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Mean value theorems for long Dirichlet polynomials
and tails of Dirichlet series

by

D. A. GOoLDSTON (San Jose, Calif.) and S. M. GONEK (Rochester, N.Y.)

We obtain formulas for computing mean values of Dirichlet polynomials
that have more terms than the length of the integration range. These for-
mulas allow one to compute the contribution of off-diagonal terms provided
one knows the correlation functions for the coefficients of the Dirichlet poly-
nomials. A smooth weight is used to control error terms, and this weight
can in typical applications be removed from the final result. Similar results
are obtained for the tails of Dirichlet series. Four examples of applications
to the Riemann zeta-function are included.

1. Introduction and statement of results. Let {a,}?2; be a se-
quence of real or complex numbers such that for any € > 0, a,, <. n¢ as
n — 00. Let s = 0 + it be a complex variable and let

A(s) = Z apn”®
n<N

be a Dirichlet polynomial. By Montgomery and Vaughan’s mean value the-
orem [4] we have

T
(1) VAP dt = |an*n™(T + O(n)).
0 n<N
It immediately follows that if N = o(T) as T'— oo, then
T
g A(S)Pdt ~T Y |an>n™2.
0 n<N

On the other hand, if N > T and o < 1, the O-terms in (1) can dominate
so that we lose the asymptotic formula. The situation is similar for the
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mean-square of the tail Dirichlet series

A*(s) = Z apn”?
n>N

when o > 1. Our purpose in this paper is to determine the mean-square
behavior of A(s) and A*(s) even when N is significantly larger than T

If we square out and integrate termwise in (1), we see that the O-terms
on the right-hand side come from off-diagonal terms. It is these we must
carefully estimate therefore when N is large. We treat them by appealing
to good uniform estimates for the coefficient correlation functions

Az, h) = Z Qi hy-
n<z
Such estimates are available for a,, = 1, a,, = d(n) (the divisor function),
a, = p?(n) (the square of the Mébius function), when a, is the nth Fourier
coefficient of a modular form, and for a number of other arithmetical func-
tions. Moreover, it is interesting to note that we can often formulate a conjec-
tural estimate for A(x,h) even when we cannot estimate A(x,h) rigorously.
In such cases we can then use our theorems to deduce conditional mean
value formulae for the associated Dirichlet series.
Since it is no more difficult to treat the more general means

T PR
(2) g A(s)B(s) dt
0
and
T
3) A% (5B ()
0

S

where B(s) = Y, -y bpyn™° and B*(s) = >, - n bpn™°, we shall do so.

The precise assumptions we shall make about the sequences {a, }52 ; and
{b,}22, are:

(A1) For every € > 0 we have ap,b, <. n®.

(Ag) If A(x) = >, <, an and B(x) = ), - by, then for x > 0 we may
write - -

(4) A(z) = My(z) + Exr(2)
and

(5) B(z) = Ma(z) + E»(z),
where

(6) Mi(x), My(z) < (z + 1)7,

(7) M (z), M3 (z) < (z+ 1)
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and
(8) Ei(z), Bx(z) < (x4 1)
for some 6 € [0,1).

(A3) The coefficient correlation functions

Ci(z,h) =Y apbnpn and Co(a,h) = bulpyn

n<x n<x
are of the form
9) Ci(x,h) = M;(z,h) + E;(x,h) (i=1,2)

for x > 0, where M;(z,h) (i = 1,2) is twice differentiable for each h =
1,2,..., and

(10) Ei(z,h) < (x +1)? (i=1,2)
uniformly for 1 < h < z" for some ¢ € [0,1) and some n € (0,1).
Sometimes we shall also assume
(Ay4) For every e > 0 we have
M(x,h) <. h*(x+1)° (i=1,2)
uniformly for x >0 and h =1,2,...

Instead of estimating (2) and (3) directly, we find it more advantageous
to estimate the integrals

N

o) ¢ N
(11) I = J Wy (T> (A(s) - SM{(x)x—de) (B(s) - SMé(x):c—Sd:c> dt

1

and

(12) I* = OSO% (;)

— 00

X (A* (s) — OSO 1(z)x™* da:) (B*(s) — OSOMé(x)x—S dm) dt.
N N

Here M (x) and Ms(x) are as in (4) and (5) and ¥y (¢) is a real-valued weight
function satisfying the following conditions. Let B > 0,U =~ (logT)®, and
C1 < (5, where C; and Cy are bounded but may be functions of U. Then
Wy (t) is supported on [C; — U1, Cy + U1,

(13) Up(t)=1 fC1+U'<t<Cy—U,

and

(14) v (1) < U7 for j=0,1,...
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(Note that (13) is vacuous if, for example, C; = Cs.) The removal of ¥y
from I and I* is usually straightforward and will be demonstrated in the
examples at the end of the paper.

Before stating our results we introduce some more notation and useful
estimates. We use € to represent an arbitrarily small positive number which
is fixed during the course of each proof. We then set

T=T"".

We always assume that o, the real part of s, is bounded above and below.
The constants implied by the symbols O and < may depend on &, the
upper and lower bounds for o, and other parameters, but never on T or
parameters dependent on 7', like N and 7. Thus, in particular, our O-terms
hold uniformly for bounded o.

We define the Fourier transform of Wy (t) by

o0

vy (&) = | ube(ct)dt,

— 00

where e(z) = 2™ It follows easily that

(15) | o (;) e(&t) dt = Ty (T¢)

— 00

and, since Yy (t) is real, that

(16) Ty (=) = Ty (6).
Observe that ¥y and @[’J are trivially < Cy — Cy + U~1. Also, integrating

by parts j times and using (14), we see that ¥ (£) and LlC/{J(ﬁ) are < (Cy —
C1+UY)(U/(27€))? if € # 0. Thus, for j arbitrarily large we have

(17) Uy (€), W4 (€) < (Co — Cy + U~V min(1, (U/(2€))7).
It follows that

(18) Ty (6) < &2

for £ > T° and that

(19) Uy (T€) < T~P2

for € > 771, where D; and D, are arbitrarily large constants.
We write

~o
Ko (z,u) = Ko (z,u, T,U) = 2~ <1 n “) Ty ( log <1 + “))
T 27 T
and easily find by (17) that
(20) K, (z,u) < 272
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and

9 —20—1re
(21) axKg(ac, u) L x T

for u/z < 771. By the mean value theorem of differential calculus and (17)
we have

7. (L u\\ _g (T —142¢
(22) WU<27T log <1+x>> —LPU<27Tx> +O(T )

when u/x < 77! Using this and (17) it is not difficult to deduce the ap-
proximation

~ T
(23) I{U(Q;7 u) — .T_QUEPU <2l;-x) + O(CII_2JT_1+25)
for u/x < 771

We can now state our main results.
THEOREM 1. Let 0y < 05 < 1, let 0 < & < 1/2 be fized, and let 7 = T*~¢.

Suppose that the sequences {an}o2, and {b,}22, satisfy (A1), (Az2), and
(A3) and that

(24) TN < /0=,
where 1 is as in (Ag). Set

(25) H=N/(r +1).
Then

(26) I = OSO Wy (;) (A(s) - ]§M{ (x)z~* d:r) (IB(s) - ?Mé(m)xs da:> dt

N
=0y ()T > anbyn 2 +T > S M/ (z,h)Ky(z,h)dz
n<N 1<h<H hr
N—h
+T > S M} (2, h)Kq(z, h) dz
1<h<H hr
H N-u
—TS S M (x + u)My(2) K, (z,u) dz du
H N—u
—TS S M (z + uw) M| (2) Ky (z,u) dz du

i O(N1_25+max(9,¢)+55) + O(TQE)

uniformly for o1 < o < o9 and T sufficiently large.
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The following weaker version of Theorem 1 is easier to apply and suffi-
cient for many applications.

COROLLARY 1. Let the hypotheses and notation be the same as in The-
orem 1 except now assume that N > T and that (A4) also holds. Write

T 2—20
Then

(27) I= @U(O)T Z anb,n"2°
n<N

hT ~
+ Cr S < Z M{ <2m}’h>h1—20> U(U)v2g_2 dv

T/(2rN) “1<h<27wNwv/T

/ 1-20 202
+Cr S < Z M2<27rv’h>h >WU(U)U dv
T/(2rN) ~1<h<27Nwv/T
2nNv/T

_ R (T (BT 120
20 S < S M1<27W>M2<27w>u du>
T/(2wTN) 0

x Re Wy (v)v*7 2 dv
+ O(T71N2720+55) + O(N172a+max(9,go)+55) + O(N2s)
uniformly for o1 < o < o9 and T sufficiently large.

THEOREM 2. Suppose that the sequences {a,}22>; and {b,}52, satisfy
(A1), (Az), and (Ag). Let 1 < o} < b, let 0 < e < 1/2 be fized, and set
T =T'"¢. For o} < o < o} write

_20-1
S 20—2]
let
(28) r < N < 7(1=9)0+n/A0-m)
where n is as in (As), and set
(29) H* = 7~ ANM(1—e),
Then
T t
(30) I*= S WU<T)
X <A*(s) S M (z)z~* da:) <B*(s) — S M (x)x—s da:) dt



Mean value theorems 161

+T > S M (z,h)K,(x,h)dx
1<h<H* max(N,ht)

+T > S M} (x,h) Ky (z, h) dx
1<h<H* max(N,hT)
H* S

-T S S M (x + u)M}(2) K, (z,u) dz du
0 max(N,ut)
H* 00

-T S S M (x + u)M{(2) Ky (z,u) dz du
0 max(N,ut)
+ O(N172cr+max(6,ga)+5e) + O(T176/2N172U)

uniformly for oy < o < and T sufficiently large.
A simpler form of Theorem 2 is provided by

COROLLARY 2. Let the hypotheses and notation be the same as in The-
orem 2 except now assume that N > T and that (A4) also holds. Then

(31) I* =Wy (0)T Z Anbpn ™27

N<n
T/(27N) T
+Cr S < Z M <7h>h120> u(0)02 2 dv
0 1<h<H* v
T/(2wN) 7T\
+ Cr S < Z M; (2,h> hl_%) v (v)v*° 2 dv
0 1<h<H* i
TH*/(27N) T
+Cr S ( Z M, py h> h1—20> Ty (0)02° 2 dv

T/(27N)
TH*/(2rN)

hT =
+ Crp S ( Z M; <7‘rv7 h) h1—20> Uy (,U),U2a'—2 dv
2nNv/T<h<H*

27 Nv/T<h<H*

T/(27N)
TH* /(27 N)

e uT
!/
—20r S < S M1<27rv om0 )"
0 2rNv/T
x Re Wy (v)v> =2 dv

+ O(T71N2720+55> + O(N172o+max(9,ap)+55) + O(T175/2N172o)

uniformly for oy < o < ol and T sufficiently large, where Cr is defined in
Corollary 1.
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Although we could make the next theorem more precise by arguing along
the lines of the proofs of Theorems 1 and 2, the version below is usually all
that we require.

THEOREM 3. Assume that the sequences {a,}32, and {b,}5>, satisfy
(A1) and (6) and that N > T. Let 01 < 02 < 1,1 < 0 < 04, s = 0 + it,
s' =o' +it, and let 0 < e < 1/2 be arbitrary. Then

J= OSO Wy <;) (A(s) - JSVM{ (z)z~* da;> (]B*(s’) - OSOMé(x)xS' dx) dt

—o0 1
< T—1N2—0—0/+58

uniformly for o1 < o < o9 and oy < o’ < ol and T sufficiently large.

One measure of the strength of our results is how much larger than T
we may take N and still retain an asymptotic formula. This is determined
by the parameters 6, ¢, and 7 as can be seen, for example, from (24) and
the error term

(32) O(N1—20+max(0,<p)+56)

in (26) of Theorem 1. It turns out that this term comes from using the
pointwise upper bounds for E;(x) and E;(z,h) (i = 1,2) given in (As) and
(A3) to estimate various expressions involving these functions. It is worth
noting that if F;(z) and E;(x,h) (i = 1,2) act like random variables in x
and behave independently as functions of h, then one might expect to be
able to replace (32) by

(33) O(Tl/2N1/2—2U+max(0,<p)+55).

This observation makes it easy to conjecture the mean values of very long
Dirichlet polynomials as we shall illustrate in Example 3 of Section 5. We
would similarly expect (33) to replace the next-to-last error term in Theo-
rem 2 and Corollaries 1 and 2. It is also worth noting that one can sometimes
exploit averages of E;(x,h) over h to improve (32).

2. Proof of Theorem 1 and its corollary. Multiplying out in (11),
we obtain

0o N

= OSOWU(;>A(3)IB%(3)dt— g WU<;>A(S)(§M§(:E);U—SCZ;U) dt

— 00 — 00

- OSO J/U<;>IB§(5)(Z§M{(JC)33_S da:) dt
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+ OSO Wy (;) (?M{(aﬁ)fvs dl‘) (ZSVMé(y)y‘S dy) dt,

or
(34) I=1 I I+ L.
First consider I;. By (15) and (16) we have
I = @U(O)T Z anbpn =2
n<N
+T Z Z b (mn) Wy (T log m)
27 n
n<N n<m<N
~ (T m
T nOm 4 —1 E
+ Z Z bpGm (mn) U<27r ogn)
n<N n<m<N
or
(35) L =W(0)T Y anbun 27 + Thy + T3

n<N

for short. In I15 we set m = n + h and note that by (A1) and (19) the total
contribution of those terms with h > n/7 is no more than O(T1!), say. It
follows that

_ W\ °~ (T h
Iy = Z Z anbn+hn_2”<1+n> !IIU<27T10g <1+n>>
1<n<N 1<h<min(n/7,N—n)
+0(T™)
> 3 nbp 0Ky (n, h) +O(T1).

1<n<N 1<h<min(n/7,N—n)

Changing the order of summation, we obtain

Iy = Z Z angn—l—hKU(n? h) + O(T71>'

1<h<H hr<n<N-h
By (9) and Stieltjes integration this becomes
N—h
o= Y S M!(z, h)Kq(z, h) d
1<h<H hr
N-h
+ > g Ko (x,h) dE, (z, h) + O(T™Y).

1<h<H hr-
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The second term equals
N N—h P
36 Ei(x,h)K,(x,h) |, " — FEi(z,h)—K,(x,h)dx ).
(36) hZH(< Koot [ | B ) Ko ) e
To bound this we use (10), but first we must check that h < 2 whenever
1 <h < H and z € [hr, N — h]. This will be the case if h < (h7)" for every
h < H, or if
H < 71/(1=n)
But this follows from (24) and (25). By (10), (20), and (21) we now find
that (36) is
KT Y ((hr)Pm2oe/2 g omRoe/2),

1<h<H
Here we have appealed to the estimate

B
(37&) SJ;A dr < ALFAHS +Bl+)\+6,

A
which holds uniformly for 1 < A < B and bounded A, where § > 0 is
arbitrarily small, and where the implied constant depends at most on . We
also note for later use that the ¢ is unnecessary if A is bounded away from
—1. Next, using the discrete analogue of this, namely

(37b) Z h)\ < Al+>\+5 + Bl+>\+5,
A<h<B
we see that the sum above is
< T5T¢—20+5(H1+<p—20+5 4 1) 4 TEHN¢—20+5
< TET—I(N1+<p—2<7+6 + 7_1+go—20+s)
< Tfl(N1+gof2a+5a 4 7_1+<p720'+56)
since
¢ < T < 7% < N*
when 0 < ¢ < 1/2. If 1+ ¢ — 20 + 5 < 0, this is < T~! and in the
opposite case it is < T IN1T¢=2015 hecause 7 < N. Thus, (36) is
L T7INt#=20+5¢ L 7—1 and it follows that
N—h
o= ) S M (z,h) K, (2, h)dz + O(TNITe=2015) L O(T~1).
1<h<H hr
Treating I;3 in the same way, we obtain
N—h
Ls= > S My (x, h) Ky (2, h) de + O(T~NTTe=20%58) L o(T~1).

1<h<H hr
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Combining these results with (35), we now find that
(38) I, =Wy (0)T Z Anbpn 27
n<N
N—h
+T Y S M!(z,h) K, (z,h)dx
1<h<H hr
N—h
+T ) g M}(x,h) K, (x, h) dz + O(N*T#=20+5) L O(1).
1<h<H hr

Next we treat Io. By (15) we have

N
~ T
L=T Z anpn % S M (x)x™ Wy ( log a:) dx

n<N 1

n

N
— ~ (T z
_ —0 / —0 e
*TE ann (§L+§>J\/[2(:c)x LT/U(QFlogn)da:
or

(39) IQ = T121 + TIQQ.

In I5; we set © = n + u and note as before that by (A1), (6), and (19),

that portion of the integral with w > n/7 contributes a negligible amount.
Thus we find that

min(n/7,N—n)

- (T
I, = Z apn=? X Mi(n+u)(n+u)” "Wy (27r log <1+Z>> du

min(n/7,N—n)
=Y an g M(n+ u)Kq(n,u) du+ O(T™Y),
n<N 0
say. Changing the order of summation and integration, we find that

T—l

Iy, = S Z anMj(n 4+ u)Ky(n,u) du
0 n<N—u
H
+ X Z anMs(n +u) Ky (n,u) du+ O(T™1).
r=lur<n<N-—u
The first term is

7_—1

< S (Z ns—?a) du <<7_—1(N1—20+25 1) <<T—1(N1—20+45 _|_T25)
0 n<N
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by (A1), (6), (20) and (37a). By (4) and Stieltjes integration the second
term equals

H N—u -
o) | | M@ +u) Ko (2, ) de du
+ § Mj( + u) Ko (x,u) dEy (x) du.

Integrating by parts and using (6)—(8), (20), (21), and (37b), we see that
the second term is
H

= | OB+ u) K, (e, u) By () [ du

-1

] (0 o0+ 0 K 1)) )
Oz

=1 ur
H
< T¢ S ((UT)9720'+€/2 +N0720+e/2) du
o1
N
< TET—I S,UG—QO'—i-s/QdU + TSHN9—20'+5/2
1
< TET—I(N1+9—20'+€ + 1) < T—I(N1+9—20+5€ + TZE).
Thus we have
H N-—u
(41) I = S S M (x)My(z + u) K, (z,u) dz du
1 ur

+ O(T—1N1+9—2a+55) + O(T_1+2€).

We treat Ioo similarly. Setting x = n — u, we see that

n—1
—0o AT (N —o7; T u
I = Z ann S Mj(n —u)(n —u) !PU<27rlog <1—n>>du.
n<N 0
Using (A1), (6), and (19) for that part of the integral for which u > n/(7+1),
we find that
min(n/(r4+1),n—1) N T u

—0 ! _ _ —0 _ _
Zann S M(n —u)(n —u) WU(QT( log (1 n))du
n<N 0

n/(t+1)
+0(T™) = Z an S My(n —u)Ky(n —u,u)du+ O(T™1).

2<n<N 0
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If we change the order of summation and integration we obtain

7_—1
Iy = S Z anMj(n —u)Ky(n —u,u)du
0 2<n<N
H
+ X Z anMy(n —u)Kqy(n —u,u) du+ O(T™1).
T u(r4+1)<n<N

As in the case of Iy, the first term is easily seen to be < T~ (N1=20+4
T?¢). Hence we have

H

Iy = S Z anMj(n —u)Ky(n —u,u)du
7l u(r+1)<n<N
+ O(T—1N1—20+4s) + O(T_1+2€).

By (4) and Stieltjes integration we may write this as

H N
Iy = S X Mi(y)M3(y — w) Ko (y — u,u) dy du
Tl u(r+1)
H N
+ | My - WK (y —wu)dEi(y) du
Tl u(r+1)

4 O(T—1N1—20'+46) 4 O(T_1+2€).

If we estimate the second term as was done for the corresponding term in
(40), we see that it also is < T—H(N1H0=20+5 4 72¢) Tn the first term we
replace y by = 4+ u. We then obtain
H N-u
Iy = S S M (x + u)M}(2) Ky (2, u) dz du
=1 ur

+ O(T71N1+6720+55) + O(T71+2s)'

Combining this with (41) in (39) we now find that
H N-u
(42) L=T g S M (z 4 w) M (2) Ky (z,u) dz du
H N-u
+T S S M3 (z + u)Mi(x) Ky (2, u) dz du

+ O(N1+9—20+5a) + O(TQE).

Clearly I3 is the complex conjugate of I, but with B(s) instead of A(s)
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and M/ (z) instead of M(x). It therefore follows from (42) that

H N-u
IngS S My (z + uw) M (2) Ky (z,u) dz du

H N-—u
+TS S M (x4 u)Mj(z) K, (x, u) dz du

=1 ur

(43)

+ O(N1+9720'+5E) + O(TQE),

which is identical to the expression for Is.
Finally, we come to I;. By (15) and (16) we see that

N N
@) =T M@ )0 (5t Y )y

1z

NN - R T Y
/ / —0o =
- TS S M} (z) M| (y)(zy) =Py (QW log x) dy dx

1z

=TIy + Tlyo,

say. In I,; we set y = x + u and use (6) and (19) for u > x/7 to obtain
N min(z/7,N—z)

=] ) MEigEree(1+Y)

T
1 0

~ T
X Uy < log <1 + u)) dudr +O(T™1)
2T T
N min(z/7,N—x)

= S S M (x)My(x + u) Ko (z,u) dude + O(T™1).
1 0

Next we change the order of integration and find that

T N—u

Iy = S S M (z)M(z + u) Ky (2, u) dz du
0 1
H N—u

+ S S M (2) M(x + u) Ko (z,u) de du + O(T™1).

=1 ur

By (6), (20), and (37a) the first term is

N
< 7_—1 st—Qa dr < T—1+5(N1—20'+25 + 1) < T—l(N1—20+45 +T€)
1
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Thus,
H N-—u
Iy = S S M (z)M4y(z + u) Ky (2, u) dz du
—1 ur
4 O(T—1N1—20+45) + O(T_1+6).
Since Iyo is I4; with M7 and M/ interchanged, we also have
H N-—u
Iy = S S Mi(x)M](z + u) K, (z,u) dz du
—1 ur

+ O(T—1N1—2a+45) + O(T_H_E).

Thus we find that
H N—u
(45) IL=T X S M (z + u)My(2) Ky (2, u) dz du

H N-u

—}—TS S Mi(z + u) M (2) Ky (z,u) dzx du

—1 ur

+ O(N1—20+4s) + O(TE).

On combining (34), (38), and (42), (43), and (45), we obtain

(46) I=0y(0)T > anbyn™°
n<N
N—h
+T ) S M (x,h) K (x,h) dx
1<h<H hr
N—h
+T Y S M(x, h) K, (x, h) d
1<h<H hr
H N-—u

—TS S M (x + u)M}(2) Ky (z,u) dz du

1 ur

H N—u

—TS S M (x + u) M () K, (z,u) dz du

=1 ur

+ O(N1—20+max(0,<p)+55) + O(T2€).

This agrees with (26) so the proof of Theorem 1 is complete.

169

We now deduce Corollary 1 from Theorem 1. In the second term on the
right in (46) we replace N —h by N and H by N/7. Then by (A4) and (20)
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this results in a change of at most

LT Z h(hN)5/2<(h7.)—2a+N—2g)

1<h<H
N
+T Z h6/2 S x720'+5/2 dx
N/(t+1)<h<N/T Nt/(14+1)

< TNE/Q(T_2U(H2_2U+E + 1) + N—ZU(H2+5 + 1)) + TT—3N2—20+5
< TN5/2(7_720 (N/T)272a+a + N720 (N/T)2+s) + T7_73N2720+a
< TT—2N2—2(7+26 < T—1N2—20+45

since 0 < 1 and T" <« N. Hence the second term on the right-hand side of
(46) equals

N
Ty S M (x, h) Ky (z, h) dz + O(T~ 1 N?720+1e),
1<h<N/7 ht

By (23) we may replace K, (z,h) by $_20@U(%) with a total error of at
most
N

<TEN Yy et e
1<h<N/7 hT

< T25Na/4 Z ((h7)1_20+5/2 +N1—20’+5/2)

1<h<N/r
< T25N5/4(7_1—2J+5/2((N/T)2—20+5 + 1) + T—1N2—20+€/2)
< T—1+3€N6/4(N2—20'+6 + 7_2—20+6) < T_1N2_20+56.

Thus, the expression above equals

N
o (BT I
T > SM{(x,h)x 290, (m) dx + O(T~1N?720+52),
1<h<N/1 hr
If we write v for hT/(2rz) and then change the order of summation and
integration, we get

T/(27T) nT R
/ 1-20 20-2
Cr S < E M, (27rv , h) h ) Uy (v)v dv
T/(2nrN) ~1<h<2xNv/T

+ O(T_1N2_2U+5E).

Finally, by (A4), (18), and (19) if we extend the interval of integration to
infinity we change our term by a negligible amount. Thus, the second term
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on the right-hand side of (46) is

Cr S Z My (hT,h> h1_2"> @U(v)v%_2 dv

< 2mv
T/(2nrN) ~1<h<2xNwv/T
4 O(T_1N2_2U+5E).

Similarly, we see that the third term on the right-hand side of (46) is

T hT 1-20 \ 3 (), 20—2
Cr S ( > Mé(m,h>h >!PU(v)v dv
T/(27N)

1<h<27Nv/T
+ O(T71N2720'+5E).

In much the same way we find that the fourth term on the right in (46)
equals

N/t N ey ——
A7) —T M (z + D@2 Ty (L de du
(47 [ | ; :
T
—1ur

+ O(T_1N2_2J+5€).
Now by (7) and the mean value theorem of differential calculus we have
(48) M (x +u) = M{(z) + O((z + 1)*/*r7)

for u/x < 77! Hence, replacing M| (z+u) by M/ (z) and using the estimates
o< 1land T < N, and (17) we change the above by at most

N/t N
< Trt S ( S z=2% d:z:) du
v

<<T7’71 S ((u7)172a+25 +N172a+25) du

Fo1

N
< Tr1 (7_—1 S ylm20H2e gy T—1N2—2J+25)
1
< T—1+25(N2—20+35 + 1) < T_1N2_20+5€.
Thus, (47) equals

N/t N -
EV IRy ~ T

-T X S M (x) My ()2 Wy <2u$> dx du + O(T~ ' N?-20+59),
T

1 ur

Substituting v for «7'/(2rz) and then changing the order of integration, we
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find that this equals
T/(27T)

—Cr X <
T/(27TN)
+ O(T~IN?20+52),

Now by (6), M/ (2L ) < N¢ (i = 1,2) in the rectangle [0,77] x [T/(2rNT),

2mv

T/(2n7)]. Using this and (17), we find that if we begin the u integral at
zero, the first term changes by

2nNv/T

210 ) 2\ 270

T T =
M < U )Mé < ol )ul_% du) Wy ()27 2 dv

r—1

T/(27T) R
<NT/r)*2 | (o) de
T/(2rNT)
< N(T/7P2 (0727 + (T (N7 )
< NETT—I(l _|_N1—20') < N28 +N1_20+2€.

Moreover, if we then extend the v integral to infinity, this changes our ex-
pression by a negligible amount because of (6) and (18). Thus, (47) equals

uTl’ uT 9o = o,
M{<27TU>M£<27T'U>U1 2 clu)WU(v)v2 2 dv

+ O(T—1N2—20+55) + O(N%).
Treating the fifth term in (46) in exactly the same way, we find that it equals

ul ul 2 ~ o
M <2M}>Mé(m>ul 2 du)%j(v)v2 2 dv

4 O(T*1N272(J’+5£) 4 O(NQE).

0o 27 Nv/T
_Cr (
T/(27TN) 0

00 2nNv/T
_cy (
T/(27TN) 0

Combining all our results, we now obtain

I= @U(O)T Z anby,n=2°
n<N

[ee]

hT = _
+Cr S < Z M (27rv’h> h1_2"> v (v)v*° 2 dv

T/(2rN) ~1<h<27Nv/T
+C OSO Z M} I h )R 27 Wy (0)0? 2 do
’ 2\ 210’ v
T/(2rN) ~1<h<27Nv/T
0o 2nNv/T

T T
IR R E) L D)
2mv 2mv
T/(27wTN) 0

—2Cr
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+ O(T71N2720+55) + O(N172o+max(9,cp)+55) + O(NQE)’
which is the same as (27). Thus, the proof of Corollary 1 is complete.

3. Proof of Theorem 2 and its corollary. Multiplying out in (12),

we have
= Ogo 7y (;)A*(s)lﬁ%*(s)dt - OSO 7y <;)A*(s)(o§Mé(9@)x5dw> dt
— _S Uy (;)B*(s)( JS, M (z)z™* dm) dt
+ OSO Py (;) (OXOM{ (z)z™* d:v) (OSOMé(y)y‘S dy) dt,
—% I N
(49) I'=If—-15—-15+I.

In I{ we multiply the two series and note by (A7) and our assumption
that o > 1 that the resulting double series is absolutely convergent. We may
therefore integrate termwise. Using (15) and (16), we then find that

I = Uy (0)T Z anbpn =27

N<n

— ~ (T m
T nbm Ty | — log —
+ Z Za (mn) U(27r ogn>

N<nn<m

_ ~ T m
+T Z Z bnam(mn)_awU (27T lOg TL) )

N<nn<m

or
(50) I} =0y (0)T Y anbyn 2 + TI;, + TTiy.
N<n
Setting m = n + h in I}, and using (A1) and (19) for h > n/7, we see that
— R\ "~ (T h
Iy = nbnann 2 (1+ =) Wy —log(1+ —
b X Y aben (14 0) (e (142))
N<n1<h<n/T
+ O(T71N1720'>

= Z Z UnbngnKq(n,h) + O(T7INT29),

N<n1<h<n/T

say. Changing the order of summation, which is permissible by absolute
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convergence, and then splitting the sum over h at H*, we obtain

= > > anbprnKo(nh) + Y > anbusnKe(n,h)

1<h<H* max(N,hT)<n H*<h ht<n
+ O(T7'N'=29),
By (A1), (20), (37b), and (29) the second term is
< Z Z n—20+(5/4)(20—2) < Z (hT)1—20+(5/2)(20'—2)

H*<h ht<n H*<h
< T1—20+5(2a—2) (H*)(2—2U)(1—E)

_ T75N172a < T78/2N172U.

Thus, by (9) and Stieltjes integration we have

Iy= Y S M (z,h)K,(z,h)dz
1<h<H* max(N,hT)
+ Z S KJ($ah) dEl(,I’h) —{—O(T_E/QNI—ZO')'

1<h<H* max(N,ht)

The second term equals

I DN YT AN .

1<h<H*
- OSO Ei(x h)ﬁKg(ac h)dzx ).
) ax )
max(N,hT)

We may replace Eq(z,h) here by O(x¥) if we can show that h < 27 for
all 1 < h < H* and © > max(N, h7). This condition will be met if H* <
71/(0=1)_ But this follows immediately from (28) and (29), so we find that
(51) is

<T° ) (max(N,hr))¥™>

1<h<H*
=T° Y N*F4T Y (hr)f
1<h<N/T N/T<h<H*

< T€7_71N1720'+<p < T71N1720'+<p+46
by (20), (21), and (37b). Combining our estimates, we see that

Iik2 - Z S M{(x,h)KU(a:,h) dx+O(T_1N1_2‘7+<P+4€)

1<h<H* max(N,hT)

+ O(T_€/2N1_20).
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Treating I]; in the same way, we obtain

oo

IikS - Z S Mé($,h)Kg($,h> dx+O(T_1N1_20'+<P+45)

1<h<H* max(N,hT)

+ O(T_€/2N1_20).

Hence, by (50) we have

(52) I} =Wy (0)T Y anbyn >
N<n
+T ) X M| (z, h)Kq(z,h) dx
1<h<H* max(N,hT)
+T ) g M} (z, h)Kq(z, h) dz

1<h<H* max(N,hT)

+ O(N1—20+4p+45) + O(TI_E/QNI_QU).

Next consider I;. By (15) and absolute convergence we have

TZan “OSO
N<n N

:TZan -7

N<n
or
(53) I =TI +TI3.
In I3, we write x = n 4+ u and use (A1), (6), and (19) for u > n/7 to
obtain
n/T
L, = Z anpn=? S S(n Fu)(n—+u) "Wy £log 1+ 2)) du
2m n
N<n
+ O(T71N1720')
n/’ri
= an g M(n+ u)Kq(n,u) du + O(T~IN27),
N<n 0

say. Changing the order of summation and integration (by absolute conver-
gence) and then splitting the u integral at H*, we find that
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H* -
I = X Z anMj(n 4+ u)Ky(n,u) du

0 max(N,ut)<n

+ | Y anMi(n+w)Kq(n,u) du+O(T N2,

H* ut<n

By (A1), (6), (20), (37b), and (29), the second term is

< S ( Z nf2o+(s/4)(2072)> du < S (ur)l’%*(s/?)(%”) du
H* ut<n i
< 7_172U+8(20'72)(H*)(2720')(1—5)

— EN1-20 < T_€/2N1_20.
Thus, by (4) and Stieltjes integration, we have
H* 0o
(54) I = S S M (z) My (x + u) Ky (z,u) dz du
0 max(N,ur)
H* 0o
+ S S M(x +u)Ky(z,u) dEy (z) du
0 max(N,ur)~
+ O(T7€/2N1720')'

The second term is

H*
| (M@ + 1w Ko (@,0) By (2) v,y ) du
0
H* ) -
-1 (mer iR
0 max(N,ur)

+ MJ(e ) Ko (o) ) Ea(o)dd
H*
<T° | (max(N,ur))’27/2 du
0

N/T H*
< Te S N9—20+€/2 du +T€ S (u7)0—20'+5/2 du
0 N/t

< TsT—1N1—20+9+5 < T—1N1—20+9+55
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by (Asg), (20), (21), and (37a) and (37b). Thus we find that
H* S

(55) I, = S S Mi(z)M(z + u) Ky (2, u) dz du
0 max(N,ur)

+ O(T—1N1—2(r+0+ts) + O(T—E/2N1—20’)‘

In I3, we set * = n — u and obtain

n—N

- ~ (T
Iy, = E anpn=? S M(n —u)(n—u)” ¥y (2ﬂ_ log <1 - Z)) du.
0

N<n
By (19) for u > n/(7 + 1), this equals

i min(n—N,n/(7+1)) : o T u
Nzgnann (S) Ml(n —u)(n —u) LT/U<27Tlog (l—n)>du
+O(T'N'—27)
min(n—N,n/(7+1))
= Z an X My(n —u)K,(n — u,u)du+ O(T 'NT—27).
N<n 0

As in I3, we interchange the order of summation and integration and split
the resulting integral at H* to obtain

H*
I3, = X Z anMj(n —u)Ky(n — u,u)du
0 max(N+u,u(rt+1))<n

+ S Z anMs(n —u)Ky(n — u,u) du+ O(T 1N'27).
H* u(t+1)<n

Estimating the second term as we did in the case of I5;, we see that it is
< T~¢/2N'=29_ Thus, by (4) and Stieltjes integration

H* 00
I3 =\ \ M; (y)Mj(y — w)Kq(y —u,u) dy du
0 max(N+u,u(r+1))
H*" oo
+ \ Mj(y —u)Ky(y — u,u) dEx (y) du

0 max(N4u,u(r+1))
+ O(Tfe/2N172a)'

The second term is estimated just like the corresponding term in (54) with
the result that it also is < T-1N1=29+0+5 n the first term we make the
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substitution x = y — « and find that

H* oo
(56) I, = S S M(z) M} (x + u) Ky (z,u) dz du
0 max(N,ur)

+ O(T—1N1—20+9+55) + O(T_E/2N1_2a).

Combining (53), (55), and (56), we now have
H* 00
(57) =T S S M (x + u)M}(2) Ky (z,u) dz du
0 max(N,ur)
H* 0o
+7T S S M (x +u) M () K, (z,u) dz du
0 max(N,ut)
4 O(N1720+9+55) + O(TI—E/QNI—QU)'

Since I3 is the complex conjugate of I3 with B*(s) replacing A*(s) and
M (x) replacing M(z), it follows from (57) that
H* 00
(58) =T S S M} (z + u) M} (2) K, (z, u) de du
0 max(N,ur)
H* 0o
+T S S M (z + u)My(2) Ky (z,u) dz du
0 max(N,ut)
+ O(N1720'+9+5E) + O(Tlfe/2le2a)'

Note that this is identical to the expression for I5.
Next we treat I}. By absolute convergence, (15), and (16) we have
x _ NN (e =0T [ L 10 Y
1 =7 | | Mi @) 3500 () wU(2W1m;x)dydx

N x

/ 7 o [ 1 J
+ﬂ§memww>@(%m%)@m
N x
= TIZl + TE?

say. In I}, we set y = x + u and use (6) and (19) for u > x/7 to obtain
x ey VN 24 u\ "~ (T u
I = JSV § M (z)M}(x + u)zx (1 + x) by (271' log (1 + x)) du dz
+O(T'N'—29)
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coz/T
V] MM )+ 0 1
N O

The double integral converges absolutely so we may change the order of
integration. After doing so and splitting the resulting u integral at H*, we
obtain
H* 00
I = S S M (x)M(z + u) Ky (z,u) dz du
0 max(N,ur)
(e ele o)
+ S S M (x) My (x + u) Ky (2, u) dz du + O(T T N'27).
H* ut

By (6), (20), (37a), and (29), the second term is

< S Sx72o+(5/4)(2072) dz du < S(u7)172o’+(6/2)(2072) du
H* ur H*

< 7_172U+5(2072) (H*)(2720’)(176)
< 7_78]\]1720’ < T75/2N172o"
Thus we find that

H* %)
L=\ | M@Me+ ok (e,u)dedu+ OT */2N72),
0 max(N,ur)

Since I}, is I}, with M{ and M/ interchanged, we see that

H* %)
=\ | My@)M{(x+u)Ko(x,u) dedu+ O */2N'72),
0 max(N,ur)

Thus, we find that
H*" 0o
(59) I;=T S S M (x + u)My(2) K, (x,u) dz du
0 max(N,ur)
H* oo
+T S S M} (x +u) M| (2) Ky (z,u) dz du
0 max(N,ur)

+ O(T1_€/2N1_ZU).

By (49), (52), (57), (58), and (59), we now see that
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I = @U(O)T Z anbpn 27

N<n
oo

+T > S M (z, h)Kq(z, h) dx
1<h<H* max(N,hr)

+T > S M} (z, h)Kq(z, h) dx
1<h<H* max(N,hr)
H* 0o

-T S S M (x + u)M}(z) K, (z,u) dz du
0 max(N,ut)

H* 0

-T S S M} (x +u)M|(2) Ky (z,u) dz du
0 max(N,urt)

+ O(N1—2a+max(0,<p)+5s) + O(TI_S/QNI_QU).

This is (30) so the proof of Theorem 2 is complete.

The proof of Corollary 2 is along the same lines as that of Corollary 1 so

we leave out most of the details. Replacing K, (x,u) by x’z"@U(

M!(x +wu) by M/(z) (i = 1,2), we see from (23), (48), and the fact that
o > 1land N > T, that the right-hand side of (60) changes by no more than

O(T~1N?2729%5¢) Therefore we have
I =y(0) Y anbyn=

T —ogm (KT
+T Z S M| (z,h)z~2 0 (2) dx
1<h<H* max(N,hT)
[ —— ~ (hT
/ —20 e
T Y| MG %(m) dz
1<h<H* max(N,hT)
H* S
—2T |

0 max(N,ur)

Ly~ (T
M (x) My (x)z 2 ReWU<m) dzx du

+ O(N1—20+max(9,go)+5€) + O(T1—6/2N1—2J)
+ O(T_1N2_20-+58).

Next consider the second term on the right-hand side of (61). If we replace
the lower limit of integration by NV, then this changes the term by the amount

" / —20; hT
T Z SM1($,h):E Uy Py dx.

T
N/T<h<H* N
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For this range of h and x we have h/(2rz) > 77!, so by (19) this term is
negligible. We may therefore take the second term to be

Ty SMlzz:h 2“@U<2h7TT>dx

1<h<H* N

We now set v = hT'/(2mx) and find that this equals

1—20 M) h‘T 2072 T
Cr Y h S Mi( 5 h Ty (v) do.
1<h<H* 0

Changing the order of summation and integration, we find that this is

T/(27N)

hT
Cr S < Z M{(Q h)hl 2") Wy ()02 2 dv
0 1<h<H*
TH* /(27 N) T
+Cr S ( > M{<27T h>h1 20) By (00272 dv.
T/(2wN) 2nNv/T<h<H*

Similarly, the third term on the right-hand side of (61) is

T/(27N)

Cro | < 3 Mg(;f h)hl 2‘7>U(v)v2"_2dv

0 1<h<H*
TH* /(27 N) AT

+Cr S < Z M (27”) h)h1 2") Ty (v)v2 2 do.
T/(2xN) “27Nv/T<h<H*

Finally, the same basic analysis applied to the fourth term on the right-hand
side of (61) leads to

H*T/(2nN) H*

uT ul oy -~ o
—2C7 S < S M1<27TU>M5 <2m}>u1 2 du> Re Uy (v)v* 2 dw.

0 27 Nv/T

Combining our expressions, we obtain (31), so the proof of Corollary 2
is complete.

4. Proof of Theorem 3. We have

o)

— 00

x (A(s) - ZSVM{(x)x—S dm) (IB*(S’) - OSOMé(a:)xS' da:) dt
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— OSO WU<t>A(s)IB3*(s’)dt

- T
- _L Uy (;) A(s) ( ng M (z)x= d:n) dt
- OSO Yy (;)B*(s’) ( Jil M (z)z~*° dm) dt

o) N [SS)
t
+ S Yy <> ( S Mi(z)z™° da;) ( S M (z)x=' dw) dt
T
_ 1 N
=Ji—Jo = Js+ Ju,
say. By (15) we see that
J =T Z Z anzmn_”m_”/@(] (T log m)
2m n
n<N N<m

Now if either (m — N)/N or (N —n)/N is greater than 71, then log(m/n)
> 771 so that by (19),

~ (T

U ( log 7:) < T P2 for any Ds.

Hence, we have

J=T Z Z anzmn_"m_"/!f/(] (217; log TZ)

N(1—7—1)<n<N N<m<N(1+7-1)
+ O(TleQfofa’),
say. By (A1), (17), and (37b), this is
<T Z Z n5/2—am5/2—o" + T—1N2—0'—o"
N(1-1/7)<n<N N<m<N(1+1/7)
< TT—2N2—U—U’+8 + T—INQ—U—O"
< T71+2£N27070'+5 < T71N27070/+5a_

The integrals Js, J3, and Jy are treated similarly with the same result.
Thus,

J < T—1N2—0—0/+58

and the proof of the theorem is complete.
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5. Four examples. The following examples illustrate the application of
some of our results.

ExampLE 1. Let a, = b, =1 forn=1,2,... Then
A(z) = B(z) = C1(z,h) = Cay(z, h) = [z]
so that we may take
M (z) = My(z) = My(x,h) = My(z,h) =x
and
Ei(z) = Eq(x) = Ey(x,h) = Ey(z,h) < 1.

In Corollary 1 we may therefore take § = ¢ = 0 and n = 1 — ¢, where
0 < & < 1/2 is arbitrarily small. Also, taking U = logT, N > T, and
o =1/2, we find that

1= | ot ‘Zn_l/z_it—N:n_l/z—“dx‘zdt
N —§>o : T n<N §

2n N

=0y (0)T Y nt 42T [
n<N T/(27N)

2n N

v] Re ¥y (v)v~ ' dv

- 2T
T/(2rNT)

+ O(T_1N1+5E).

vRe Wy (v)v~ ' dv

Since @U(v) < 1, the lower limit of integration in the third term may be
replaced by T'/(2nN) with an error of O(T'). Thus we may rewrite the above
as

2rN [271']\[ ] 1
v — v

_ = T -1
T T 2) Re Wy (v)v™ " dv

1
I =0y (0)Tlog N — 2T | <
T/(27N)

1
-T S Re lf/U(U)v_l dv
T/(27N)

+2T S ([QWNU} — 27TN”U>@U(U)U_1 dv
1

T T
+O(T) 4+ O(TIN*+5),

For |v| <1 we have
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(62) Uy (v) = Wy (0) + O((Co — Cy + U™ H)o])

and ¥y (0) is real. Thus, the second term on the right-hand side above is

1
~ 2t N 2t N 1

— 20y (0)T ( v— [ v} - )vl dv+ O(T)
T/(zgﬁzv) T T 2

27 N/T

=200 | (y—[y]-1/2)y " dy+O(T)

=0(T).
The third term equals

1
—Wy (0)T | vlavrom) = Uy (0)T log(T/N) + O(T).
T/(27N)

Finally, by (17) the fourth term is

U o)
< T(Sv_ldv—i- U | v_zdv> < TloglogT.
1 U

Thus we find that
I =Uy(0)(1+0(1)Tlog T + O(T~'N*5%),

If in the definition of ¥y () we take O = U~! and Co = 1 — U~! and
Uy (t) < 1, then Yy (t) is a minorant for the characteristic function of the
interval [0,1]. On the other hand, taking C; = —U~! and Cy =1+ U1, we
obtain a majorant. Since in either case

Ty (0) =1+ 0(U™Y),

it follows that

T N
, 2
(63) S ‘ Z n~ /2 S g l/2m dx‘ dt ~ TlogT

0 n<N 1

for T < N < T?/(1+5) Notice that if N < T, then the mean-square of
Siv x~ /27" dy is < N < T, so by (1) the left-hand side of (63) is ~ T'log N.
We conclude this example by remarking that since # = ¢ =0andn=1—¢,
a straightforward but tedious application of Theorem 1 would allow us to
prove that (63) is in fact valid for T < N < T for any fixed A > 1. It is
interesting to note that this and the simple approximation (see Titchmarsh
[5; p. 49])
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< +Zt> Z n-1/2-it S —1/2-it g,

n<N 1

+O< N_1/2>+O<'1+zt

with N = T2, gives the classical mean value formula

2
1
<<2 i z’t>
0
EXAMPLE 2. Let a,, = e(na),b, = e(np) for n = 1,2,..., with 0 <

o, B < 1.
Consider first the case where a = 3. Then

A(x) = B(x) = Z e(na) < 1,

n<x
so we may take M;(x) =0 and E;(x) < 1 (i = 1,2). Also,
Ci(z,h) = e(=ha)lz],

+ it

Y

T
dt ~TlogT.

so we may take M;(z,h) = e(—ha)r and E;(z,h) < 1 (i = 1,2). Thus
0 = ¢ = 0 and we may take n = 1 — ¢. TakmgU:( ogT)?, N > T, and
o= 1/2 in Corollary 1, we find that
I = ( )‘ Z na —1/2—it d
n<N
= @U(O)T Z n~' + 2T Re S ( Z e(—ha))@U(v)v_l dv
n<N T/(27N) 1<h<27Nv/T
+O(TINH)
= Uy (0)T(log N + v+ O(1/N))

T (elalPFe]) -1\
— 2T Re Yy (v)v™ " dv
T/(;TN)( e(a) =1 ) :

+ O(T_1N1+56).
By (62) the middle term equals

uorne (g § (o o[5]) 1))

FO((Co—CL+UHT) + O(T ZO dv).
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The second error term here is
U 0

< (Cy—Cy + U_I)T( X v do +U S v 2 dv)
1 U
< (Cy —CL+U YT loglogT
by (17). Thus, changing variables in the remaining integral, we find that the
middle term above equals
27 N/T

[ (et-alu) — 0y~ dy)

—20;;(0)T Re (
1

e(a) — 1
+O((Cy — C1 + U T loglog T).

Now
27 N/T

| (e(—aly)) — 1)y dy

[2nN/T]—1 k+1
2r N 2rN/T 2n N
e —_— -1 - 1 _1
]; e(—ak) ,§ y dy+e< a[ T }) og 27 N/T] 0g —

= log(T/N) + O(1)
by partial summation. Hence, our middle term is equal to
~ 1
29 _
u(0)Re <e(a) -1
Observing that Re(e(a) — 1)~! = —1/2 and combining our results, we find
that

(64) I =Wy (0)TlogT + O((Cy — Cy + U~ YT loglog T))
+ O(T_1N1+5€).

If we remove the weight function ¥y (¢/T') as in the last example, we deduce
that

>Tlog(N/T) +O((Cy — CL + U HTloglog T).

T
(65) S ’ Z e(na)n~ /2 ’ dt ~ TlogT
0 n<N
for T < N <« T?/(145) Note that by (1) the left-hand side is ~ T'log N
when N < T. Had we used Theorem 1 rather than Corollary 1, we could
have shown (with more work) that (65) in fact holds for T < N < T for
any A > 1.
Now consider the case when a # (3. Here we may take

Ml(x) = Mg(x) = Ml(x,h) = Mg(l‘,h) =0
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and
El(iL‘), EQ(.CI?), El(x, h), EQ(I’, h) < 1.

It is particularly easy to use Theorem 1 in such a case. We take 0 = ¢
=0,n=1-—¢c,0=1/2,U = (logT)?, and T*¢ <« N < T =)/52) and
find that

I= OS:O Uy (;) (%e(na)n_l/z_it)< Z e(—nﬁ)n_l/Q"'it) dt

n<N
= (0T Y e(nfa—f)n~" + O(N>)
n<N
= — Uy (0)log(1 — e(a — BT + O(T*~*).

If we are interested in the unweighted integral

I = :§ ( Z e(na)n_lm_it) ( Z e(—nﬁ)n_1/2+it> dt

0 n<N n<N

instead, we can proceed as follows. We take C; = —U ! and Co =1+ U"!
in the definition of ¥y in I and use the Cauchy—Schwarz inequality to see
that

0 14201

I'-I« {( S + S )’ Z e(na)n~1/27i
i n<N

_2U—1
0 14201

x{( (SJ1+ § ))%e(nﬁ)n_lﬂ_”

2 N1/2
dt}

2dt}1/2.

These integrals can be estimated by using (64) with C; = —3U~!,Cy =
3U ! in the definition of ¥y and then with C;, =1 —-3U"1,Cy =14+ 3U1.
This gives

I' - 1< U 'TlogT = o(T)
provided that 7 < N <« T?~¢)/(1+5¢) Thus, for a # 3 and for the same
range of N, we have

(66) :§ ( Z e(na)n_1/2_“)( Z e(—nﬁ)n_lm‘”t) dt

0 n<N n<N

= (1+0(1))log <1—e(1a—ﬁ)>T

Had we proved a longer-range version of (64) (by appealing to Theorem 1
instead of Corollary 1), (66) would also hold in such a range.
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EXAMPLE 3. Let a,, = b,, = p(n) (the Mobius function) for n = 1,2,. ..
If the Riemann hypothesis is true, then

A(r) = B(z) = Z p(n) < xt/?+e

for every € > 0. Thus we may take M;(x) = Ms(x) = 0 and Eq(z) =
Ery(z) < z'/2*e Unfortunately, even assuming the Riemann hypothesis, no
one has yet proven an estimate of the type

Ci(w,h) =Y pn)p(n+h) <a¥  (i=1,2)
n<x
for any ¢ < 1. A reasonable conjecture is that
Ci(x,h) < «/?t5 (i=1,2)

uniformly for 1 < h < z'7¢. If this is so, we may take M;(x,h) = 0 and
Ei(z,h) < x1/2+¢ uniformly for 1 < h < 2'~¢; hence we may set § = ¢ =
1/24eand n =1 —e. By Theorem 1 with 0 = 1/2 and U = log T we then
find that

(67) I= OSO Wy (;)‘ 3 plnyn /2 2

=Ty (0)T > p(n)n~" + O(NY/2F6%)
n<N

for T'=¢ < N = o(T1=9)/%). Taking ¥y (t) as in the first example, we then
obtain

(68) §| > w2
0

n<N

2 6
dt ~ —Tlog N
T

uniformly for T'=¢ « N « T?/(4122) This estimate also holds for 1 <
N < T'7¢ by (1). If we assume that the functions E;(z,h) behave inde-
pendently for different h, we would expect, by (33), that the error term in
(67) could be replaced by O(T'/2N%). Then (68) would hold uniformly for
1 < N <T4, where A > 0 is arbitrary but fixed.

EXAMPLE 4. In his work on the pair correlation of zeros of the Riemann
zeta-function, Montgomery [3] introduced the function

Fa,T)= > 20 w(y—+),
0<y,7/<T

where ¢ = 3 + iv is a zero of ((s) and w(u) = 4/(4 + u?). Montgomery
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proved, assuming the Riemann hypothesis, that for x > 1, T' > 2,

T
(69) onF(x,T) = S
0

1 z )
( < +u> S 1”’%m>
x
i
x| A* §—l—z't —Oxou_3/2_itdu
2

T

2
+0 <W> + O(log® T),

2

2
dt

where

A(s) =) AT(L”) and A"(s)= ) Ar(L”)

n<z n>x
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For 1 < x < T one can apply standard mean value theorems to estimate the
right-hand side of (69). When logT < < T the diagonal terms dominate,
but when 1 < x < logT the first error term above is treated more care-
fully and contributes the main term. In this way Montgomery obtained an
asymptotic formula for F'(x,T) in the range 1 <z < T. In the range x > T
the off-diagonal terms come into play. Let a,, = b,, = A(n) and assume the

Riemann hypothesis. Then we have
A(z) = B(z) = Y _ A(n) =z + O(z'/***).
n<zx

The twin prime conjecture asserts that

Ci(z,h) = Cay(x,h) = Y A(n)A(n+ h) = &(h)x + E(x, h)

n<x
where
2CH< ) if h is even and h # 0,
S(h) = h
() !
0 if h is odd,
with
=1 (1-5=re)
p>2
and

E(x,h) = o(x)

for any fixed h, 1 < h < x. A stronger form of the conjecture is that

E(x,h) = O(z/**)
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uniformly for 1 < h < z, and Montgomery [3] suggested that this form of
the conjecture implies that

T
(70) F(z,T) ~ g logT for T<w< T% =,
i

He further conjectured that if the error terms E(z, h) behave independently
for different h, (70) should hold for T < z < T4 for any fixed A > 1.
J. Bolanz [1] was the first person to completely carry out the details of this
argument in the range 7' < z < T3/27¢ and, in written communication, he
has informed us that he can extend the range to T < o < T?~¢. Bolanz’s
work is long and complicated, for the most part, because he does not smooth
the integral in (69). With Corollaries 1 and 2 and Theorem 3 in hand,
however, the proof can be greatly simplified and we sketch it here.

We assume the Riemann hypothesis and the strong form of the twin
prime conjecture. It clearly suffices to obtain an asymptotic estimate for
the integral in (69) weighted by the same functions ¥y (¢/T') used in the
first example. Then, on multiplying out we see by Theorem 3 that the cross
term is < T~ 1xp?+1/2-3/24e — glteT=1 Thus, for x > T, the (weighted)
right-hand side of (69) equals

x? xite
Il(a:,T)—F%Ig(x,T)—i-O( ),

2mwx2 T
where
oo ¢ 1 x 2
_ v Lo, —1/2—it
Il—L!pU(T>'A<2+Zt> §U du| dt
and
o0 ¢ 3 o) 2
_ 12 w9 4\ —3/2—it
IQ—LLDU<T>‘A <2+Zt> §u du| dt.

To complete the proof of (70) we evaluate I; and Iy and show that

1, T
(71) I ~ §T1: logT, Iy~ ﬁlogT

uniformly for x < T < 227¢.

Consider I;. By our assumptions we see that (A;) through (A4) are
satisfied with 6 = ¢ = 1/2 — ¢ and n = 1 — e. Therefore, by Corollary 1, we
have

L =Wy (0)T Z nA?(n)

n<x

" 47r<21;r>3 T/:gmc) < Z 6(h)h2> Re @\U(v) %

h<2mzv/T
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T 3 fo%) 2wzv/T dv
J— — 2 T —_—
4”(271) S ( S u du) Re Wy (v) 3
T/(2nTx) 0
x3+€ 5/2+e
+0 T +O(z )

for T' < z. Using the prime number theorem to evaluate the first sum and
combining the two integrals, we obtain

1,5 T\ T 2mzv -~ dv
I = §Tx logx + 47T(27T) S E( T ) Re ¥y (v) 0
T/(27x)

T
where E(x) is defined by
E(x) =Y &(h)h* - 2°/3.

h<x

m3+5
+ o< > +O(z%/?+9),

One can show that

z du 1
§E(u) 3 =7 logz+0(1),

and this estimate along with the properties of @U(U) allows us to deduce

that
$3+6

T

I = %TxQ logT(1+0(1))+O< ) + O(x5/2+9).

This gives the result for I; asserted in (71).

The evaluation of I is similar except that one uses Corollary 2 in place
of Corollary 1.

The above argument can be modified to obtain lower bounds for F(x,T")
in the range T < z < T3/27¢ assuming the Generalized Riemann Hypoth-
esis. The key new idea is to approximate the coefficients A(n) by related
ones whose correlation sums C(x, h) can be shown, assuming the General-
ized Riemann Hypothesis, to satisfy precise estimates uniformly in certain
ranges. The proof of this result will appear in joint work [2] with A. Ozliik
and C. Snyder. Some of the above argument in Example 4 is also joint work
with Ozliik and Snyder.
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