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Integer solutions of a sequence
of decomposable form inequalities

by

K. GYORY (Debrecen) and MIN Ru (Houston, TX)

1. Introduction. Let F(X) = F(Xy,...,Xm) € Z[X] be a decompos-
able form, i.e. a homogeneous polynomial which factorizes into linear forms
over Q. Assume that ¢ = deg F' > 2m, and consider the decomposable form
inequality

(1.1) 0<|F(x)| < x| inx=(20,...,Tm) € 2™,

where |x| = maxo<i<m |2;| and v < g—2m. For m = 1, it follows from Roth’s
approximation theorem (cf. [Sch2], p. 120) that if the linear factors of F are
pairwise nonproportional, then (1.1) has only finitely many solutions. Using
his subspace theorem, W. M. Schmidt ([Schl], [Sch2]) generalized this to
arbitrary m, under the assumptions that (i) any m + 1 of the linear factors
of F are linearly independent over Q, and that (ii) F is not divisible by
a form with rational coefficients of degree less than m + 1. Later H. P.
Schlickewei [Schl] extended this theorem to the case when the ground ring
is an arbitrary finitely generated subring of Q. These results have obvious
applications to decomposable form equations of the form

(1.2) F(x)=G(x) inxez™

where G € Z[X] is a nonzero polynomial of degree < ¢ — 2m (cf. [Sch2]).
In the important special case when G is a constant, the first author [Gyl]
proved the finiteness of the number of solutions of (1.2) under the assump-
tion (i) only, which is necessary in general. For the case when G is a constant,
there are also more general finiteness results: see [Sch2], [EGy2], [EGy4] and
the references given there. The above mentioned results have further appli-
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cations to resultant inequalities and resultant equations (cf. [Schl], [Sch2],
[Schl], [Gy1], [Gy3]).

The purpose of this paper is to improve and generalize the above results
of [Schl], [Sch2], [Schl] to a sequence of decomposable form inequalities over
number fields (cf. Theorem 2). For a single decomposable form inequality,
Theorem 2 implies the finiteness of the number of solutions of (1.1) without
assuming (ii) (cf. Theorem 1). Our Theorems 1 and 2 do not remain valid in
general for v = g—2m. As a consequence of Theorem 2, finiteness results are
established for decomposable form equations of the form (1.2) over number
fields (cf. Theorems 3, 4). Some applications are also given to resultant
inequalities (Theorems 5, 6). Finally, we generalize our results to the case
where ¢ > 2m — [+ 1 with 1 <[ < m+ 1, by showing that in this situation
the set of solutions is contained in a finite union of subspaces of dimension
at most [ (cf. Theorems 7-9).

2. Notation and statement of the main results. Let K be an alge-
braic number field. Denote by M(K) the set of places of K and write M, (K)
for the set of archimedean places of K. For v € M(K) denote by | |, the
associated absolute value, normalized so that | |, =| | (standard absolute
value) on Q if v is archimedean, whereas for v nonarchimedean [p|, = p~*
if v lies above the rational prime p. Denote by K,, the completion of K with

respect to v and by d,, = [K, : Q,] the local degree. We put || |, =| |%v.
For x = (z¢,...,2m) € K™ we put ||x||, = maxo<i<m ||2:]|o and we
denote by .
hix) = log ||x||+
=g O el
veM(K)

the absolute logarithmic height of x. Given a polynomial P with coefficient
in K, we define ||P||, and h(P) as the || ||,-value and absolute logarithmic
height, respectively, of the point whose coordinates are the coefficients of P.
As is known, h(x) and h(P) are independent of the choice of the field K.
Further, h(Ax) = h(x) and h(AP) = h(P) for all A\ € Q.

Let S be a finite subset of M(K) containing M, (K). An element z € K is
said to be S-integer if ||z||, < 1 for each v € M(K)—S. Denote by Og the set
of S-integers. The units of Og are called S-units. They form a multiplicative
group which is denoted by O%. For a € K — {0}, let Ns(a) = [],cg llallv
denote the S-norm of a. If @« € Og — {0} then Ng(«) is a positive integer
and Ng(a) = 1 for a € O%. For x = (z¢,...,2m) € K™, define the
S-height as Hg(x) = [[,eq lIX[lo. If x € OF+t — {0}, then Hg(x) > 1
and Hg(ax) = Hg(x) for a € O%. For a polynomial P with coefficients in
K, let Hg(P) denote the S-height of that point whose coordinates are the
coefficients of P.
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Linear forms Ly, ..., L, € Q[xo, ..., T,,] are said to be in general position
if any m + 1 of them are linearly independent over Q.

Let ¢ and m denote positive integers such that ¢ > 2m, and let F(X) =
F(Xo,...,Xm) € Og[X] be a decomposable form of degree g. For given real
numbers ¢ and v with ¢ > 0, consider the solutions of the inequality

(2.1) 0 < Ng(F(x)) < cHg(x)” inxeOF.

If x is a solution of (2.1), then so is x’ = nx for every n € OF. Such solutions
x,x’ are called O%-proportional.

THEOREM 1. Suppose that v < g — 2m and that the linear factors
of F over Q are in general position. Then (2.1) has only finitely many
O%-nonproportional solutions.

REMARK 1. Theorem 1 does not remain valid in general for v = q —
2m (cf. Schmidt [Schl]). In the important case when K = Q, Theorem 1
provides an improvement of the previous results of Schmidt [Sch1, Sch2] and
Schlickewei [Schl]. Further, for K = Q, S = M (Q) and m = 1, Theorem 1
gives Theorem 3B in Chapter V of Schmidt [Sch2].

REMARK 2. For v = 0, Theorem 1 was proved in a quantitative form
in Gyory [Gy3]. For a generalization considered over an arbitrary finitely
generated ground ring over Z, see Gy6ry [Gyl].

The main result of this paper is Theorem 2. Theorem 1 is an immediate
consequence.

THEOREM 2. Let q,m be positive integers with q > 2m. Let c,v be
real numbers with ¢ > 0, v < g — 2m and G a finite extension of K. For
n=12, ..., let F},(X) = F,(Xo,...,Xm) € Os[X] denote a decomposable
form of degree q which factorizes into linear factors over G, and suppose
that these factors are in general position for each n. Then there does not
exist an infinite sequence of Og-nonproportional x, € Og"“H, n=12,...,
for which

(2.2) 0 < Ng(Fp(xpn)) < cHs(x,)" forn=1,2,...,
and
(2.3) h(F,) = o(h(xy)) if h(x,) — 00 asn — oo.

3. Proof of Theorem 2. We keep the notation of Section 2 and recall
Schmidt’s subspace theorem with moving targets proved by Min Ru and
P. Vojta (see [RV]). The fixed target case, i.e. the case when L;,, = L; for
each j and n, is due to Min Ru and P. M. Wong (see Theorem 4.1 in [RW]).

THEOREM A [RV]. Given linear forms Lq,,...,Lqen € K[Xo,...,Xn],
n=1,2,..., in general position for each n and a sequence x,, € K™ such



230 K. Gyd6ry and M. Ru

that for j = 1,...,q, Ljn(xn) # 0 and h(L;.,) = o(h(x,)) as n — oo.
Then, for any € > 0, there exists an infinite subsequence {ny} C N such
that

1 . 1% llo = 1Ly [l
log ==~ DEEED < (2m +e)h(xy,)  for all k.
R 2 2= L e Gem e :

The above statement is contained in the second part of Theorem 3.1
in [RV]. Note that, due to a printing mistake, the term (2m + €)h(x,,)
on the right-hand side of the above inequality was incorrectly stated as
(2m + 1+ e)h(xy, ) in [RV].

Proof of Theorem 2. We shall prove Theorem 2 by using the above theo-
rem of [RV]. Assume that there is an infinite sequence x,, = (Zo.n, ..., Tmn)
€ O which satisfies (2.2). First consider the case when the values h(x,)
are bounded. We may assume without loss of generality that zg, # 0 for
each n. Then the h(x,,/zo ) are bounded and this implies that x,,/z¢ , may
assume only finitely many values in K™*!. Hence there are infinitely many
n such that x,, = z¢ ,Xxo for some xg € K™+ For these n we deduce from
(2.2) that

0 < Ng(w0,n)?"Ns(Fn(%0)) < ¢Ns(wo,n)" Hs(x0)"

and hence Ng(xp,) are bounded. Since xp, € Og, it follows (see e.g.
[EGY3]) that there are infinitely many n for which zg , = n,z{ with some
n, € 0% and fixed zj; € Og. This implies that for these n the x,, considered
above are Og-proportional, which is a contradiction.

Next consider the case when h(x,,) are not bounded. We may assume that
h(x,) — o0 as n — o0o. Then, by assumption, (2.3) also holds. Further, it
follows that Hg(x,) = ocoasn —oo. Forn=1,2,...,let F, =L, ...Lyp
be a factorization of F), over G into linear factors. Then by Proposition 2.4
of Chapter 3 in [L] it follows that

max h(L;,) < h(F,) + 1
J
where ¢, is a positive constant which depends only on ¢, m and G. Together
with (2.3) this gives
(3.1) max h(L;,) = o(h(x,)) asn — oo.
J
Let M(G) denote the set of places of G. For v € M(G), define and

normalize || ||, as over K above. Further, let 7" denote the set of extensions
to G of the places in S. Then we deduce from (2.2) that

(3.2) 0 < Np(Fn(xn)) = Ns(Fp(x,)) 8 < (cHg(x,)") 8 = ¢, Hp(x,,)7,

where ¢y = cl®Kl. Here Ny (), Hr() are defined over G in the same way as
Ns( ), HS( ) over K.



Sequence of decomposable form inequalities 231

Let ¢ > 0 with 0 < € < ¢ — 2m — v. Then by the above Theorem A of
[RV], there is an infinite subsequence x,,, € O?H, kE=1,2,..., of {x,},
which, without loss of generality, we assume to be {x,,} itself, such that

1 < 1% ]o - HLj nllo
2 < .
PP I T UL

On the other hand, F,(x,) = H?zl Lj n(xy). Furthermore, in view of

X, € 0% we have

h(x,) < G Q log Hr(xy,).
Hence
1%nll¢ - TT5= 1 Zjnllo
3.3 S oI= S < Hp(x,)?m
o U= m e, s e,
whence
Hq Xn) - qi L'n v
(34) T( ) HUET Hgfl || 7 || < HT(Xn)2m+€-

N (Fn(xn))

Since the coefficients of L; , are T-integers,

q
(3.5) H H |Ljnllo>1 forn=1,2,...

veT j=1
Furthermore, it follows from (3.2) that
(3.6) Np(F,(x,)) < coHp(x,)" forn=1,2,...

Combining (3.4)—(3.6) gives
HT(Xn)q < CQHT(Xn)V+2m+E-

Since Hrp(xy) — 00 as n — oo, and ¢ > v+2m+¢, this is a contradiction. m

4. Consequences of Theorem 2. In this section, we give four further
consequences of our Theorem 2.

First, it is easy to see that Theorem 2 implies the following result con-
cerning the S-integer solutions of a sequence of decomposable form equations
of the form (1.2).

THEOREM 3. Given positive integers q,m with q¢ > 2m, a finite ex-
tension G of K, and a sequence of polynomials G, (X) € Og[X] in X =
(Xo, ..., X;m) such that deg(G, (X)) < q¢—2m forn=1,2,... Let F,,(X) =
F(Xo,...,Xm) € Og[X] be a sequence of decomposable forms of degree q
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such that F,, factorizes into linear forms over G which are in general posi-
tion for each n. Then there does not exist an infinite sequence of Og-non-
proportional x, € Og‘“ for which

(4.1) F,(x,) = Gn(xn) #0, n=12...,

(4.2) log Hs(Gy) = o(log Hs(x,)) if Hs(x,) — 00 as n — oo
and

(4.3) h(F,) =o(h(x,)) if h(x,) — 00 as n — oo.

REMARK 3. We note that under the assumptions (4.2) and (4.3), equa-
tions (4.1) may have infinitely many O%-proportional solutions x,,. Indeed,
this is the case if F), is the same for each n, 7, is an infinite sequence
of S-units, xg € Og”l with F,(x9) = 1,G,, = 74 and x,, = n, - Xo for
n=12,...

Proof (of Theorem 3). Suppose that there is an infinite sequence of
O%-nonproportional x,, € O?H satisfying the conditions of Theorem 3.
It is easy to see that the Hg(x,) are not bounded. We may assume that
Hgs(x,) — 00 as n — oo. It follows that

(4.4) 0 < Ns(Fn(xn)) = Ns(Gn(xn)) = H 1Gn(xn)w
veS

< e3 [LUGllo - IIxall855") = e3 H(Gr) H (3,) 28 O
VES

where c3 is a positive constant which depends only on ¢ and G. We choose
v such that ¢ —2m — 1 < v < ¢ — 2m. Then, by (4.2), we deduce that

Hg(Gp) < Hg(x,)""9€%  asn — oco.
Hence (4.4) implies that
0 < Ng(Fn(xp)) < csHg(xp,)” asn — oo,
which contradicts Theorem 2. m
We deduce from Theorem 3 the following.

THEOREM 4. Given positive integers g, m with ¢ > 2m, and a polynomial
G(X) € Og[X] in X = (X, ..., X)) with total degree less than ¢ —2m. Let
F(X) € Og[X] be a decomposable form whose linear factors are in general
position. Then the equation
(4.5) F(X) =G(X)
has only finitely many solutions x = (o, ..., zm) € OF with G(x) # 0.

REMARK 4. For K = Q, S = M (Q) and m = 1, our Theorem 4 gives

the second assertion of Theorem 3B of [Sch2, Ch. V]. When G is constant,
Theorem 4 was proved over more general ground rings in K. Gyéry [Gyl].
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Proof (of Theorem 4). Suppose that (4.5) has infinitely many solutions
x with G(x) # 0. Then, by Theorem 3, there are also infinitely many solu-
tions x such that x = nxo with n € O% and with some fixed xy € Og”‘l.
Then it follows from (4.5) that

nF (x0) = G(nxo)-

This can be regarded as an equation of degree ¢ in n with leading coefficient
F(x¢) # 0. However, this equation has at most ¢ solutions in 7, which proves
the assertion. m

Let g, m be positive integers with ¢ > 2m, and let P € Og[X] be a poly-
nomial of degree ¢ without multiple zeros. For given ¢ > 0 and v, consider
the solutions of the resultant inequality

(4.6) 0 < Ng(Res(P,Q)) < cHs(Q)” in Q € Og[X] of degree m.

If @ is a solution then so is n() for each n € O%. Such solutions @Q,n() are
called O§-proportional.

THEOREM 5. If v < q — 2m, then (4.6) has only finitely many
O%-nonproportional solutions.

REMARK 5. For K = Q, Theorem 5 is an improvement of previous re-
sults of E. Wirsing [W], W. M. Schmidt [Sch1] and H. P. Schlickewei [Schl].
Theorem 5 does not remain valid when v = ¢ — 2m (cf. [Schl]). For v = 0,
Theorem 5 was proved in a quantitative form in K. Gyéry [Gy2]. For a
generalization to polynomials over more general ground rings, see K. Gy6ry
[Gy1].

Theorem 5 is an immediate consequence of the next theorem which will
be deduced from Theorem 2.

THEOREM 6. Let g, m be positive integers with ¢ > 2m, c,v real numbers
with ¢ > 0, v < g — 2m, and G a finite extension of K. For every integer
n > 1, let P, € Og[X] denote a polynomial of degree q with distinct zeros
in G. Then there does not exist a sequence of Og-nonproportional @, €
Os[X] with deg Qn = m for which

(4.7) 0 < Ng(Res(P,,Qn)) < cHs(Qn)", n=12,...,
and
(4.8) h(P,) =o(h(Qn)) if h(Qn) — 00 as n — 0.

This should be compared with Corollary 4 of K. Gy6ry [Gy2] where
v =0, but Og is replaced by a more general ground ring.

Proof (of Theorem 6). Put
Py X)=aon(X —ain)...(X —agyn) forn=12...
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Assume that there is an infinite sequence of
Qn(X) =20, X™ + anXm*l + .. F T,
satisfying (4.7) and (4.8). For n > 1 set
q
Fo(X) = Fo(Xo,.. ., Xm) = al, [[(Xoof, + X100 + .+ Xon).

i=1
Then F,, has its coefficients in Og. Further, it factorizes into linear factors
over G, and these are in general position for every n. For x,,= (2o n, - - - Tm.n)
we have

Res(Py, Qn) = Fr(Xn).

Hence (4.7) implies that

(4.9) 0 < Ng(Fn(xn)) < cHg(Qn)" = cHg(xy)".
Further, by using Proposition 2.4 of Chapter 3 in [L] it is easy to see that
(4.10) h(Fn) < qh(Py) + ca,

where ¢4 is a constant which depends only on ¢, m and G. Hence if h(Q,,)
— 00 as n — 00, it follows from (4.10) and (4.8) that

h(Fy,) = o(h(xy)) if h(xy) — 00 as n — oo.
Together with (4.9) this contradicts our Theorem 2. m

5. Some generalizations. In the previous sections, we assume that
q > 2m where ¢ is the degree of a decomposable form F', and m + 1 is the
number of variables in F'. In this section, we consider the case ¢ > 2m—1I[+1,
where [ is an integer with 1 <[ < m + 1. As we indicated earlier, for [ > 1,
no finiteness result is expected. Rather, we show that the set of solutions is
then contained in a finite union of proper subspaces.

First of all, Theorem 1 can be generalized as follows.

THEOREM 7. Let q, m,l denote positive integers with ¢ > 2m—1+1,1 <
I <m+1, and G a finite extension of K. Let F(X) = F(Xo,...,Xm) €
Os[X] be a decomposable form of degree ¢ which factorizes into linear factors
over G. For given real numbers c,v with ¢ > 0, consider the solutions of the
inequality

(5.1) 0 < Ns(F(x)) < cHg(x)” inxeOFth
Suppose that v < q —2m + 1 — 1 and that the linear factors of F over Q

are in general position. Then the set of solutions of (5.1) is contained in a
finite union of linear subspaces of K™t! of dimension at most 1.

It is easy to see that for [ = 1, Theorem 7 gives Theorem 1. For v = 0,
compare Theorem 3 of [EGyl].
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The proof of Theorem 7 is similar to the proof of Theorem 2. First we
recall Theorem 4.1 of Ru-Wong [RW] (see also [RV], Theorem 3.1).

THEOREM B (Theorem 4.1 of [RW]). Given linear forms Li,...,L, €
K[Xo,...,Xm] in general position. Then for any ¢ > 0, the set of points
x € K™ such that Lj(x) #0 for j=1,...,q and

ZZI ”’ﬁ‘k’ IZillo (o — 1 41 + £)h(x)

veS j=1 ||U

K@

is contained in a finite union of linear subspaces of K™*1 of dimension at
most [.

Proof (of Theorem 7). Let x # 0 be a solution of (5.1). Let F =
Ly ...L, be a factorization of F' over G into linear factors. Let M(G) denote
the set of places of G. For v € M(G), define and normalize || ||, as over K

above. Further, let T" denote the set of extensions to G of the places in S.
Then we deduce from (5.1) that

0 < Nr(F(x)) = Ns(F(x))*™ < (cHs(x)")% = e;Hr (x)",

where ¢y = cl®Kl, Here Np( ), Hr( ) are defined over G in the same way as
Ns(), Hs( ) over K. We have F(x) = ngl L;(x). It follows that

sy Il Ll Hreot (e [T 1212)

JERYFATCH] P Nr(F(x))

S Hr(x)? - (HUET ]._[;1':1 HLjHu)
- CQHT(X)V
= csHp(x)"",

where c5 = [[,cr [1j=; [ Ljllu/c2. In view of x € OF', we have

1
"<

Thus, by taking logarithms on both sides of (5.2),

ZZl el Wl > (g = oo 4 co

where ¢ = logcs /|G : (@]. Let € > 0 with g — v > 2m + 1 —1 > 2¢. Then

log Hy (x).

v L v
221 IIxllo - I 5 > (2m — 1+ 1 + 2¢)h(x) + cs.

2 2 LGl

GQ

Since the set of points x € G™™! with eh(x) + ¢¢ < 0 is finite, excluding
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these points yields

Il - L1l
S Lo, 2 Gm el L+,
G@U;; 1, Gl L)

Thus, the above quoted Theorem B of [RW] implies Theorem 7. m

Similarly, by using Theorem 3.1 of [RV] Theorem 2 can be generalized
as follows:

THEOREM 8. Let q,m,l be positive integers with ¢ >2m —1+1,1 <1 <
m+1. Let ¢, v be real numbers with ¢ > 0, v < g—2m+1—1 and G a finite
extension of K. Forn = 1,2,..., let F,(X) = F,(Xo,...,Xm) € Og[X]
denote a decomposable form of degree q which factorizes into linear factors
over G, and suppose that these factors are in general position for each n.
Then the points x,, € Ogn'H, n=1,2,..., satisfying

0 < Ng(Fn(xpn)) < cHg(x,)" forn=1,2,...,
and
h(F,) = o(h(x,)) if h(x,) — 00 asn — oo,
are l-degenerate (for the concept of [-degenerate, see [RV]).
Theorems 7 and 8 have applications to resultant inequalities of the same
type as Theorems 1 and 2 above.

As was shown earlier, Theorem 1 implies Theorem 4. Similarly, our The-
orem 7 has the following consequence.

THEOREM 9. Given positive integers q,m,l with ¢ > 2m — [ + 1,
1 <1< m+1, and a polynomial G(X) € Og[X] in X = (Xo,...,Xm)
with total degree less than ¢ —2m + 1 — 1. Let F(X) € Og[X] be a decom-

posable form of degree q whose linear factors are in general position. Then
the set of solutions of

F(X) = G(X) mxX = (330, s 7l'm) € O?+1

is contained in a finite union of linear subspaces of K™t! of dimension at
most [.
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