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Free groups acting without fixed points on rational spheres
by

KENz1I SATO (Yokohama)

For every positive rational number ¢, we find a free group of rotations of
rank 2 acting on (,/¢S?) N Q? whose all elements distinct from the identity
have no fixed point.

Introduction. The following conjecture raised by Professor J. Mycielski
was proved in [Sal]:

The subgroup {j11,v1) of the rational special orthogonal group SO3(Q) =
{¢p € Mat(3,3;Q) : ‘¢ - ¢ = id,det ¢ = 1} is a free group of rank 2 whose
non-trivial elements have no fized point on the rational unit sphere S? N Q3
= {7 € Q3 :|v] = 1}, where (u1,v1) is the group generated by

1 6 2 3 1 2 -6 3
1 = - 2 3 -6 and v = - 6 3 2
-3 6 2 -3 2 6

In this paper, we consider the same problem about the rational sphere
(VaS*)NnQ?* = {¢ € Q° : |[7] = \/q} for positive ¢ € Q. Notice that the
rational unit sphere S? N Q> and the rational sphere (v/2S?) N Q® are not
similar. In particular, S? N Q? has a trio of pairwise orthogonal vectors

1 0 0
50: 0 ) 51 = 1 ) 52: 0 )
0 0 1

but (v2S?) N Q? does not have such a trio, because, for two orthogonal
vectors 7,7’ € (v/2S?) N Q3, the vector % 7 x ¥ does not belong to Q3.
The purpose of this paper is to prove:
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For each positive rational q, SO3(Q) has a free subgroup (jiq,vq) which
acts on (\/582) N Q3, the rational sphere with radius V4, and whose non-
trivial elements have no fized point on (1/qS*) N Q3.

This implies a paradox: (,/gS?)NQ? has a Hausdorff decomposition, i.e.,
(Va S?) N Q3 can be partitioned into three subsets A, B, and C such that
A, B, C,AUB, BUC, and C'U A are all congruent by rotations of (p4, )
(see e.g. [Sa0; W, Cor. 4.12]). We only have to prove the assertion for each
positive integer g which is square-free, in other words, g does not have a
prime whose square divides ¢, because the rational spheres (,/gS*)NQ? and
(Vd'S?) N Q% are similar with similitude ratio \/g : V¢’ if /q/V4d € Q.

Moreover, we can assume ¢ # 1 from [Sal].

REMARK. It is possible that rational spheres are empty (e.g., with radius
V7). For given g, it is easy to check whether the rational sphere with radius
/4 is empty or not (see [M, Ch. 20]):

(VgSHNQ*£0 ifg=1,2,3,5, or 6 (mod 8),
(VaSHNQ* =0 ifg=7 (mod 8).

For higher dimensional spheres, Professor J. Mycielski raised the follow-
ing problems (see [Sal]):

PROBLEM A. For n € N, n even, n > 4, does SO, (Q) have a free non-
abelian subgroup Fy such that no elements of Fy different from the identity
have eigenvectors in Q™ ?

PROBLEM B. Forn € N, n odd, n > 5, does SO, (Q) have a free non-
abelian subgroup Fy which acts without non-trivial fized points on S*~1 N Q"
and is such that if f,g € Fy have a common eigenvector in Q™ then

fa=g9f?

[Sa2], which gives a free group (o,7) of SO4(Q) acting on S? without
non-trivial fixed points, and [Sal] answer in the affirmative Problem A for
n =0 (mod 4) and Problem B for n = —1 (mod 4). This paper and [Sa2]
also answer in the affirmative the following problem for n = —1 (mod 4):

PROBLEM B’. For a positive rational q and an odd integer n > 5, does
SO,,(Q) have a free non-abelian subgroup Fy which acts without non-trivial
fized points on (\/gS" 1) NQ" and is such that if f,g € F> have a common
eigenvector in Q™ then fg=gf?

For n = 3, similar problems for more general surfaces, which the referee
of this paper suggested, can be considered:
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PrROBLEM C. Is there a free subgroup of rank 2 of the group {¢ €
Mat(3,3;Q) : tp- A- ¢ = A, det ¢ = 1} acting on the rational surface

X
y | €Q®:ax?+ 6y +v22=¢q
yA

a 00
without non-trivial fized points (where A = (0 B o ) )?
00~

Preliminaries. Let ¢ be a positive and square-free integer distinct from
1. The following two lemmas enable us to find integers p and b such that p is
an odd prime divisor of 1+ b? but not of ¢, and ¢ is a quadratic non-residue
to the modulus p.

LEMMA 0. For such an integer q, there exists an odd prime p such that
q s not divisible by p and

()1 e ()

where (—) 1s Legendre’s symbol.

Proof. This is a special case of [H, Satz 147]: “Let a1,aqo,...,a, be
integers such that: a product of powers

Ul U2 Uy
atay® . ..a,

is the square of an integer (if and) only if all u;’s are even. Furthermore, let
c1,Ca,...,Cr be arbitrary one of 1. Then there exist infinitely many primes
p which satisfy the condition

(ai) =¢ fori=1,2,...,r7 m
p

LEMMA 1. For such a prime p, there exists an integer b such that 1 + b?
=0 (mod p).

Proof. This is obvious from (_71) =1 =m

Using such an integer b, let

1 1+ b2 0 0
fg=— 0 1—02 —2b
145 0 % 11— b2
and
] 1—02 =2 0
Y 20 1-—0b2 0
1402

0 0 1+ b?
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There are group isomorphisms

S(H)/{£1} % SO(Hy) % SO3(R),

where S(H) is the group of quaternions h whose norm |h| is equal to 1
in the Hamilton quaternion field H and SO(Hy) is the group of all linear
isometries with determinant 1 of all pure quaternions H onto itself. The
left isomorphism o sends +h to the isometry Hy > A’ — hh'h~! € Hy. On
the other hand, the linear map ¢ : Hy — R3, which takes the basis I, J, and
K of Hy (with IJ =K, JK =1, KI =J, and I? = J> = K? = —1) to the
standard basis €y, €1, and €5 of R3 respectively, gives the right isomorphism
m: kom0t . So we have S(H)/{#+1} “=2 SO3(R). See [C, Th. 3.1 of
Ch. 10; L, Th. 3.1 of Ch. 3; Sa0; Sal]. Two matrices above and their inverses
are represented by

E_mo(,—(il_‘_dﬂ) and yé—moa<:|:1+56[(>
Ha 1+ b2 a Vi+2)’
1

where € and § are either —1 or 1. For each reduced word w of {,uq_l, Hq> Vg
vq}, we define

+H, =1+ B om Hw) € Z(H)/{+1},

where fw is the number of occurrences of ,uq_l, fgs Vg ! and v, in w and Z(H)
is the set of quaternions whose components are all integers. The relation
H = H' means that H and H' in Z(H) are proportional mod p, i.e., there
exists an integer ¢t € {1,...,p — 1} such that each component of H — tH’
is divisible by p. We consider whether H < H’ or not. We can choose H,,

from vI+ 62 Vol o m~!(w) whichever you like because H < —H.

Main result. The following two lemmas imply the main theorem of this
paper which gives a free subgroup of rank 2 of SO3(Q) whose non-identical
elements have no fixed point on the rational sphere with radius ,/g.

LEMMA 2. Let w be a non-empty reduced word of {u;l,uq,ygl, vet. If
w = ,u‘;k then
H, <1+ ebl;
ifw= l/gl then
H, =<1+ bK;
if w has the form g . .. I/g (i.e., w starts with pg and ends with Vg) then

H, =<1+¢ebl +¢edJ+ K,

where € and § are either —1 or 1, and k and I are positive integers.
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Proof. The following four equations and 1+b* =0 (mod p) imply this
lemma:

(1 +ebl)(1+ebl) = 2(1 +ebl) — (1 + b?);
(14 6bK)(1 4 6bK) = 2(1 4 6bK) — (1 + b?);
(14 ebl)(1 + 0bK) = (14 bl +e6J + 0bK) — (14 b*)ed J;
(1+&bl +&'6'J+bK)(1+ebl +edJ + 0bK)
=(14ee+dd—£0ed)(1+e'bI+£0J+ 50K)
—(14+ ) (e + 85+ (66— d'e)J);
where ¢, §, ¢/, and §’ are either —1 or 1. m

LEMMA 3. Let w be a word which appeared in Lemma 2, i.e., w = ,ugk,

w = vy, orw = pg...vy. Then \/q|Im H,| is irrational, where Im H,, is

the imaginary part of Hy, i.e., In(C+ XI+YJ+ZK)=XI+YJ+ ZK.

Proof. It is enough to show that q|Im H,|? is a quadratic non-residue
to p, which is a consequence of Lemma 2, the equality (1%) = —1, and the
following three formulae:

q((etb)? + 0% + 0?%) = qt?b?,
q(0% + 02 + (6tb)?) = qt*b?,
q((eth)? + (8t)? 4 (6tb)?) = qt*(1 + 2b%) = ¢t*b* (mod p),
wheret=1,...;p—1. m
We attain our objective from the previous lemma:

THEOREM. The rotations pg and vgq generate a free group whose non-
trivial elements have no fized point on (1/qS*) N Q3.

Proof. We only have to prove that Im H,, is non-zero and that ,/q -
t(Im H,,)/[Im H,,| does not belong to (,/gS*) N Q?* for each reduced word,

w, of the form g . .. I/g (i.e., w starts with ,u;l or iy and ends with 1/(1’1 or

vq) or simply a power of p, or of v, because

w has a fixed point <> w'ww' ™" has a fixed point,

for an arbitrary word w’ of {u; ", pq, vy ", g} For such a non-empty reduced
word w, Im H,, is obviously non-zero and Lemma 3 implies

t(Im Hy,) 3
\/57|1me| ZQ°. =
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