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1. Introduction and statement of results. In the last few years a
number of authors have investigated nonlinear problems in additive prime
number theory for short intervals. Perelli and Pintz [7] and Mikawa [5] have
shown independently that in an interval [z,z + y] with z7/24te <y <
all but <. y(logx)~ ¢ integers can be represented as the sum of a prime
number and a square of a natural number, where c is any positive constant.
A similar result was achieved by Perelli and Zaccagnini [8] for the sum of
a prime number and the kth power of a natural number for a fixed integer
k > 2. Zhan and Liu [13] have proved the following result: Define

Ep(z)={n:n<z 2|n, n#1 (mod p) Vp > 2 with p— 1|k, n # p1 +p}
for all prime numbers py, pa}|.
Then
Es(x +y) — Es(x) < y(logz) ™"

for 27/16+¢ <y < . We are going to generalize this result for all k > 2 by
proving the following theorem:

THEOREM 1. For any k > 2, any A > 0 and any € > 0,
Ey(z +y) — Ep(z) < y(logz) ™"

for p1s(1=3p)+e < y < z, where the <-constant depends at most on k, A
and €.

Applying a standard argument we will derive this estimate from the
following theorem. Let A(n), u(n) and ¢(n) denote the von Mangoldt, the
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100 C. Bauer

Moébius and the Euler function respectively and write e(a) = e*™®. For any
fixed integer k and any integer d € {1, k} define

m=1 m=1 m=1
(maq =1
i —an A(gq,n)
A(Q7n) = Z CI(Q7a)Ck(Q7a)€<)J O-(n7 R) = Z 2 - )
] q = 0
R(n) = > A(m1)A(my), P(n) = > 1.
n:ml—i-mg n:ﬂ’Ll—l—ﬂ’L’QC
rz—y<mi<z rz—y<mi<z
y/2* <mb<(2F 1)y 2" y/2* <mE<(2F $ 1)y 2"

We are going to show

THEOREM 2. For any fized k > 2, any A > 0 and any € > 0,
Y |R(n) —a(n, P)P(n)|* < Hy*/*(logz) ™

z<n<xz+H

for P = (logz)P', where By = Bi(A) is a sufficiently large constant,
2712 <y <z oand y'~V?Rte < H < y. The <-constant depends at
most on k, A and ¢.

Our results are weaker than Perelli and Zaccagnini’s analogous results
in [8], who in our notation can choose H in Theorem 2 as small as
max(y' ~1/*+e 21/2+¢) and therefore obtain an estimate for the correspond-
ing exceptional set for y as small as max(x%(l_%)“,:cl/z*'g). This is due
to the fact that we need a mean value estimate for nonlinear trigonometric
sums over primes and not just over natural numbers as given by Perelli and
Zaccagnini. We can only establish this estimate for a range of H longer than
the one in [8].

2. Notation and structure of the proof. Furthermore, we will use
the following notation:

Di(e)= Y A(m)e(ma), Dila)= > A(m)e(mFa),

r—y<m<z y/2k <mE<(2k+1)y/2F
Lia)= Y e(ma), Iya)= > e(m*a),
z—y<m<z y/2k<mb <(2k+1)y/2k

mn~Me M<m<2M.

c and ¢ denote positive constants which depend at most on k£ and can take
different values on different occasions. By ||z|| we denote the distance from
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x to the nearest integer. We set
L=logz, Q=HL ", P=L",

where B; and B, will be determined in the sequel. Without further refer-
ences we shall make use of the relations logx < logy < log H. The major
arcs M and the minor arcs m are defined by

1 1 1
M= ¢ ] :[—,1—] M.
quH[q Qq+Q Ul IR
(a,q)=1

Thus we arrive at
(2.1) > |R(n) = a(n, P)P(n)|”

r<n<x+H

1-1/Q

= Y | | Du@Di@)e(—na)da—o(n, P)P()|
z<n<z+H -1/Q
< ¥ || Du@Di@)e(~na)da —on, P)P(n))2

z<nlae+H M

+ > HDl(a)Dk(a)e(—na)da

z<n<z+H m

2

3. The minor arcs. In order to estimate the contribution of the integral
over the minor arcs, we shall establish Lemma 3.3 below. For this purpose we
will first give some results and definitions from [4]. For any positive integers
x,y and r with 1 <7 < x, 2° <y < z and any real number a = a/q+0/¢?,
(a,q) =1, 0] <1, we have:

(3.1) Z T¢(n)T(n +r) < y(log x)©,
z<n<lz+y
) 1
(3.2) ; 7¢(n) min (a;, HTlaH)

< (zyq 2 4 2y + 2Py + (2yg)'/?) (log zyq)©
(see (3.3) and (3.4) of [4]).
For any arithmetic function g(n) we define
V(g(n);v1) = g(n)g(n +v1),
Vig(n);vi,...,v;) = V(V(g(n);vi,...,vj-1);05).
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Thus
(3.3) V((g192)(n);v1,...,v5) = V(gi(n);vi,...,v;)V(g2(n);v1,...,v;)
and for g(n) < G(n),
(3.4) V(g(n);v1,...,v5) < V(G(n);v1,...,v5).
For a polynomial f(n) with real coefficients we set
A(f()s 1) = f(n+ 1) — (),
A(f(n);v1,...,v5) = A(A(f(n);v1,...,0j-1);v5).
For f(n) = Bn* and two polynomials fi(n) and fo(n) we thus obtain
A(f(n);vr, ..., v—1)

k!
= Bkl ... vp_ 1n+ﬂ— Z vyt UZk 1

ai1+...+ar_1=k
0421

(3.5)
A(f(n);v1,...,vk) = Bkluy ... v,

A((fr + f2)(n);v1, ..., v6-1)
=A(fi(n);v1,...,v5—1) + A(fa(n);v1,. .., 0p—1).

For positive numbers x and y, an arithmetic function g(n) which only
takes positive values and a polynomial f(n) with real coefficients we fur-
thermore define

S= Y gne(f(n).
z<nlz+y
Thus for each integer 7 > 1 we have

(3.6) |S* < y¥ It

XZ ZZV ;0155 v5)e(A(f(n); o1, .05 v5)),

where the v; run over all mtegers and for any fixed vy, ..., v; the summation
over n is restricted by the inequalities

(3.7) r<n+o(j)<z+uy,
where o(j) runs over the set
(3.8) E(j):{Zz:Zis any subset of {vl,...,vj}}.
z2€Z
Finally,
(3.9) Z Z ZV °(n+71);v1,...,v;) <y N(logy)©
1KY v; LYy n~N
for N* <y < N and r < N.
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The above statements can all be found in [4], (3.5)—(3.10), Lemmas 3.1
and 3.2 or they follow straight from the definitions.

In the next three lemmas we use L to denote logy (and not logz as
before).

LEMMA 3.1. Let a,, and b,, for m > 0 be real numbers satisfying a,, <
T7¢(m) and by, < 7¢(m). Then for every fized number k > 2 and any A > 0
there exists a B3 = B3(A) > 0 such that for B > Bs the estimate

2y 9
(3.10) S ‘ Z ambne(mFnFa)| dt < H*y*/*-1L=4

Y t<mknk<t+H,m~M
holds for o = a/q + 0/ (a,q) = 1, 6] < 1, L < g < HL™5, y=1/F <
H <y, L < M < 2Hy"*='L=B_ The <-constant depends at most on k
and A. The lemma also holds if the summation range of n is shortened.

Proof. Let K = 28=! and J; denote the left-hand side in (3.10). By
Cauchy’s inequality and (3.1) we thus see

2y 9
Z bpe(mFn*a)| dt

Ji < ML* Z S

m~M Yy t<mknk<t+H

T>
= ML° Z Z Z b, br,e(mF(n} —nk)a) S 1dt
m~M ng ng, n1#n2 £A
y<mPFnF<oyt+H
+O(MLCMH 3 Tc(n)>,
n<Lyt/k /M

where Ty = max(mFn¥ — H,mknk — H) and T» = min(mFn¥ mFnk). Set

ny—ng =1, ny =nand g(m,n,r) = H—mFr(n*=t 4+ ...+ (n+r)F1).
As S%ldt = 0, if not m*|nk¥ — nk| < H, we can assume that |r| <
HM=FMF—1y=(k=0/k — FAf—1y=(k=1/k and also r > 0. By Ry(n) we
denote a polynomial in at least the variable n whose degree relative to n
is not greater than [. For a sufficiently large B, by using (3.1), Holder’s
inequality, (3.5) and (3.6) we obtain

’J1|K/2

< ’MLC Z Z Z g(m,n,r)
0<r<H/(My(k=1)/k)m~M yl/k/M<<n<<y1/k/M
mFrnF 4 (nr)*TH<H
’K/Q

X bnbnwe(mkrknk*la + mkRk_g(n)a) + HKyK(27]“)/2’ICL7KA/2

< MK/2(Hy(1—k)/k3M—1M)K/2—1
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X L¢ 3 > > g(m.n, )

0<T‘<<H/(My(k—1)/k)m~M yl/k/M<<n<<y1/k/M
mPr(n* ()T <H

K/2
X bnbn+Te(mkrknk_1a + mkRk_g(n)oz)‘ + HKyK(Q_’“)/QICL_KA/2

yL/k K/2—k+1
< HK/27lMK/Qy(lfk)(K/Qfl)/k < ) Ie

M

X Z Z Z e Z ZV(g(m, Ny T )bpbptr; U1, .oy Vg—2)

0<r<H/(Mylk=1)/k)y m v1 Vg—2 N
X e(mkrk!vl . Up_ona + mkRO(n)a) + O(HKyK(Q*k)/%LfKA/Z),
where |v| < Yy /FM 7L Jop_a| K yVEFMTL VP M T < nto(k—-2) <

yVEM Y mEr((n+ ok —2)F o+ (r+ndo(k—2))F1) < H and
m ~ M. Applying Hélder’s inequality again as well as (3.3), (3.4) and (3.9)
we find that

(3.11) |y |K°/2

_ K—1
< HK2/27KyK2(27k)/2kMK(k71) H ' y(k 1)/k Lo
Myk=1/k k=1
X Z Z...ZZ‘ZV(g(m,n,T);vl,...,vk,g)
0<r<H/(My(k=1)/k) v1 Vp_2 M m

K
x e(mPrklvy ... vp_ona + mkRo(n)a)’
+ HWyw(2—1~c)/21~:L—1r<2A/27

where the summations are as stated before. Applying (3.5) and (3.6) to the
inner sum over m we obtain

K
>
CMETEY YT V(Y glmny )i on, e ve)s s k)

Ur—1 M
X e(mnr(k!)%l e Uh—2U] .. Up—1 X

(k)2
2

+ nr vl...vk_2< Z u‘fl—l—...—l—uzk_ll)a—i—T(m)a),

ai+...+ar_1=k
0421

where |u1| < M, ..., |up—1| < M, m+o*(k—1) ~ M, (m+0o*(k—1))r((n+



Sums of a prime and the kth power of a prime 105
o(k—2)"t+. .. +(r+n+o(k—2))*1) < H and T(m) depends on m, but
not on n. Substituting the last estimate in (3.11), using partial summation,

V(V(g(m,n,r);v1, ..., 06—2);U1, ..., Up—1) < HE*/2
and ) 4, .pe(na) < min(B — A, 1/[|a|) we find that

(3.12) |y |K°/?

K-1
< HK2/2KyK2(2k)/2kMK(k1)(;}/{) ME-Fkfe

<Y YL Y Y

0<r<H/(My(k=1)/k) v1 Vgp_2 UL
T Z Z ZV(V(g(m, NyT); V1, ey Vk—2); ULy -+ o Uk—1)
Uk_1 ™M n

!2
X e<nr( 2) V] . Vg—2U1 - Uk—1 (2 + ug —l—...—|—uk_1)a)’

+HK2yK2(27k)/2kL7K2A/2

Y LD TR SN S S

O<rH/(My(=1/k) v1  vp_2 u1

Z Zmin <ylj\/f[k,

Uk—1 M

1 >
k!)?
HT( 2) Vi Ug—2U1 . Ug—1(2mtug .+ uk,l)aH
+ HKZyK2(2—k)/2k:
where the summations are as stated before. The expression inside || || can
only be zero if at least one u; or one v; is 0. (The expression in brackets is

equal to m+ (m+uy +...+uk—1) and so # 0 because m+o(k—1) ~ M.)
Thus the contribution of these terms to (3.12) is

yl/k . H y(k—:s)/k Yo N y(k—z)/k: AR s
M My(k:—l)/k ME-=3 Mk—2

< HL - K*A/2—c

(3.13) <

The number of terms which satisfy

(k)2

0#n=r V] .o U2l - Ug—1(2m +ug + . 4 ug—1)
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is < 728=2(n), because r, u; and v; respectively divide n and for fixed 7, u;
and v; there is at most one possible choice for m. We can derive from

H y N “1/k
n < My(k—n/k( - MM = HMy

and (3.2) that these terms do not contribute to (3.12) more than

< Z 7¢(n) min <M , Hna”>

O<n<HMy—1/k
< HLC(q—1/2 _|_M1/2y—1/2k +H_1/2M_1/2y1/2k +H_1/2q1/2)
< HL7K2A/27c

if B is chosen arbitrarily large. Now the lemma follows from the last estimate,
(3.12) and (3.13).

LEMMA 3.2. Let a,, denote real numbers which satisfy a,, < 7¢(m). For
any integer k > 2 and any A > 0 there exists a By = B4y(A) > 0 such that
for B > B, the estimate

2y 9
(3.14) | ‘ 3 ame(mFnFa)| dt < H2y2/F-1L-4

Y t<mknk<t+H,m~M
holds for o = a/q+0/¢?, (a,q) =1, 10| <1, L¥ <q < HL™P, y'=V/*LB <
H <y and M* > < y/2k[ =B The <-constant depends at most on k and
A.

REMARK. Under the conditions of Lemma 3.2,
2y 9
S ’ Z (logn)ame(m*nFa)| dt < H?*y?/kF=11=4.
Y t<mknk<t+H,m~M
The lemma and the remark also apply if the summation range of n is
shortened.

Proof (of Lemma 3.2). Let J; denote the left-hand side in (3.14). Fol-
lowing the same lines as in the proof of Lemma 3.1 we arrive at

2y
J2 = S § E E E Amy Amey
Yy mi~M mo~M ni n2
miniy#mansg
t<(mn;)P<t+H

% e(((man2)® — (mini)F)a) dt + o(H 3 TC(n))

n<<y1/k
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= > D tmom

mi~M mo~M

x Z Z (H — |(man2)® — (min1)*¥))

no
0<|(man2)f—(min)*|<H
y<(min;)*<2y+H
x e((mang — miny)((mana)* = 4.+ (mang)* o)

+O(Hy'/*L°).

Let r = mangs — miny, § = (m1,ma), my = omi, mg = dmj, n = m
and without loss of generality assume 7 > 0. Then (mj,m3) =1 and J|r.
Writing r = dr* and noting that

(ming)k — (ming)* 1—k) /K
5= § < Hy(=R/k,
" (miny)k=1 + ...+ (mbng)k—1 y

we arrive at

(315) Jo = Z Z Z Z Ams5Am3s

5<<M O<7'*<<Hy1/k*15*1 m*{NM(;—l m;vaé*l
(m’f,m;)zl

x> (H = k&*r*(min)"! + Py_s(min))

x e(k6*r* (min)* Lo + Py_o(min)a) + O(Hy'*L°),

where Pj_s(mjn) is a polynomial in mjn, 0 and r* with only positive co-
efficients, and its degree relative to mjn is not greater than k& — 2. The
summation over n is given by

mién = —r*§ (mod m3s), 0 < ks*r*(min)* + P._s(min) < H,
y < (mion+r*6)F <2+ H, y<(mion)® <2y+H.

Using (3.1) we see that the terms with § > L do not contribute more
than

Y, O <HY 6 ) S S e m)rt(m)

LD <5<«M LD < 0<r* K Hy/k=15=1 mi~M§=1 mz~Mo—1

X Z Z 1

n
(min)b<y 2
r*=minas—min

< H Y () > > )t

LD<5 0<,,.*<<Hy1/k—15—1 n<<y1/k5—l

< HZy2/k1 Z 7°(6) < HZ2/k—1[-A

Y 52 Y :
LP<$
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if D is sufficiently large. So we can concentrate on the case § < L?. Without
loss of generality we assume 0 = 1 since in the other cases the proof does not
change fundamentally. As a consequence we suppose the m; and mso to be
relatively prime and write n =T +vmg withv >0, 0 <T < M, T = —myr
(mod mg) and mym; =1 (mod mg). Then one can see that it is enough to
estimate the following expression which we denote by Jy again:

(316) L= > 3D am,am,

0<r<KHyl/k=1 mi~M mo~M
X Z(H — kr(mymav)F ! + Py _s(mymav))
v

x e(kr(mymav)* ra + Pu_g(mimav)a) + O(H?y?/ F=1L=4),
where v runs over
0 < kr(myimov + mlT)k_1 + Pi_o(mimaov +myT) < H,
y < (mimov +my T + r)k <Ly, y<(mymov+ mlT)k < .
So the maximal range of summation over v is given by
(3.17) 0< r(mlmgv)kfl <H y< (mlmgv)k < .

In the sequel we still assume the m; and u; to be pairwise coprime. By
induction we will show that for 1 < j < k —1, J = 2/~! and a sufficiently
large B the following holds:

(3.18) ‘J2|J <<HJ—1y1—J(y1/k)2J—j—1Lc Z
0<ri <Hyl/k-1

3 S Y

0<Tj<<Hyj/k71/(T1...Tj_1) my~M maog~M

X E g(rl,...,rj,ml,...,mgj,ml...ngn)
n

xelk...(k—7+Dri...rj(my...man)a
+ Py—j_i(my...mgn)a) + O(Hz‘]yf‘]yz‘]/ka‘]A),

where the maximal range of summation over n is given by
(319) 0<ri...rj(m. ..mgjn)k_j < H, y<(m.. .mgjn)k <y,

and g(r1,...,75,m1,...,may,mi...mayn) < H7 is a polynomial in the
given variables.

For j = 1, (3.18) follows from (3.16) and (3.17). Suppose that (3.18)
holds for a j with 1 < j < k — 2. By using Cauchy’s inequality we get
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(3.20)  |Jo*
< H2J72y272J(yl/k)4Jf2j72LcHyj/k*1

D S 3 3

0<ri < Hyl/k=1 0<r;<<Hyi/k=1/(rq..vj_1) m1i~M

E g E Ay« Qg Qg - - - Qg g

mog~M uy~M wug g~ M

X E E g(rl,...,rj,ml,...,ng,ml...ngn)
noou

X g(r1,. .y rj U, U2y, Uy uggu)e(k . (B— g4+ 1)rp.rj
x ((ug .. uggu)* T a—(my...magn)* )+ Py_j_1(uy ... ugju)a
. Pk—j—l(ml o ngn)a) + O(H4Jy_2‘](y1/k)4JL_2JA),

where the summations over n and u are both given by (3.19). Setting r;4; =
Uy ... U JU — M7 ... MoyN, We obtain

(3.21)  (u1...ugyu)*™7 — (my...mgym)*7

= Tj—&—l(k — ])(m1 - mg(]n)kijil + Pk_j_g(ml - mgjn),

where Pj,_;_5 is a polynomial at least in m;y...mgyn and with degree <
k — 7 — 2 with respect to this variable. By employing the definition of r;;
and (3.19) we also have

(uy ... uggu)k=9 — (my ... moyn)F—J
mq.. .ngn)k*j’1 + ...+ (u1 .. .UQJU)kfjfl

<« et

r...ry

(322) 7“]‘+1 = (

We shall assume without loss of generality that ;41 > 0. Keeping in mind
that the mq...mg; and uy ...us; were supposed to be coprime we write

(3.23) n=.S+gu;...uay,

where my...ma2;S = —7r;41 (mod uy...uzs), 0 < S < M?/ and g > 0.
From (3.19) and (mq ...mas8)* < M2k « [ =2BF we can derive

(3.24) Yy << (m1 o Mo JUL ... UQJg)k <.
From (3.19) and (3.23) we further conclude that
(325) 0 S T1 .. .rj+1(m1 ...MajUuy .. .ug(]g)kfjfl <K H.

Taking into account (3.23) we can write
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g(ri,...,rj,ma, .., mag, My .. Mo n)
><g(rl,...,rj,ul,...,uzj,ml...mgjn+7"j+1)
= g(rh...,rj+1,m1,...,m2J,u1,...7uQJ,m1...ngul...uQJg),

and so from (3.20) to (3.25) we obtain
(3.26) | Jo|> <« H ~1yl =2/ (yl/F)4T—i-2 ¢

<Y )

O<r1<<Hy1/k*1 0§7’j+1<<Hy(j+1)/k’*1/(7‘1...7‘]',17‘3')

X g E E E Oy « - Qg Gy - - - Qg g

mle mQJNM ’l,LlNM U2JNM

X g g(ri, .. g1, ma, .., may,
g

ul,...,uQJ,ml...mgjul...uQJg)
xelk...(k—j)ri...rjrjp1(my...mojuy .. .UQJg)k_]_l
+ Pk_j_z(ml . MogUt - .. UQJg)a)
+ O(H4Jy—2J(y1/k)4JL—2JA)
where the summation ranges are given by (3.24) and (3.25). Using (3.1) and

(3.19) it follows that in (3.20) and therefore also in (3.26) the contribution
of the terms with ;1 =0 is

< H4J—1y1—2J(y1/k)4J—j—2Lc

S 3 (.2 )”M

) r...7y
0<ri K Hyl/k=1 0<r;<Hyd/k=1/(ry...rj_1)

< H4Jy72j(y1/k)4J71Lc
1
D DS 2 o
_ T _ e j_l
0<r1<<Hy1/k 1 0<7”j_1<<Hy(J /k 1/(T1...Tj_2)
< HA =27 (/R8T e =1/k,
Now (3.18) follows from (3.26) in the case of j+1 if we rename the uy, ..., usy

as Moji1,...,may. Choosing j = k — 1 in (3.18) and setting K = 282, we
derive the following result from (3.19) and by using partial summation:

(3.27) ’J2’K < HQKflny(yl/k>2KLc

<Y 3 3

0<ri<Hyl/* 0<ry_1<<Hy=/k/(r1..rp_g) m1i~M

Z Tc<m1...m2K)

mgKNM
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o Coerers : )
X min )
T1eo Th—1mq ... Mox ||kr1 .. T_1my ... makal|
4 HQKy—K(yl/k)QKL—KA
< H2K71y7K(y1/k)2KLc

. (H 1
X max E 7(n)min | —, ——
N<HM?2Ky=1/k[ec o N ||7‘LC¥H

i HQKy—K(yl/k)QKL—KA’

because 71 ...rp_1myq ... mox < HM?*Ky=1/kL¢ For N > LP' we find

(3.28) ) 7°(n)min (ﬁ ||nla||)

n~N
< (Hg Y2 4+ (HN)Y? + HN'2 4 (Hq)'/?)L*

<K (Hq*l/Q _|_HMKy71/2k + HL—D1/2 + (Hq)l/Q)Lc
< HL KA-e

by applying (3.2) for sufficiently large B and D;. For N < LP* and D,
fixed according to the preceding discussion, we obtain the following for a
sufficiently large B:

(3.29) Z 7¢(n) min (ﬁ, |n104|]> <L

n~N

> T
oy lInel]
<Lg Y 1< HL "4

n<LP1

The lemma now follows from (3.27)-(3.29).
From Lemmas 3.1 and 3.2 we derive

LEMMA 3.3. Let a = a/q+0/q?, (a,q) =1 and |0| < 1. For every fized
k > 2 and every A > 0 there exists a By = Bs(A) > 0 such that for B > Bs,

2y
A(m)e(m*a 2dt < H2y?/k—1p-4
[l > Amemta) y

Y t<mk<t+H

for LB < ¢ < HL™B and y'"Y/2*LB < H < vy, where the <-constant
depends at most on k and A.

Proof. Set
M(s) = Z pn)n™, X =2y Re(s) > 1.

n<X
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We conclude from Heath-Brown’s identity (see [2]) in the form

) porertonge) — o tennrter — SO 1 o2
Fy = S M (s) =20 ()M(s) = 5 (1= ()M ()

that >, eciry A(m)e(mFa) can be written as O(L®) sums of the form

(3.30) Y =w > ar(my) ... ag(my)e((my ... my)Fa),

t<(my..my)*<t+H
mi~M;

where |w| € {1,2}, a1(m1) = logmy, az(ma) = = u(ms),
ag(mg) = p(my), y < (My...My)* < 3y, My < 2y'/2k M, < 2y'/2k,
(Some M; may be 1.)

Applying Cauchy’s inequality it is obviously enough to show that any
integral X;y | S| dt, where >~ is of the type in (3.30), can be estimated
sufficiently well.

We distinguish between two cases:

(a) If there exists an 1 < j < 4 with 2° < M; < 2y'/2%  we can define
ai(my) by aj(mqi)log(2y + H) = ai1(m1) and replace ai(my) by aj(mq)
n (3.30). Then by applying the assumption of the lemma and Lemma 3.1
for M = M; we obtain

2y

Z‘ dt<<H2 2/k— lL A— c
y
(b) If M; satisfies M; < x° or M; > 2y*/?* for all 1 < i < 4 there exists
exactly one j with M; > 2y'/2k We know that in this case j < 2. For j = 2
we apply Lemma 3.2 to M = Hi;& M; < zf. If j = 1 we apply the remark
to Lemma 3.2.

In the sequel we use L again to denote logz. We can now proceed to
estimate the sum ) in (2.1). Arguing as in Section 3 of [6] we find

> = | Di(a)Di(e) | Di(B)DL(B)K (a = B) dB dax

m

1
lov — B
nn). Splitting the unit interval in H adjacent,

<<S|D1 o) Dy (a ]S]Dl Dk(ﬁ)\min<H, >dﬂda,
(

where K(n) = Zw<n§w+H e
disjoint intervals H; of length H~!, we obtain

(3.31) Z<< > Z +!z

1<i<H 1<j<H

x| IDi(a)Di()| S |D1(8) Dr(B)| dex d

mﬂHi mﬁHj
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<t 3 (] In@pi@ld) Y

1<i<H mnH; 1<j<H L+ i—J]
<HL > (| IDi@Pda)( | Du)da)
1<i<H mnNH; mNH;
3 2
< HyL 11522% F§H |Di () |* da.

If for 1 < i < H we choose a fixed o €e mN H; C [ — 1/H,a + 1/H], we
obtain

(3.32) S < HyPFLA

from (3.31), provided we can show that
1/H
(3.33) | IDila+y)Pdy < y?/F 1L
~1/H
uniformly for all & € m. Applying Gallagher’s lemma (see Lemma 1 of [1])
we find
1/H
|[Di(a + ) dy
_1/H
y/2"
< H? S ‘ Z A(m)e(mFa)

y/2k—H/2 y/2k<mk<t+H/2

2
‘dt

(2F4+1)y /28 —H/2

2
+H? S ‘ Z A(m)e(mka)‘ dt
y/2k t<mF<t+H/2
(2" +1)y/2"

+ H™? S ‘ Z A(m)e(m*a)

(2k+41)y/2k—H/2 t<mk<(2k+1)y/2k
= J1 + Jo + J3.

Because of the definition of the minor arcs we can apply Lemma 3.3 to
estimate Jo by the right side of (3.33). If H < yL=4~5 a trivial estimate
will give

J1 < HﬁQH(Hyl/’“*lL)2 = Hy*/F 212 < y2/k71L7A*3,

Otherwise we use Vinogradov’s estimate (Hua [3], Lemma 2) which says
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that for any A\g > 0 the estimate
Z e(ap®) < xL™0,
n<x

holds for a = a/q+6/¢%, (a,q) =1, 18] <1, [* <g<xL > and A\ > ¢ =
¢(M\o). Applying this to J; we obtain for any sufficiently large B; and B,
and H > yL~475 the following:

Jl < H—QHy2/kL—2A—8 < y2/k_1L_A_3.

Treating J3 in the same way and summing up the estimates for the .J;, we
obtain (3.33) and thus (3.32).

4. The major arcs. We will need the following lemma:

LEMMA 4.1. For any constants ¢ > 0 and A > 0,

2
k4 /

> S ‘ > (logp)x(p) it e Py L™A

X (modgq) ¥ t<p<t+0t
forq < L€ and y/%t < yh <y, where Z/ indicates that if x is the principal
character, then ), q,10gp is replaced by >, o\ o, logp — 0.

Proof. The lemma is a generalization of Selberg’s inequality. The proof
goes along the same lines as the proofs of Lemmas 5 and 6 in [9].

REMARK. The result is also true if 6 is replaced by €c(t), where ¢(t) is a
positive function of ¢ which satisfies 1 < ¢(t) < 1 in the integration interval.

In the sequel we fix B and choose By sufficiently large according to the
discussion in Section 3. From (2.1) we obtain

Y ¥ |3t

rz<n<z+H ' q<P a=1

X _I/SQ Dy (Z + 7) <Dk (Z + v) —~ C’;((qq’>a) I (v)) e(—n) dy

/Q

2

X _11/82 <D1 (Z +7> - Iﬂv)(ﬁ)%(v)e(—w) dy 2

+ >
z<n<x+H

pE e (2)

q<P a=1
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1/2 2
x| L) I()e(=ny) dy
1/Q
=: Z (‘An|2+‘Bn|2+|Cn’2)-
z<n<x+H

Applying Cauchy’s inequality and Gallagher’s lemma (see [1], Lemma 1) we
find that for a fixed n,

(42) |4,
1/Q a Ck(q a) o 1
<P omax | ’Dk<+7> — L Ik(y)| dy \IDi() P dy
a=P q o(q)
(a7q):1 1/Q 0
< QnyLzBlJrz
(25 +1)y/2" ,
C
= > <A(m)e<amk> - ;;((a,)q)>‘ dt.
(aq,g)=1 y/2k-Q/2 t<m®<t+Q/2 q q
y/2k<mP<(2F+1)y /2"

Disregarding the powers of primes counted by A(n) and introducing
Dirichlet characters, we can derive from (4.2) that

(4.3)  |A,? <@ PyL?P+?

X max | ‘ S (ogp)x()

q<P
xmodqy/2F—-Q/2 y/2k<pk<t+Q/2

4 Q—ZyLSBl—l-Q

y/2" 9
‘ dt

(2" +1)y/2"~Q/2 , 2
X max | ’ > (log p)x(p)‘ dt
x mod ¢ y/2k y/2k <p*<t4-Q/2

+ Q72yL3B1+2

(24 1)y/2" , )
< ma | D DR NI
xmodg (2k+1)y/2k—Q/2 y/2F<pk<t+Q/2
= K| + Ky + Ks.

Estimating K7 and K3 trivially we obtain
Kl + K3 < Q—2yL4Bl+2Q(le/k—lL)2 _ QyZ/k—1L4Bl+4 < y2/kL—A.

Substituting ¢t = v* and taking into account that
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Quy ' < Qu'F <« Vb + Q/2 — Vb < Qu'F < Quy !,
we apply the remark regarding Lemma 4.1 and find that

2
Ky < Q—QyL?)BlJrle—l/ky?,/k (§> [~A-3Bi-2 _ yz/kaA_

Summing up we get
(4.4) A, > < y?/FL=A,

For the estimation of B,, we split the integral. If |y| < ~vg =y~
we have, by applying the Siegel-Walfisz theorem in short intervals (see (6)
of [6]), the equality

ay) _ ma) B
D1<Q> ~ ¢(q) 085 (WL

Thus by using partial summation and Ij(y) < y'/* we obtain, for a suffi-

ciently large F,
a 1(q)
D (%4 )1 .
| 1<q 7) " é 1)
1<

If v < |y] < 1/Q, we use Lemmas 4.2 and 4.8 of [11] to show I(vy) <

1/y*=1/k|y| and thus
2 1/2
RO )

w1 (e

Yo<IvI£1/Q
1/2
<(f )
Yo<IvI<1/@Q

1 LA+4B1 +2

(4.5) \Iu(y)| dy < y*/*L=A/22B1,

< Yk A2
From (4.5) and (4.6) we can derive
(4.7) |B,|* < y*/FL=A

We note that for s > ck?log k,
1
Ve dy < ™/
0

(see Lemma in 5.2 of [12]). So together with I(y) < 1/||v|| we have the
following estimate for the integral in C),

: 2s 1/2s o 12 —2s/(25—1)
| < <S|Ik(7)| dv) ( \ 1l dv)
0 1/Q

(2s—1)/2s

< yl/k—l/QSQl/Qs — yl/kL—Bz/Qs’
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and so
(4.8) |02 < ¥ *F LA,
From (4.1), (4.4), (4.7) and (4.8) we obtain

> < Hy LA,
M
from which, together with (2.1) and (3.32), Theorem 2 follows.

5. Proof of Theorem 1. We need the following lemma:

LEMMA 5.1. Let T = [V/H], suppose 1 is a small fized number with
0 <n<1/8, w is an arbitrarily large fized number and v = w+ 1 —wn. Set
furthermore
k—1/2 n
20 wu

X = [(logT) ] and S =[X"].

Then for x with '/ < H < x and each fized D with S < (log H)P,

S Joln tlogm)”) - [] <1+ é(f’f))2>r

r<n<ae+H p<S

Lekwny H(logT)—wtitwnte,

Proof. The proof is literally the same as the one of Satz 1 of [10].
Furthermore, we know from Lemma 2.6 of [10] that

11 <1+ A(f’f))2> > L1

s (p

Using this we obtain
Ek($ + H) — Ek(:v)
<y %> Y |R(n) - o(n, P)P(n)|?

r<n<z+H
—2/k 2 P)P(n) — Alp:n) \ p i
D S RO | f (R LA T
z<n<z+H p<S p

Now Theorem 1 follows from Lemma 5.1 and Theorem 2.

The author would like to thank Professor Dr. T. Zhan and Professor Dr.
D. Wolke for their steady encouragement.
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