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Note on the congruence of
Ankeny–Artin–Chowla type modulo p2

by

Stanislav Jakubec (Bratislava)

The results of [2] on the congruence of Ankeny–Artin–Chowla type mod-
ulo p2 for real subfields of Q(ζp) of a prime degree l is simplified. This is done
on the basis of a congruence for the Gauss period (Theorem 1). The results
are applied for the quadratic field Q(

√
p), p ≡ 5 (mod 8) (Corollary 1).

Notations
• Bn, En — Bernoulli and Euler numbers,

• Cn =
2n+1(1− 2n+1)Bn+1

n+ 1
,

• Q2 =
2p−1 − 1

p
— Fermat quotient,

• Wp =
1 + (p− 1)!

p
— Wilson quotient,

• An = 1 + 1
2 + . . .+ 1

n , A0 = 0.

Introduction. In [2] the congruence of Ankeny–Artin–Chowla type
modulo p2 for real subfields of the field Q(ζp) of prime degree l is proved.
The following notation and theorem are taken from [2].

Let a be a fixed primitive root modulo p, let χ be the Dirichlet character
of order n, n | p−1, χ(x) = ζ inda x

n . Let g be such that g ≡ a(p−1)/n (mod p)
and gn ≡ 1 (mod pp). Denote by p a prime divisor of Q(ζn) such that p | p
and 1/g ≡ ζn (mod pp).

Define the rational numbers A0(n), A1(n), . . . , An−1(n) by

A0(n) = −1/n,

τ(χi)n ≡ nnAi(n)n(−p)i (mod p2+i), Ai(n) ≡ (p− 1)/n
(i(p− 1)/n)!

(mod p),

where τ(χ) is the Gauss sum.
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Put m = (p− 1)/2, and

Gj(X) = A0(m)Xj +A1(m)Xj−1 + . . .+Aj(m),

Fj(X) =
1

(p− 1)!
Xj +

1
(p+ 1)!

Xj−1 +
1

(p+ 3)!
Xj−2 + . . .+

1
(p+ 2j − 1)!

.

Define

E∗n =
E2n

(2n)!
for n = 1, 2, 3, . . . ,

where E2n are the Euler numbers, i.e. E0 = 1, E2 = −1, E4 = 5, E6 =
−61, E8 = 1385, E10 = −50521, E12 = 2702765, E14 = −199360981, . . .

Consider the formal expressions Gj(E∗) and Fj(E∗), where

(E∗)k = E∗k .

Let β0, β1, . . . , βl−1 be the integral basis of the field K formed by the
Gauss periods. Let δ be the unit

δ = x0β0 + x1β1 + . . .+ xl−1βl−1.

Associate with the unit δ the polynomial f(X) as follows:

f(X) = X l−1 + d1X
l−2 + d2X

l−3 + . . .+ dl−1,

where

di = −lAi(l)x0 + x1g
i + x2g

2i + . . .+ xl−1g
i(l−1)

x0 + x1 + . . .+ xl−1

for i = 1, . . . , l − 1. Put Sj = Sj(d1, . . . , dl−1) = sum of jth powers of the
roots of f(X) for j = 1, . . . , 2l − 1. Hence

S1 = −d1, S2 = d2
1 − 2d2, S3 = −d3

1 + 3d1d2 − 3d3, . . .

Define the numbers T1, . . . , T2l−1 as follows:

Ti = − 1
(i(p− 1)/l)!

2i(p−1)/l−1(2i(p−1)/l − 1)Bi(p−1)/l

− ip− 1
4l

Gi(p−1)/(2l)(E
∗)

for i = 1, . . . , l − 1, and

Tl =
1−Q2

2
, where Q2 =

2p−1 − 1
p

,

Tl+i = − 1(
p− 1 + ip−1

l

)
!

× 2p−1+i(p−1)/l−1(2p−1+i(p−1)/l − 1)B(p−1+i(p−1)/l)

+
(
p− 1

2
+ i

p− 1
2l

)
Fi(p−1)/(2l)(E

∗)

for i = 1, . . . , l − 1.
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Define

αi = c0 + c1g
i + c2g

2i + . . .+ cl−2g
(l−2)i

for i = 1, . . . , 2l − 1.
Let X1, . . . , X2l−1 ∈ Q and let

g(X) = X2l−1 + Y1X
2l−2 + . . .+ Y2l−1

be a polynomial such that

Xj = sum of the jth powers of the roots of g(X).

Define the mapping Φ : Q2l−1 → Ql as follows:

Φ(X1, . . . , X2l−1) = (1− pYl, Y1 − pYl+1, . . . , Yl−1 − pY2l−1).

Theorem 1 of [2]. Let l and p be primes with p ≡ 1 (mod l) and let
K ⊂ Q(ζp + ζ−1

p ) with [K : Q] = l. Suppose that 2 is not an lth power
modulo p. Let δ be a unit of K such that [UK : 〈δ〉] = f , (f, p) = 1. Let
ηf2 = δc0σ(δ)c1 . . . σl−2(δ)cl−2 and αi = c0 + c1g

i + c2g
2i + . . . + cl−2g

(l−2)i

for i = 1, . . . , 2l − 1. The following congruence holds:

(3) ε

(
x0 + x1 + . . .+ xl−1

−l
)αl

Φ(α1S1, . . . , α2l−1S2l−1)

≡ (2 + 2p)f(p−1)/(2l)Φ(fT1, . . . , fT2l−1) (mod p2),

where ε = ±1.

This theorem is applied to the real quadratic field.

The quadratic case: K = Q(
√
p), p ≡ 5 (mod 8) and T + U

√
p > 1 is

the fundamental unit . By [2] we have

S1 = 2A1(2)
U

T
, S2 = −U

2

T 2 , S3 = −2A1(2)
U3

T 3 .

For the numbers T1, T2, T3 we have

T1 = − 1
((p− 1)/2)!

2(p−1)/2−1(2(p−1)/2 − 1)B(p−1)/2 −
p− 1

8
G(p−1)/4(E∗),

T2 = 1
2 (1−Q2),

T3 = − 1
(3(p− 1)/2)!

23(p−1)/2−1(23(p−1)/2 − 1)B3(p−1)/2

+
3(p− 1)

4
F(p−1)/4(E∗).

It is easy to see that

Φ(X1, X2, X3) =
(

1− pX
2
1 −X2

2
,−X1 − p

(
−1

6
X3

1 +
1
2
X1X2 − 1

3
X3

))
.
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Hence

εThΦ(hS1, hS2, hS3) ≡ (2 + 2p)(p−1)/4Φ(T1, T2, T3) (mod p2).

The greatest difficulty in applying Theorem 1 of [2] to fields of concrete
degrees l = 2, 3, . . . is caused by the fact that the numbers Ai(n), Gj(E∗) and
Fj(E∗) are defined in a very complicated way. This constraint appears also
in the case of a quadratic field, because of the unclear values G(p−1)/4(E∗)
and F(p−1)/4(E∗) involved.

The aim of this paper is to eliminate the above mentioned constraints.
This will be done on the basis of a congruence for the Gauss period (Theorem
1). The results will be applied to the real quadratic field Q(

√
p), p ≡ 5

(mod 8). In this case we get a simple congruence modulo p2 (Corollary 1)
involving: the fundamental unit T +U

√
p, the class number h, the Bernoulli

numbers B(p−1)/2, B3(p−1)/2 and the Fermat quotient Q2.

1. Congruence for the Gauss period. Let p ≡ 1 (mod n) be prime
and let K be a subfield of the field Q(ζp) of the degree n over Q. Let a be a
primitive root modulo p. We consider the automorphism σ of the field Q(ζp)
such that σ(ζp) = ζap .

Further we denote:

β0 = TrQ(ζp)/K(ζp); βi = σi(β0) for i = 1, . . . , n− 1;

k = (p− 1)/n; ak ≡ g (mod p).

In [3] the following theorem is proved:

Theorem 1 of [3]. There is a number π ∈ K with π | p such that

(i) NK/Q(π) = (−1)np,
(ii) σ(π) ≡ gπ (mod πn+1),

(iii) β0 ≡ k
n∑

i=0

1
(ki)!

πi (mod πn+1).

In [4], it is proved that for any t there exists π ∈ K such that

σπ ≡ gπ (mod πtn+1), where gn ≡ 1 (mod pt).

Hence

(1) β0 ≡
tn∑

i=0

aiπ
i (mod πtn+1), 0 ≤ ai < p.

Because πn ≡ −p (mod πtn+1), the congruence (1) can be rewritten as

β0 ≡
n−1∑

i=0

a∗i π
i (mod πtn+1),

where a∗i = ai − pai+n + p2ai+2n + . . .
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Hence for any divisor n of p−1, n 6= 1, there are numbers a∗0, a
∗
1, . . . , a

∗
n−1

such that

(i) a∗i ≡
k

(ki)!
(mod p),

(ii) β0 ≡
n−1∑

i=0

a∗i π
i (mod πSn+1) for any exponent S.

Lemma 1. Let p be a prime and let n be a divisor of p − 1, n 6= 1.
There exists a prime divisor p of the field Q(ζn) with p | p such that for any
exponent S the following holds:

(i) a∗i ≡
k

(ki)!
(mod p) for i = 1, . . . , n− 1,

(ii) τ(χi) ≡ na∗i πi (mod pS).

P r o o f. Take S and π such that

σπ ≡ gπ (mod π(S+1)n+1), gn ≡ 1 (mod pS+1).

Then

β0 ≡
n−1∑

i=0

a∗i π
i (mod π(S+1)n+1),

hence
1
πi

(β0 − (a∗0 + a∗1π + . . .+ a∗i−1π
i−1))

≡ a∗i + a∗i+1π + . . .+ a∗n−1π
n−1−i (mod π(S+1)n+1−i).

Now take the trace TrK/Q of the right and left sides. For 0 < i < n we
have

TrK/Q(Aπi) ≡ 0 (mod π(S+1)n+1).

It follows that
1
πi

(
β0 +

1
gi
σβ0 +

1
g2iσ

2β0 + . . .+
1

g(n−1)i
σn−1β0

)

≡ na∗i (mod π(S+1)n+1−i).

Because gn ≡ 1 (mod pS+1), there exists a prime divisor p of the field Q(ζn)
with p | p such that

1/g ≡ ζn (mod pS+1).

Hence

β0 +
1
gi
σβ0 +

1
g2iσ

2β0 + . . .+
1

g(n−1)i
σn−1β0 ≡ τ(χi) (mod pS+1).

Because πn ≈ p, we have τ(χi) ≡ na∗i πi (mod pS).
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The following theorem gives a congruence for the Gauss period modulo
π2n+1. For simplicity, the coefficients are denoted by ai (instead of a∗i ).

Theorem 1. Let p be an odd prime and let π be the above defined element
of the field Q(ζp). Then

ζp ≡ −1
p− 1

+ a1π + a2π
2 + . . .+ ap−2π

p−2 (mod π2(p−1)+1),

where

ai ≡ 1
i!

+ p
1

(i− 1)!
(Wp −Ai−1) (mod p2) for i = 1, . . . , (p− 3)/2,(i)

aiap−1−i ≡ (−1)i+1(1 + 2p) (mod p2).(ii)

Remark. On the basis of this theorem a congruence modulo π2(p−1)+1

for any Gauss period β, β ∈ K, can be given. This follows from the fact
that β = TrQ(ζp)/K(ζp).

P r o o f (of Theorem 1). Clearly

TrQ(ζp)/Q(ζp) = −1 ≡ (p− 1)a0 (mod π2(p−1)+1),

hence a0 ≡ −1
p−1 (mod π2(p−1)+1).

The congruence (ii) is proved as follows. By Lemma 1,

τ(χi) ≡ (p− 1)aiπi (mod π2(p−1)+1),

τ(χp−1−i) ≡ (p− 1)ap−1−iπp−1−i (mod π2(p−1)+1).

Hence

τ(χi)τ(χp−1−i) = (−1)ip ≡ (p− 1)2aiap−1−i(−p) (mod π2(p−1)+1),

and we have (ii).
Now we prove (i). Since ζ2

p = σ2(ζp) we have

(1 + p+ p2 + a1π + a2π
2 + . . .+ ap−2π

p−2)2

≡ 1 + p+ p2 + a12pπ + a222pπ2 + . . .+ ap−22p(p−2)πp−2 (mod π2(p−1)+1).

Let us write the numbers ai in the form

ai =
1
i!

+ xip for i = 1, . . . , (p− 3)/2.

Squaring the left-hand side we get

(1 + p+ p2)2 + c1π + c2π
2 + . . .+ cp−2π

p−2,

where

c1 = 2(1 + p+ p2)(1 + x1p),

c2 = 2(1 + p+ p2)
(

1
2!

+ x2p

)
+ (1 + x1p)2,
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c3 = 2(1 + p+ p2)
(

1
3!

+ x3p

)
+ 2(1 + x1p)

(
1
2!

+ x2p

)
, . . .

The coefficient of πp−1 (after squaring the left-hand side) is
p−2∑

i=1

aiap−1−i ≡ 1 + 2p (mod p2),

which follows from the congruence (ii).
It is easy to see that it is sufficient to consider the coefficients of πp,

πp+1, πp+2, . . . modulo p.
The coefficient of πp is

p−2∑

i=2

aiap−i ≡
p−2∑

i=2

1
i!
· 1

(p− i)! ≡
1
p!

p−2∑

i=2

(
p

i

)
≡ −1

p
(2p − 2− 2p) (mod p).

Let dp+k be the coefficient of πp+k for k > 0. Then

dp+k ≡ −1
p
· 1
k!

(
2p+k − 2

k+1∑

i=0

(
p+ k

i

))
(mod p).

Since πp−1 ≡ −p (mod π2(p−1)+1), we have

1 + 2p+ 3p2 + c1π + c2π
2 + . . .+ cp−2π

p−2

− p(1 + 2p− 2(Q2 − 1)π + dp+1π
2 + . . .+ dp+p−3π

p−2)

≡ 1 + p+ p2 + 2p(1 + x1p)π + 22p
(

1
2!

+ x2p

)
π2

+ . . .+ 2(p−2)p
(

1
(p− 2)!

+ xp−2

)
πp−2 (mod π2(p−1)+1).

It follows that(
c2− pdp+1− 22p

(
1
2!

+ x2p

))
π2 +

(
c3− pdp+2− 23p

(
1
3!

+ x3p

))
π3 + . . .

≡ 0 (mod π2(p−1)+1).

Hence the coefficients of π2, π3, . . . must be divisible by p. After reducing by
p we get

c2 − pdp+1 − 22p
(

1
2! + x2p

)

p
π2 +

c3 − pdp+2 − 23p
(

1
3! + x3

)

p
π3 + . . .

≡ 0 (mod πp−1+1),

hence
c2 − pdp+1 − 22p

(
1
2! + x2p

)

p
≡ 0 (mod p),
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c3 − pdp+2 − 23p
(

1
3! + x3p

)

p
≡ 0 (mod p),

etc.
Substituting for c2 and reducing we have

22

2!
· 1− 22(p−1)

p
+

2
2!

+ 2x1 + (2− 22)x2 − dp+1 ≡ 0 (mod p).

Continuing, we find that x1, x2, . . . , x(p−3)/2 satisfy the system of linear
equations modulo p with matrix




1 1− 2 0 . . . 0
1
2!

1
1! 1− 22 0 0 . . . 0

1
3!

1
2!

1
1! 1− 23 0 . . . 0

...
1

((p−3)/2)!
1

((p−5)/2)! . . . 1
3!

1
2! 1 1− 2(p−3)/2



,

and right-hand side consisting of the numbers rk satisfying

2rk = dp+k +
1

(k + 1)!
2k+1 2(k+1)(p−1) − 1

p
− 2

(k + 1)!
,

where

dp+k ≡ −1
p
· 1
k!

(
2p+k − 2

k+1∑

i=0

(
p+ k

i

))
(mod p).

For 1 ≤ i the following congruence holds:
(
p+ k

i

)
≡
(
k

i

)(
1 + p

(
1
k

+
1

k + 1
+ . . .+

1
k − i+ 1

))
(mod p2).

From this we get

k+1∑

i=0

(
p+ k

i

)
≡ 2k +

1
k + 1

+ p

(
Ak +

(
k

k − 1

)
(Ak −A1) +

(
k

k − 2

)
(Ak −A2) + . . .

+
(
k

1

)
(Ak −Ak−1)

)
(mod p2).

After rearrangements we have

rk ≡ 1
k!

(
2kAk −

k∑

i=1

(
k

i

)
Ai

)
(mod p).
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Put

xi =
x1

(i− 1)!
− Ai−1

(i− 1)!
for i = 1, . . . , (p− 3)/2.

For each n = 1, . . . , (p− 3)/2 we obtain

1
n!
x1 +

1
(n− 1)!

(
x1

1!
− A1

1!

)
+

1
(n− 2)!

(
x1

2!
− A2

2!

)

+ . . .+
1
1!

(
x1

(n− 1)!
− An−1

(n− 1)!

)
+ (1− 2n)

(
x1

n!
− An

n!

)

=
1
n!
x1

((
n

0

)
+
(
n

1

)
+ . . .+

(
n

n

))
− 2n

n!
x1 − 1

n!

n∑

i=1

(
n

i

)
Ai +

2n

n!
An

= rn.

Hence the numbers x1, x2, . . . , x(p−3)/2, where

xi =
x1

(i− 1)!
− Ai−1

(i− 1)!
for i = 1, . . . , (p− 3)/2,

are the solution of the system of equations considered. It remains to deter-
mine x1. Consider the coefficient a2,

a2 =
1
2!

+ x2p =
1
2!

+ p(x1 − 1).

By Theorem 5 of [4],

ζp + ζ−1
p

≡ 2(1 + p+ p2) +
(

2
2!
− 2p

p− 1− p(p+ 1)Bp−1

p

)
π1 + . . . (mod π2m+1

1 ),

where m = (p− 1)/2 and π1 = π2. It follows that

2a2 = 1 + 2p(x1 − 1) ≡ 1− 2p
p− 1− p(p+ 1)Bp−1

p
(mod p2),

hence

x1 ≡ 1 + p(p+ 1)Bp−1

p
≡Wp (mod p).

2. Applications. Define N = (p− 1) + ip−1
l , n = ip−1

l − 1.

Theorem 2. For the number Ti the following congruences hold :

(i) Tl+i ≡ N

2n!

(
−CN−1 − Cn

p
+AnCn +

n−1∑

i=0

(
n

i

)
Ci
n− i −

En+1

n+ 1

)

(mod p),
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(ii) Ti ≡ Cn
2n!
− ip(p− 1)

2ln!

(
En+1

n+ 1
−WpCn −

n−1∑

i=0

(
n

i

)
Ci
n− i

)
(mod p2)

for i = 1, . . . , l − 1.

P r o o f. To determine Tl+i it is necessary to determine the sum

Fj(E∗) =
1

(p− 1)!
· E2j

(2j)!
+

1
(p+ 1)!

· E2j−2

(2j − 2)!
+ . . .+

1
(p+ 2j − 1)!

,

where j = (n+ 1)/2.
We have

pFj(E∗) =
p

(p− 1)!
· E2j

(2j)!

+
1

(p− 1)!

(
E2j−2

(p+ 1)(2j − 2)!
+

E2j−4

(p+ 1)(p+ 2)(p+ 3)(2j − 4)!

+ . . .+
1

(p+ 1)(p+ 2) . . . (p+ 2j − 1)

)
(mod p2).

Expressing the product (p+ 1)(p+ 2) . . . (p+ i) modulo p2 we get

pFj(E∗) =
p

(p− 1)!
· E2j

(2j)!

+
1

(p− 1)!

(
E2j−2

(p+ 1)(2j − 2)!
+

E2j−4

3!(1 + pA3)(2j − 4)!

+ . . .+
1

(2j − 1)!(1 + pA2j−1)

)
(mod p2).

From 1/(1 + pk) ≡ 1− pk (mod p2) we get

pFj(E∗) ≡ p

(p− 1)!
· E2j

(2j)!

+
1

(p− 1)!(2j − 1)!

×
((

2j − 1
1

)
E2j−2 +

(
2j − 1

3

)
E2j−4 + . . .+ 1

)

− p

(p− 1)!(2j − 1)!

((
2j − 1

1

)
E2j−2A1 +

(
2j − 1

3

)
E2j−4A3

+ . . .+A2j−1

)
(mod p2).

According to formula (51.1.2) of [1],
n∑

k=1

(±1)k
(−n)k
k!

Ek =
1

n+ 1
(−2)n+1(2n+1 − 1)Bn+1,
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we have(
2j − 1

1

)
E2j−2 +

(
2j − 1

3

)
E2j−4 + . . .+ 1 =

1
2j

22j(22j − 1)B2j = −C2j−1.

Now summing up we get(
2j − 1

1

)
E2j−2A1 +

(
2j − 1

3

)
E2j−4A3 + . . .+A2j−1.

Since ∞∑

k=1

(±1)kAk
k!

xk = e±x(C + lnx− Ei(∓x)),

∞∑

k=1

(±1)k

kk!
xk = −C − lnx+ Ei(±x),

it follows that
∞∑

k=1

(−1)kAk
k!

xk = −e−x
∞∑

k=1

1
kk!

xk.

Moreover,
2

ex + e−x
= 1 +

E2

2!
x2 +

E4

4!
x4 + . . . ,

hence the generating function for the sum we looked for is
2

e2x + 1

∞∑

k=1

1
kk!

xk, where
2

ex + 1
=
∞∑

k=0

Ck
k!
· x

k

2k
.

Hence
∞∑

k=0

Ck
k!
xk
∞∑

k=1

1
kk!

xk,

and it follows that
(

2j − 1
1

)
E2j−2A1 +

(
2j − 1

3

)
E2j−4A3 + . . .+A2j−1 =

n−1∑

i=0

(
n

i

)
Ci
n− i ,

where n = 2j − 1. Therefore

pFj(E∗) ≡ −Cn
n!(p− 1)!

+
p

n!

( n−1∑

i=0

(
n

i

)
Ci
n− i −

En+1

n+ 1

)
(mod p2).

Hence
pTl+i=− p(

p− 1 + ip−1
l

)
!
2p−1+i(p−1)/l−1(2p−1+i(p−1)/l−1)B(p−1+i(p−1)/l)

+
(
p− 1

2
+ i

p− 1
2l

)( −Cn
n!(p− 1)!

+
p

n!

( n−1∑

i=0

(
n

i

)
Ci
n− i −

En+1

n+ 1

))

for i = 1, . . . , l − 1.
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Rearranging this congruence we get the congruence (i). The congruence
(ii) is obtained using Theorem 1 by substituting 2 + 2p, 2a2, 2a4, . . . for
A0(m), A1(m), . . . , in the formula for Gj(E∗), j = i(p− 1)/(2l).

Corollary 1. Let p be a prime, p ≡ 5 (mod 8). Let T +U
√
p > 1 be a

fundamental unit and h be the class number. Then:
1
p

(2(p−9)/4(CN−1 − 3Cn)± 2Uh)

≡ 2(p−1)/4B(p−1)/2

(
−U2h+

2
3
U2 − Q2

2

)
± h(h− 1)U3 (mod p),

where the sign ± is chosen in such a way that the left-hand side is a p-
integer , and N = 3(p− 1)/2, n = (p− 1)/2− 1.

P r o o f. We get this congruence using Theorem 2, by substitution into
the congruence for a quadratic field from [2] and by rearranging modulo p2.
Note that the sums

∑n−1
i=0

(
n
i

)
Ci
n−i and the numbers En+1/(n+1), Wp cancel

each other by these rearrangements.

Remark. The congruence in Corollary 1 can be rewritten in the form

1
p

(
2(p−1)/4

(
1
3
B3(p−1)/2 − 3B(p−1)/2

)
± 2Uh

)

≡ 2(p−1)/4B(p−1)/2

(
−U2h+

2
3
U2 + 2− Q2

2

)
± h(h− 1)U3 (mod p).

Example. (i) If p = 29 then h = 1, U = 1/2, C41 ≡ 82 (mod 841),
C13 ≡ 662 (mod 841), Q2 ≡ 2 (mod 29).

(ii) If p = 229 then h = 3, U = 1/2, C341 ≡ 32702 (mod 52441), C113 ≡
27206 (mod 52441), Q2 ≡ 68 (mod 229).
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