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A corollary to a theorem of Laurent—Mignotte—Nesterenko
by

M. MIGNOTTE (Strasbourg)

1. Introduction. For any algebraic number « of degree d on Q, whose
minimal polynomial over Z is aH?Zl(X — o)) where the roots al?) are
complex numbers, we define the absolute logarithmic height of o by

d
1 .
h(a) = g(log|al + E log max(1, ]a(z)|)>.
i=1

Let a1, as be two non-zero algebraic numbers, and let log a; and log ag
be any values of their logarithms. We consider the linear form

A= bz logag — b1 logoq,

where b; and by are positive integers. Without loss of generality, we suppose
that || and |as| are > 1. Put

D =[Q(o1, a2) : Ql/[R(ar, a2) : R].
The main result of [LMN] is:
THEOREM 1. Let K be an integer > 3, L an integer > 2, and R1, Ro,

S1, So integers > 0. Let o be a real number > 1. Put R = Ry + Ry — 1,
S=85+5—-1, N=KL,

K-1 2 2_
1 N «R—n@+ws—nm“11k0—AK 1)
k=1

9=1 " Trs 7 2

Let aq, as be positive real numbers such that
a; > o|log a;| —log |av;| + 2Dh(;),
fori=1, 2. Suppose that
1) Card{afas:0<r<R;,0<s< 51} >1L,
Card{rba +sb; :0<r < Ry,0<s< S} >(K—1)L
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102 M. Mignotte
and that

(2) K(L—1)logo—(D+1)logN — D(K —1)logb— gL (Raj + Saz) > 0.
Then

L8]41/(252) LR|A|/(2b1)
(A > o KEF2 with A = Amax{Lse LEe }

2by ’ 20y

In the case when the numbers a; and a9 are multiplicatively independent
we shall deduce from Theorem 1 the following result, which is a variant of
Théoréme 2 of [LMN].

THEOREM 1.5. Consider the linear form
A =bylogas — by log a,

where by and by are positive integers. Suppose that o and ao are multiplica-
tively independent. Put

D = [@(Ctl,ag) : Q}/[R(al,ag) . R}

Let ay, ao, h, k be real positive numbers, and o a real number > 1. Put
A = log o and suppose that

b b
(3) hZD(log (;+;>+log/\+f(K))+0.023,
2 1
(4) a; > max{1, g|llog ;| — log |ov;| + 2Dh(ev;)} (i =1,2),
(5) ajags > A’
where
(1+vVzr—1)/x log 3 3 log %
=1 — +log —
f(z) = log x—1 +6$($—1)+2+0g4+ x—1
and

L=2+1[2h/)\, K =1+ [kLajas].
Then we have the lower bound
log [A| > — AkL?ayas
—max{A(L — 0.5) +log((L*? + L*Vk) max{ay, a3} + L), D1og 2},
provided that k satisfies
kU —VVE—W >0
with

1/1 1 L

3 aj as a1an
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REMARK 1. Put A = V2 + 4UW. The condition on k implies k > kg
where

V4 VA VZEAL2VVA V2 WV V2 AW
Vko=———, ko= = ——t—t 5t
2U AU 202 U 20VU? U

with

A2(h+2) 2

vV 1 L 1

L. > . =,

U 3 AL—(h+X) —3 2(h+X)—(h+X) 3X
since 9(V/U)/OL < 0 and L < 2(1+ h/\), and

1/1 1 L
W:3<al+a2+2 am) 3\/@(1+W)
so that
W 2 1+VL .4 .1+\/Z>i.1+\/f
3@ AL~ (h+)) ~ 3\Jaaz L~ 3\ L

since ajas > A2. Hence k > 4/(9)\?) and

2L 4 L /4 16(1 L
kLajas > kLA > 5 + §(1 + VL) + 3\/9 + 6(?:;\” =y(L) (say).

Clearly 1 increases with L and computation gives 1(2) > 6.

2. Proof of Theorem 1.5. We suppose that a7 and as are multiplica-
tively independent, and we apply Theorem 1 with a suitable choice of the
parameters. The proof follows the proof of Théoreme 2 of [LMN]. For the
convenience of the reader we keep the numbering of formulas of [LMN], ex-
cept that formula (5.7) in [LMN] is here formula (2.7); moreover, when there
is some change the new formula is denoted by (2.7)’.

Put
L =2+ [2n/)], St =1+ [vLai/ag],
(2.1) K =1+ [kLajas], Ry =1+ [\/(K —1)Lay/a4],

Ry =1+[VLax/a1], S, =1+[/(K —1)Lai/as].
Recall that
a; > ollog ;| —log |av;| + 2Dh(c;)  for i =1, 2.
By the Liouville inequality,
log|A| > — Dlog2 — Dbih(a) — Dboh(as)
> — Dlog2 — $(bias 4 baas) = —Dlog2 — iV ajas,

where

b, b

b =—
ag ax
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We consider two cases:
Y <2X\kL® or b >2A\kL%
In the first case, Liouville’s inequality implies
log|A| > —Dlog?2 — A\kL?a;ay

and Theorem 1.5 holds.
Suppose now that & > 2AkL?. Then max{b; /as,bz/a1} > AkL?, hence

by > \WEL - /(K —1)Lag/ay or by > AWkL-+/(K —1)Lay /as.
Since k > 4/(9A?) and L > 2, we have A\vV/kL > 1, which proves that
Cal’d{?"bg 4+sb1:0<r<Ry,0<5s< SQ} = RyS5

and, by the choice of Ry and So, this is > (K — 1)L. Moreover, since a; and
ao are multiplicatively independent we have

Card{afa3:0<r<R;,0<s<S1}=R1S > L.

This ends the verification of condition (1) of Theorem 1.

REMARK 2. The condition b > 2kAL? implies

AL/D > 2h/D > 2(log(2kAL?) + log A + f(K))
> 2(log(2Ly(L)) + 5 +log §) > 8.812,

by Remark 1 and L > 2.

Suppose that (2) holds. Then Theorem 1 implies

log [A'| > =KL+ \/2,

where

s { LSeLSIA/(252) [ ReLRIAI/(2b1) }
== max X

2bs ’ 2by
Notice that

R=Ri+Ry—1< \/Lag/a1+\/(K*1)La2/al+1
<1+ /Lay + VkLay
<1+ (1/VL+Vk)Lay <1+ (1/VL +Vk)LA,
where A = max{aj, a2} and, in the same way,

S=8+8—-1<1+(1/VL+Vk)LA.

This shows that
max{LR, LS} < L+ (1/VL + VE)L*A.
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As we may, suppose that log |A| < —A\kL?ajay — 4. Then

- LR|A|7LS\A] - (1.21+\/E)L2a1a26_AkL2ala2_4
2y ' 2b; 2

- 3A
since k > 4/(9A?) and AkL?ajas > 1. The last term is an increasing function
of A, thus for A <1,
LR|A| LS|A|
ax{ ——, ————
2by 20,
since L?ajas > 4. For A > 1,

LR|A| LS|A 1 _ALa1a _
ax{ 2b|2 |, 5, |} < <O.611L 3)L2a1a26 4L%a1a2/(9A)—4

< <061 + 1) L2ala26_4LQC11112/(9)\)—47

1
} < <0.61 + 3>L2a1a264L2a1a2/94 < 0.1

and, since ajas > A\?, we get

ax { LEAL LSIATL (61 1 L) payze-aionomt o pae-artioi g
2b, ' 2by 3

In all cases,

\A') < |A|(L2(1/VL + V) max{a1,as} + L),
which implies
log |A| > —AkL2ajas — ML — 0.5) — log((L*/? + L*Vk) max{a;,as} + L)

and Theorem 1.5 follows.
Now we have to verify that condition (2) is satisfied: we have to prove
that

Gyg=K(L—1)logo—(D+1)logN — D(K —1)logb— gL (Raj + Saz) > 0,

when b > 2\kL2.

We replace this condition by the two conditions @ > 0, @ > 0, where
@y > @+ 6. The term @ is the main one, @ is a sum of residual terms. As
indicated in [LMN], the condition ¢ > 0 leads to the choice of the parameters
(2.1), whereas © > 0 is a secondary condition, which leads to assuming some
technical hypotheses on h and a1, as. Here, we follow the advice given in
[LMN]: for some applications one can modify these technical hypotheses.

As in [LMN] (Lemme 8) we get

log (27K /\/e)

bi | by
= log \ —
+ )—i—og K1

(2.17)  logb < log (
as ai

_h 0023 log(2nK/ )
=D D K—1

+ f(K)
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which follows from the condition
h > D(logb' +log A + f(K)) + 0.023.
Lemme 9 of [LMN] gives

1
(2.18) gL(Ray + Sas) < §L3/2 (K — 1)aias

2 1 _L3/2 aia
+ 2032 Jarag + —L(ay + ag) — —— Y122
3 aa; + 3L{ar +a) 6(1+ VK — 1)
Put
L32\/(K -1
(2.21) &= K(L—1)\— Kh— ( - Jaraz
2L3/2\/a1a2 B L(a1 + a2)
3 3
and
L3?, Jatay 2K
(222) O =0.023(K — 1)+ h+ —— Y12 | Dlog (”)
6(1+ VK —1) NG

— (D +1)log(KL).

By (2.17) and (2.18) we see that &9 > & + O, where kLajas < K < 1+
kLayao, hence

L? ko 2L3/? L
D > kL(llaQ((L — ]_))\ _ h) _ alazf B ?:/m . (al + CLQ)

3 3 ’
which implies
¢
a1an
This proves that & > 0 provided that kU — VvVk —W > 0.
To prove that © > 0, rewrite (2.22) as @ = Oy(D — 1) + O, where

> kU —VVE—W.

Oo = log(\V') + f(K) — log L + log <\2/7%>,

2
O, = 0.023K — log K — 2log L + log <\/7;>

L3/2 /aias
+log(\') + f(K) + ——— Y —2—.
B(AP) + F(K) 6(1+ VK —1)
We conclude by proving that ©y and ©; are both positive.

Since b’ > 2kAL?, by Remark 1 we have log(\b') > 2Lt (L), which shows
that ©q is positive.
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Notice that, by the proof of Remark 2,

L*?\Jatay = L\/Lajag > L\/1 + 2hajas /) > LV1 + 2h
> 2¢/1 + 2(log(2¢(2)) + f(K) 4 0.023) = ¢(K) (say).

Thus,
_ 167 oK)
©1 > 0.023K —log K + log (9\/E>+f(K>+3(1+\/ﬁ)

and an elementary numerical verification shows that @, is positive for K > 4,
which holds by Remark 1.

3. A corollary of Theorem 1.5. Now we can apply Theorem 1.5 to
get a result closer to Théoreme 2 of [LMN].

THEOREM 2. Consider the linear form
A= b2 logaz — b1 logoq,

where by and by are positive integers. Suppose that a; and ao are multiplica-
tively independent. Put

D = [Q(Ozl,ag) . Q}/[R(O&l,ag) . R}

Let a1, ao, h, k be real positive numbers, and o a real number > 1. Put

A =logo, x = h/\ and suppose that x > xo for some number xo > 0 and
that

b b
(3) h> D(log (al + a2> +log A + f(fK01)> +0.023,
2 1
(4) a; > max{1, g|log ;| — log|a;| +2Dh(a;)} (i =1,2),
(5) ai1a9 Z AQ,
where

1+vVr—1 1 log 255
f(:r)zlog( +Vz )\/E_i_ ogx 3 3 [ —]

r—1 6x(z—1) 2 47 z-1
and
1/V2+2 2(1 + 2A/1 1 4N/2 T 2
Ky— (Y220 [20tx0) 2A(1 1N AAW2ZH x0T
A 3 9 3 \ar a2 3y/aiaz
Put

v=Ax+4+1/x,  m=max{2"%(1+x)*? (1 +2x)*?/x}.
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Then we have the lower bound

logA] > — (L4 L [@ a1 1Y 8w .
g - )\ 6 2 9 3 (11 a2 Sm 142

— max{\(1.5 + 2y)
+1og(((2 4 2x)*% 4+ (2 + 2x)*VE*) A+ (2 + 2x)), Dlog 2},

where

L L 1+2¢\° 12 2 (1+42x)?
A =max{aj,as} and k :)\2< 3 > +)\<3X+3'X '

4. Proof of Theorem 2. We apply Theorem 1.5 with k = kg.
First we estimate certain quantities of the form kqL®. The formula

0 xr® ro—1
drdx—(A+h) ()\Jj_()\Jrh))z((a—l))\:c—a()\Jrh))
Azt

= -1z -1
shows that the functions L — L®/U are non-increasing in the interval I =
[14+2x,242x] for a < 2.
Hence,

L? < (1+2x)* 4x+4+1/x v

U~ Ax A A

Moreover, the previous formula also shows that the function L — L*/U
is unimodular for all a;, which implies

52 1 5/2 5/2
< L nax (2 +2x) ’(1+2x)
U A 1+ x X

= % max{25/2(1 + X)3/2, (1+ 2X)5/2/X} = %

These remarks imply

MoLanay < L(04 L 2 4A (L 1Y 8w N\
a A=t/ =+ —+— .
0 2= 6 "2\ 9 3 \ai a9 3y/a1a3 172

Besides,

VW
ko < ~— 4+ 92—
0=ty
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1 (1+2x 2+l L1y, 2 (1 +2y)1/2
A2 3x A\ 3x \ar a9 3\/a1as X

1/1+2¢\%2 1/2 2 (1+20)V2
Si +X + = 74_,.% :]{;*.
A2 3x A\3x 3 X

thus

=
IN

Since the function f(z) is decreasing for x > 1, the last step is to verify
that K > Kj (with the notations of Theorem 1.5). We follow the proof of
Remark 1. We have

VVL V2L WL
VkoL = \F+ +
2U 4U2 U

with
VVL 1 L3/? S 2VZEY
U 3 ML—(1+%) ~  3X
and
WL>2<1+ 1>+4m
U ~3x\a 3\Jaraz
so that
m2m+\/2(l+X)+ 2 (1 . >+4m
3\ 92 3\ 3\Jaras

and since K = 1+ [AkgLajaz], we get K > [Ky|. [One may verify that
Ky > 4.]

REMARK 3. The number m satisfies

5/2 2
m:)\maX{LU }g)\max{é} maxx/><)\(4x—|—4+l/x)\/2+2x.

Lel Lel

It is possible to simplify some estimates in Theorem 2 without serious
loss. Consider first the term k* given by

1 [/1+2 1/2 2 (1422

1 +2x +7 7+7.(+><)
A2\ 3y A\3x 3 X
1/2 1\’ T I

It is clear that 0k*/O\ < 0. Also, ak*/ah < 0. Indeed,

o 2/(2 1 2 2 1/
N (R R Y Ty
o 3h<>\+3h> gz (1T V12N + o 1+ V1t 2h/\
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which is
<2<_\/1+2h/>\Jr 1 >_
3h h AM/1+2h/A

Thus, for A > Ay and h > hg, we have

1/72 1\° 2
<= — 4+ —) 4+ =——(14 14 2ho/X).
9\ " ho 3ho

2 —A(1+42h/\) +h

3h Ahy/1+2h/\

In particular, when A > log4 and h > 3.5, we get k* < 1.

Now we consider the term T := log((z2 4 2%/2)A 4 z)/log(Az?). Ele-
mentary computation shows that 97 /0A < 0 and 0T /0x < 0. When = > 4
and A >4 we get T < 1.11.

Concerning Theorem 2, when ¥ > 1, 0 > 4, h > 3.5 and A > 4, these
remarks imply the simplified estimate

log ’A| > —(CO +c1 + 62)(/\ + h)2a1a2,

where
L e B D) + 5\
Cyo=—
0 X”( 2(1+x) ) ’
and
. A(1.5X + 2h) . 111X log(A(2) + 2h)?)
1= 2 = .

()\ + h)2a1a2 ’ ()\ + h)2a1a2

When ajas > 20, 0 > 4 and h > 3.5, one can prove that co < 0.024. The
formula

1.5+ 2y

(14 x)*a1az
shows that ¢; is a decreasing function of x and, for example, for y > 1.5
and ajas > 20, we have ¢; < 0.036. To summarize, ¢; + ¢ < 0.06 when
ajas > 20, 0 > 4, h > 3.5 and x > 1.5. Also notice that for x > 1, one has
m = 25/2(1 + x)3/2,

This leads to the following result.

C1 =

COROLLARY. Consider the linear form
A= b2 logaz — b1 logoq,

where by and by are positive integers. Suppose that oy and as are multiplica-
tively independent. Define D, ay, as, 0, \, h, x as in Theorem 2. Let a1, as,
h, k be real positive numbers, and o a real number > 1. Suppose that 0 > 4
and that

by b
(3" h > max {3.5, 1.5), D(log <al + (12) +log A + 1.377) + 0.023},
2 1

(4) a; > max{1l, o|log o;| —log|a;| + 2Dh(a;)} (1 =1,2),
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(5)" arasz > max{20, 4)\?}.
Let v=4x + 4+ 1/x. Then we have the lower bound
log |/1‘ > _(C() + 006)()\ + h)2a1a2,

where

1 1 1 1 4x/1 1 324/2(1 3/2\ 2
Co=— 24+ — I B eI S \/>( +X) '
)\3 2X(X + 1) 3 9 3v ay as 31)2\/6L16L2

We apply Theorem 2. After the above preliminaries, we have just to
check that the present hypotheses imply Ko > 38 and use the fact that
f(39) < 1.377.

REMARK 4. To get a comparison with the estimates of [LMN], we can
consider the Corollaire 2 of [LMN]. Thus we suppose also that «; and as
are both real. Then we get

log |A]

by by 211\ ?
> —929D* 1 06, == log A; log A
> <max{ og <DlogA2 + DlogA1> + 0.06, D}) og Ay log A,

where A; and Ay are real numbers > 1 such that

loga;| 1 }

D 'D

This result is obtained with the choice ¢ = 5.58 in the above Corollary
(except that we use the original definitions of ¢; and cq, not the estimate
c1 + c2 < 0.06). In [LMN], with (very) slightly stronger hypotheses, the
constant obtained was 24.34.

log A; > max {h(ai),
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