

We define the topology of G4 by taking U = Hp GL3(Zp) X Gooy to be
an open subgroup of G4. Let K be an imaginary quadratic field and £ be
an embedding of K into M5(Q). We call £ normalized if it is defined by
a(]) =&(a)(7) for a € K where z is the fixed point of {(K*) (C Gg,) in
9. Observe that the embedding £ defines a continuous homomorphism of
K[ into Gy, which we denote again by . Here G is the group GoGooy
with G the nonarchimedean part of G4, and K is the idele group of K.
Let Z be the set of open subgroups S of G containing Q* G4 such
that S/Q* Gooy is compact. For S € Z, we see that det(S) is open in Q.
Therefore the subgroup Q* - det(S) of Q; corresponds to a finite abelian
extension of Q, which we write k5. Put I's = SNGg, for S € Z. Then it is
known ([19], Proposition 6.27) that I's/Q* is a Fuchsian group of the first
kind commensurable with I'(1)/{#+1}. Let U' = {z = (z,) € U | #, € U,

for all finite p} where U] = {(z Z) € GLy(Zy) | c = 0 mod NZ,}. We then
have

LeMMmA 15. (i) Q*U’ € Z.

(ii)) ks = Q, if S =Q*U".

(i) I's = Q*I(N) if S =Q*U".

Proof. First, we observe that Q*U’ is an open subgroup of Q*U.
Hence, for (i), it is enough to show that Q*U/Q* Gy is compact. But
we know that Q*U/Q* Gy = [[ GL2(Z,) is compact. For (ii), note that
Q corresponds to the norm group Q* - Q> with Q> = R* x [[, Z).
We claim that det U’ = Q;°°. Indeed, it is obvious that detU" C Q) °°.

Conversely, for any element (o) € Qx> take y, = (é aop)' Then (y,) € U’

and det(y,) = (dety,) = (cy). Finally, if S = Q*U’ then we come up with
I's =Q*U'NGq, =Q*(U'NGg,) =Q*IH(N). m

REMARK 16. For z € K N $H, we consider a normalized embedding &, :
K — M(Q) defined by a(]) = &.(a)(]) for a € K. Then z is the fixed
point of &, (K*) in 9. Let (Vs, ¢g) be a model of I's\$H*. By Lemma 15(iii),
I's = Q*Iv(4) = Q*I1(4) when S = Q*U’ with N = 4. By Theorem 3
and Lemma 14, we can take pg = j14 and Vg = P'. Now it follows from
[19], Proposition 6.31(ii), that j; 4(2) belongs to P*(K?") where K2 is the
maximal abelian extension of K. Furthermore, 6;(z) has no zeros in §) for
i =2,3,4. Hence, j1 4(2) in fact is in K for 2 € K N 9.
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THEOREM 17. Let K be an imaginary quadratic field and let £, be the
normalized embedding for = € KN $. Then ji4(2) € K and K (j1.4(2)) is
a class field of K corresponding to the subgroup K> - &1 (Q*U’) of K[ .

Proof. From Lemma 15(ii) and (iii), if S = Q*U’" with N = 4 then
ks = Qand I's = Q*I1(4). Since j; 4 gives a model of the curve X;(4), we
can take ¢g = j;4. Now the assertion follows from [19], Proposition 6.33
and Remark 16. m

In view of standard results on complex multiplication, it is interesting to
investigate whether the value N (j1.4)(c) is a generator for a certain full ray
class field if « is the quotient of a basis of an ideal belonging to the maximal
order in Q(v/—d). We first need a result on complex multiplication.

THEOREM 18. Let §n be the field of modular functions of level N rational
over Q(eQﬂ/N), and let k be an imaginary quadratic field. Let Oy be the
mazimal order of k and 2 be an Oy-ideal such that A = [z1,22] and z =
z1/z2 € $. Then the field k§n(z) generated over k by all values f(z) with
f €8N and f defined at z is the ray class field over k with conductor N.

Proof. [13], Ch. 10, Corollary of Theorem 2. m

REMARK 19. When N = 2, §5 is the field of all modular functions of
level 2 rational over Q. On the other hand, it is a well-known fact that
K(X(I'(2))) = C()\) where X is the classical modular function of level 2.
Then by Lemma 4, §2 = Q(A). Hence by Theorem 18, k(A(z)) is the ray
class field over k with conductor 2 where z is chosen as in the theorem.

THEOREM 20. Let k and Oy, be as in Theorem 18. Put O = xZ+7Z and
A = 2Z+2Z for x € . If Ny q(x) is an even integer, then A is an Oy -ideal
and N(j1,4)(z/2) generates a ray class field over k with conductor 2.

Proof. Note that 2 is an Og-ideal if and only if x - A C 2. Since
- A =227+ 227, x-A C Ais equivalent to 22 € A. Let 22 — Try, o(x) - 2+
Ni () = 0 be the equation of 2. Since Try q(x) and Ny q(x) are in Z, we
have 22 € 2 if and only if Ny g(x) € 2Z. Next, we observe that

92(2)4 . z . 16
= — = — —_— —_— .
MO =g T ielg) o N =50

(r10(3)) = +((3) -

is the ray class field with conductor 2 by Remark 19. =

COROLLARY 21. With the notations of Theorem 20, N (j1,4)(x/2) belongs
to the mazimal order in the ray class field k(A(x)) over k with conductor 2.

Hence

Proof. This is immediate from Theorems 13 and 20. =
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