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1. Introduction. Denote by N the set of all positive integers and if a
subset A C N is given, define the ratio set by

R(A)={a/b:a,be A}.

The lower and upper asymptotic density of A, denoted by d(A) and d(A)
respectively, are defined as

d(A) = lixm gf A;x), d(A) = limsup A;a:)’
where A(z) = #{a <z :a € A}.

In the present paper we are concerned with certain relations between the
asymptotic densities of a set A as well as with density of R(A) in [0, 00).
T. Salét [6] showed that d(A) = d(A) > 0 or d(A) = 1 implies that R(A)
is everywhere dense in [0,00) and for every sufficiently small € > 0 there
exists a subset A C N such that d(4) = 1 — ¢ and R(A) is not everywhere
dense in [0,00). He gave an example of A C N for which d(A) = 1/4 and
R(A)N (5/4,8/5) = 0.

We prove that 1/2 is the lower bound of 7’s for which d(A) > v implies
that R(A) is dense in [0, 00) (Theorem 1). The proof is based on the estimate

d(A) < % min(1 — d(A), d(A))

where the interval (a, 5) C [0,00) is disjoint from R(A) (Theorem 2). To
complete our proof we construct an A C N for which the complement of the
closure of R(A) is formed by infinitely many pairwise disjoint open intervals
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(atn, Bn) and d(A) — 1/2 — 0 as a limit over some parameters (Example 1).
On the other hand, we prove that for every given upper and lower asymptotic
density there exists an A C N possessing these densities and having R(A)
everywhere dense (Theorem 3). As an application we give a new class of sets
A C N having dense ratio set R(A) (Theorem 4). We also prove that the
complement of the set R(A)! of all limit points of R(A) is either empty or
contains infinitely many open intervals assuming d(A) > 0 (Theorem 5). We
generalize our results for any open set X disjoint from the set R(A)¢ of all
accumulation points of R(A) (Theorem 6). The paper concludes with some
remarks.

Throughout the paper, without loss of generality, we will use only inter-
vals (a, 3) contained in [0, 1].

2. Main results

THEOREM 1. For every A C N, if the lower asymptotic density d(A) >
1/2 then the ratio set R(A) is everywhere dense in [0,00). Conversely, if
0 <~ < 1/2 then there exists an A C N such that d(A) = v and R(A) is
not everywhere dense in [0, 00).

The proof immediately follows from the following theorem and example.

THEOREM 2. Let A C N and the interval (o, 3), 0 < a < 3 <1, be such
that (a, B) N R(A) = 0. Then

(1) d(A) < %mma —d(A),d(A))
and
(2) d(A) <1—(3—a).

Proof of (1). Let A C N be listed in strictly increasing order as a; <
as < ...<ap <...If (a,8) N R(A) =0, then the intervals

(aay, Bay), n=1,2,...,
cannot intersect A but they may have mutually nonempty intersections. We
can select pairwise disjoint subintervals
(3)  (aan), aajpy) + a), (Qajgn)+1, Wjgn)+1 + @), - - -,
(ap—1, 00,1 + a), (aa,, Bay,)
for some 0 < 6 < 1 (here we put afg,,) = 0 if [fn] = 0). Define B = N— A and
B(xz) = #{b <z : b € B}. Counting the number of integer points belonging
to (3) we obtain
B(Ban) =z (n —[0n])(a = 1) + ((8 — a)an — 1) + Blaajg,))
for all sufficiently large n. To eliminate 1 in o — 1 we replace n with nk and
a with ka. Then (3) transforms into pairwise disjoint subintervals of the
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form

4)  (aapnk: aank + ka), (@aon11)k, a(on) 11k + ka), ...,
(Qa(n—1)k, ¥A(n—1)k + k), (Q@nk, Bant).

Thus, we have

B(Bank) ., (n—[On])(ka —1) (8 —a)ans —1) | Blaajgnk) a agnk
ﬂank a /Bank /Bank QA[gn]k ﬁ Qnk .

To compute the limsup of the left and right hand sides, respectively, use
the fact that
(i) limsup,, oo B(Bank)/(Bank) < d(B) =1 - d(A),
(ii) limsup,, ., nk/ank = d(A),
(iii) liminf,,— oo B(aagnk)/(aajenx) = d(B) =1 — d(A), and
(iv) by selecting indices n for which limy,_..c nk/an, = d(A) we have
(assuming d(A) > 0)

liminf 22% — Jim inf 2000E i [om]k > = ! d(A)e.
n—oo  Unk n—o0 [Qn]k n—oo Apk d(A)
Thus, letting kK — oo we get
- d(A) > (1-0)%a) + P2 1 —day e
B B B
Computing the maximum of the right hand side for 0 < 6 <1 yields
1 da) s g 5 %max(a(A), 1-d(A)),

which justifies (1).

Proof of (2). Every infinite set A C N with infinite complement N— A
can be expressed as the set of the integer points lying in the intervals

(5) [blacl}a[62762]7"'7[bn7cn]7'"7
whose endpoints form two integer sequences ordered as

b <ci<by<c<..<b,<c,<...

Clearly
1 n—1
(6) d(4) —1;rgiogfbn;<ci — b +1),
— 1 n
0 d(A) =Timsup — 3~ (ci — b; +1).

C
=1
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The points of AN[L,¢,] divided by i, ¢ € [by,, ¢;,], form a subset R,, C R(A);
we obtain the intervals

o) [b2 e bno1 Cno1] |bn Cn
VA R I A A i o0 i

which have the following property: the distance of any two neighbouring
points of R,, lying in [b,,—x /i, ¢n—1/i] is less than 1/b,, and the same holds

for the union

[TJ |:bnk an:| _ |:bnk cnk:|

i i cn | by |
Thus, for sufficiently large n, every interval («, 3) C [0, 1] satisfying (o, 8) N
R(A) = 0 must lie in the complement of [b,_/cpn,cn—k/bn], k = 0,1,...,
n — 1, which is formed by the pairwise disjoint intervals

ok b
(8) <C’“ ’““) k=1,....n—1,

b, ' ¢,

some of which may be empty. Hence, a necessary condition for («, ) N
R(A) = 0 is the existence of an integer sequence k,,, k, < n, such that

) (o) © (e, Pt

Cn

for all sufficiently large n. This also gives
bn—kn+l B Cn—k
Cn C’I’l
Now we can express the upper asymptotic density as
- —-b bo—c1 b3 —c bn — cn—
(10) d(A) = limsup (C” ! +"_< R W Bk +nnl>)

n—00 Cn Cn Cn Cn Cn

= >0 -

whence
(11) d(A) —d(C) <1—(B—a),
where C' is the range of c,.

For sufficiency of (9) we need the set R(A)! of all limit points of R(A)
(cf. Section 4). By the above reasoning we see that (a, 3) N R(A)! = () if and
only if there exists k,, < n satisfying (9) for all sufficiently large n. Thus,
inequality (11) holds for (a, 3) satisfying (a, 8) N R(A)! = 0 as well.

Now, for a positive integer k, transform

[br, cn] — [kbp, ken + k — 1]

and denote by Aj the set of all integer points lying in [kb,, ke, + k — 1],
n =1,2,... Similarly, C is the set of all k¢, + k — 1. Evidently

d(Ay) = d(4),  d(C) =d(C)/k.  R(A)' = R(A),
which gives d(A) — d(C)/k <1 — (8 — «a) and (2) follows. =
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Using (2) and the part d(A4) < (a/B)(1 — d(A)) of (1) we have
COROLLARY. For every subset A C N, if d(A) + d(A) > 1 then R(A) is
everywhere dense in [0,00).

To complete our proof of Theorem 1 consider

ExXaMPLE 1. Let v, 0 and a be given positive real numbers satisfying
v < d and a > 1. Let A be the set of all integer points lying in the intervals

(v,9), (va,da), (7a2,5a2), ooy (ya, 0am), ...

For this A we see from (5) of A that b, = [ya"] + 1, ¢, = [da"] and in
order that ¢, < b,41 we need §/v < a. In this case, for the intervals in (8)

we have
d i Cn—k bnfk+1
—_—, C , , k=1,...,n—1;
(’ya’€ 5a’f1) < by, Cn "

further, ¢, /b, — §/(yva*), by_ry1/cn — v/(8a*~1) as n — oo. Conse-
quently, the closure of R(A) is R(A)!. Thus, [0,1] — R(A) = Us, (v, Bi),
where (a;, 8;) = (a1 /a’~t, B1/a*~1) and

o= (4:3)

[0,1] = R(A) # 0 < 0/7 < Va.
By (6) and (7) we have
o—7y 1 (A o—ry _a
b a-1
We can also see that for such A the ratio set R(A) is everywhere dense in
[0,00) if and only if d(A) + d(A) > 1.
Now, if §/y — +/a then d(A) — 1/(y/a+1) and if /o — 1+ 0 then
d(A) — 1/2 — 0. This completes the proof of Theorem 1.
Note that since d(A)/((a1/B1)d(A)) — 1 as v/d — 1 and d(A)/(1 —
(/1 —a1)) — 1 as a — oo, we cannot extend (1) and (2) to

d(A) < c(a/B) min(1 — d(A),d(A)) and d(4) < c(1 - (6 - a))

for some positive constant ¢ < 1. m

This implies that

w ~ 'a_lu

In the sequel we demonstrate that (1) and (2) are necessary but not
sufficient conditions for (o, 8) N R(A) = 0.

THEOREM 3. For every pair (v,7') satisfying 0 < v < ~' < 1 there

exists an A C N such that d(A) = v, d(A) =~ and the ratio set R(A) is

everywhere dense in [0,00).
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Proof. For any infinite set B C N and A > 1 define [AB] as
[AB] = {[\a] : a € B}.
Clearly,

(i) either both R(B) and R([AB]) are everywhere dense in [0,00) or
neither is;

(i) d([AB]) = d(B)/A, d([AB]) = d(B)/A.

If ¥/ > 0, put A = 1/4" and then use the well-known fact that for
every pair (0,0") satisfying 0 < § < ¢’ < 1 there exists B C N such that
d(B) = 6 and d(B) = §'. Applying this for (4,0") = (\y,\v'), bearing in
mind that Ay’ = 1 and using [6, Th. 1] we find that R(B) is dense in [0, 00).
Accordingly, A = [AB] is the desired set.

If v/ = 0 we can put A = IP, the set of all primes, since by A. Schinzel
(cf. [7, p. 155]) R(P) is everywhere dense in [0,00). m

3. Applications. Applying Theorem 1 we give some new classes of
A C N having dense R(A).

THEOREM 4. Let f(t), t > 1, be a strictly increasing continuous function
with inverse function f~1(t). Assume that

(i) limy 00 f(t) = 00,
(if) limp oo (f 7 (n +1) = f7H(n))

S (nda)—f " (n) _

= OO,
(i) limy,— 00 T =Ty = ¢(x) exists for every x € [0,1],

and for x € [0,1] put

(1v) Tmint, oo f~1(0)/ (4 2) = X(2),

(v) Ay ={neN:{f(n)} €[0,2)}, where {f(n)} is the fractional part
of f(n).
[ If)w(x) +1—x(x)(1 —(x)) > 1, then R(A;) is everywhere dense in
0, 00).

Proof. Observe that d(A,) and d(A,) have the same meaning as the
lower and upper distribution functions of f(n) mod 1 (cf. [5, Def. 7.1, p. 53)),
hence the theorem follows from [5, Th. 7.7, p. 58] and our Corollary. m

Applying Theorem 4 to f(t) = logt we deduce that > 1/2 implies the
density of R(A,). Since in this case the set A, has the form described in
Example 1 with v = 1, 6 = €® and a = e, it follows that z > 1/2 is also
necessary for the density of R(A4,) to hold.

For another application of Theorem 1 we make use of [4]. Let a > 1 be
an integer and A consist of all A C N containing no 3-term progressions of
the form k, kq, kq?, where k € N and ¢ € {a,a?, a®,a*}. Tt is proved in [4,
Ex. 2] that supge d(A) > (1 —a V)1 +a ' +a 3 +a*)(a®/(a® — 1)),
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which, together with our Theorem 1, implies that R(A) is everywhere dense
in [0, 00) for some A € A.

4. Complement of the limit points of the ratio set. As before,
assume that A C N is ordered into the sequence a; < as < ... and consider
the ratio set R(A) as a double sequence a,,/a,, m,n =1,2,... We introduce
two further sets:

(i) R(A)! is the set of all limit points @ = lim; oo dum, /an, of R(A).
(i) R(A)? is the set of all accumulation points of R(A), i.e. the points

x which can be expressed as a limit z = lim;_,o am,/an, of a one-to-one
sequence ay,, /an, .

Clearly, R(A)! and R(A)? are closed. It is shown in [1] that for every
system of pairwise disjoint open intervals (o, 3;), i € Z, there exists A C N
such that [0, 1] = R(A)? = |,z (v, B;) and the same proof applies to R(A)".
To extend the above result of [1] we prove

THEOREM 5. If d(A) > 0 and [0,1] — R(A)! # 0, then

oo

[03 1] - R(A)l = U(aiv ﬁi)?
i=1
where o < B; and (o, 3;) N (e, B) =0 fori # 3.
Proof. We divide the proof into three steps.
1. Let v > 0 be a limit point of the form

(12) v = lm ag(,)/an,

where g(n) is a suitable integer sequence. Then

(13) (@, B) NR(A) =0 = (ya,78) NR(A) =0 = (a/v,5/7) N R(A)".
Indeed, assuming ya < § < v and

d = lim ap, /an,

71— 00

we have
0 lim; o0 A, /an, )
= = lim
v Moo Ag(ng)/an, 00 Ag(ny)
which is a contradiction. Repeating (13) yields (v*a,v*3) N R(A)! = @ for
all k € Z.

2. Using all points v, 4,7, ... of the form (12) we can define a group
G(A) = {y'6In> ... 2i g k,... € Z}.

Let [0,1] — R(A)! = U,z (i, 8;). Applying (13) for t € G(A)N[0,1] and i €
7, we get some j,k € T such that (ta;,t3;) C (o, 35) and (t7tay,t716;) C

Am;

)
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(o, Bk). This implies ¢ = k and

(tai, tBi) = (v, B;)-

For a fixed (a,, B, ), the intervals (ta,, t5;,), t € G(A)N(0,1), are nonover-
lapping, which implies that Z is infinite. Moreover, G(A) must be discrete
and thus cyclic.

3. Assuming d(A) > 0, we prove that G(A) N (0,1) is nonempty. Let
n/a, > 60 > 0 for all sufficiently large n. For any u, v satisfying 0 < u < v < 6
we have
Uan) o [wn] g Genl _ Oon) _ Ofen] 0

an an an, n n 0

for all sufficiently large n. Thus, we obtain

a;

i o (ue, Z) for i € [[un], [vn]],

G,

which implies the existence of t € G(A) satisfying ¢ € [uf,v/60] C (0,1).

Note that as the proof of (2) shows, t € G(A) N [0,1] if and only if
there exists k, < n such that t € [b,_g, /bn,cn—k, /cn] for all sufficiently
large n. =

In Example 1 the group G(A) is generated by 1/a and the complement
of R(A)! has a simple structure. For general A the complement of R(A)!
may be more complicated.

EXAMPLE 2. In this example we abbreviate (va,da) as (v, d)a. Assume
that
0<<h <y<dh<ay <ad; and a>1

and let A be the set of all integer points lying in the pairwise disjoint open
intervals

(’717 51), (’Y2, 52)7 (71,51)(17 (’727 52)% cee (’71, 51)an7 (’727 52)(1”, (717 51)an+1, e

Then, in (5) for this A we get two types of intervals [b,,c,], which give
(asymptotically) two types of intervals in (8) and which form two sequences
of pairwise disjoint open intervals

Lia Y La™t, i=1,2,..., and Jea' !, Jia"t, i=1,2,...,
where
12:<52 %) 11:<61 ’Vz) J2:<51 W> J1:<52 %)
yoa' 6y )’ o' 82 )’ ma’' 6ra)’ ma’ 6

Moreover, there are inclusions between the intervals in (8) and the above
intervals, respectively. This guarantees R(A) = R(A)" as well as
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0,1] - R(A) = | J(IouL) N (JyU Jp))a' "t

(@

i=1
The intersection (IoUI)N(J2UJp) consists of at most three pairwise disjoint
open intervals (a1, 31), (o], 51) and (of, BY).

In all cases the group G(A) is cyclic with generator 1/a or 1/+/a depend-

ing on (7y2,02) = (71,01)V/a.
Applying (6) and (7) we have

d(A):min<(5171);2(5272)_a11’

SaN (61—=m)+(02—12) a
d(A)—maX< 5% PN

511<(51 -5 +(52_72)ai1>)'

For example, putting v1 = 1, §; = 2, 72 = 5 and a = 40, we have
(a1, 1) = (2/5,1/2), (a3, By) = (6/40,1/6),  (af,B)) = (2/40,5/80).

Further, d(A) = 2/39, d(A) = 41/78, |[0,1] — R(A)| = 31/234 and G(A) is
generated by 1/40. m

5. Extension of Theorem 2. In this part we extend (1) and (2) to
intervals («, 3) C [0, 1] satisfying
(o, B) N R(A)! =0,

which does not follow from Theorem 2 directly. Clearly, if (o, 3)NR(A)% = 0)
then for every € > 0 there exist finitely many pairwise disjoint open intervals
(a4, 0:),i=1,...,s, such that

(1) Uiz (@3, 8:) € (o, 9),
(i) B —a =3, (8 — ) <s,

So, Theorem 2 only implies

(14) d(A) < 1ml1ns E  min(1 — d(A),d(A))
and
(15) d(A4) < min (1 (5 — o).

1<:<s
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Finally, in what follows we will replace the open interval (a, ) with an
open set X C [0, 1] and prove estimates better than (14) and (15). Here | X|
denotes the Lebesgue measure of X.

THEOREM 6. Let X be an open set in [0, 1] and write g(x) = | X N[0, z)|.
If X N R(A)4 =0, then

d(A) < gmin(l _d(A), d(A)) + Y =9W) ; (x — g(x))

for every x,y satisfying

i)o<z<y<l,

(ii) there exist two sequences xy and o > 0 such that (zk,zr + 0) N
R(A) =0 for every k and x), — = as k — oo.

(16)

Moreover

(17) d(A) <1-X].

Proof. The proof is similar to the proof of Theorem 2. Instead of (3)
we start with the following pairwise disjoint intervals:

(18)  (wapn), xajn) + ), (Tajgn)+1, Tagn+1 + ), .. .,
(xap—1,Tan_1 + ), (Tan, ya,).

First assume that
(i) (z,x +0) N R(A) = 0 for some § > 0.

Then for sufficiently large i, the interval (za;, za; + ) cannot intersect A,
since (za;, za; + da;) N A = (). Moreover, for all sufficiently small € > 0, the
set X N (z,y) can be approximated by a finite sequence of pairwise disjoint
open intervals (o, ;), i =1,...,s, such that J_, (s, ;) C XN(z,y), | XN
(z,y)—Ui_, (i, Bi)| < e and U;_, (vi, 3;) N R(A) = (). Hence, the number of
terms of B = N— A lying in (za,, ya,) is greater than a,(g(y) —g(x) —¢)—s
and we have

B(yan) = (n — [0n])(z — 1) + (an(g(y) — 9(z) — ) — 5) + B(zajg,).
Replacing n by nk and = by zk and letting & — oo we find (16).

In the general case, since g(x) is continuous, (ii)’ can be replaced by (ii).
To prove (17) note only that (10) can be replaced by

by —c bs —c b, — Ccr_ i

2 1 3 2 n n—1

+ ++7>E /37;—()47;.l
cn _i 1( )

Cn Cn

Observe that in Example 1 we have a;/8; = §%/(7?a) and the minimum
of the right hand side of (16) is the same as in (14) and (1). In Example 2,
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for z = o' and y = ', the right hand side of (16) equals 0.229...; further,
the right hand side of (14) is 0.379...

6. Concluding remarks

1. The results of T. Salét mentioned in the introduction can be proved
directly by using (1) and (2):

(i) Assume (o, B) N R(A) = 0. If 0 < d(A) = d(A) = d(A) < 1/2 then
by (1) we have d(A) < 3d(A) which is a contradiction. If d(A) > 1/2, then
in view of (1) we have d(A) < (1 —d(4)) < %% < % which also gives a
contradiction. Thus (cf. [6, Th. 4]) d(A) > 0 implies that R(A) is everywhere
dense.

(i) Assuming d(A) = 1, (2) implies a contradiction 1 < 1— (3 — «a); thus
(cf. [6, Th. 1]) d(A) = 1 implies that R(A) is everywhere dense.

2. It is proved in [3, Th. 2] that if N = AU B, then at least one of R(A)
or R(B) is everywhere dense in [0, 00). This can also be proved by using our
basic relations (1) and (2).

Assume that N= AU B, ANB =10, (o, ) N R(A) = 0 and (/, ') N
R(B) = 0. Since d(A) = 1 — d(B) and d(A) = 1 — d(B), applying (1) and
(2) we get

(1) (8 —a) < d(B),
(ii) d(B) < % (1 —d(B)),
(iif) 1 - d(B) < §d(B).

) an

Starting with (i) and then repeatedly applying (ii) and (iii) we get f—a = 0.

3. A related question is studied in [2].
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