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Randomly connected dynamical systems
—asymptotic stability

by KATARZYNA HORBACZ (Katowice)

Abstract. We give sufficient conditions for asymptotic stability of a Markov operator
governing the evolution of measures due to the action of randomly chosen dynamical
systems. We show that the existence of an invariant measure for the transition operator
implies the existence of an invariant measure for the semigroup generated by the system.

0. Introduction. Let Il : R, XY — Y, k=1,..., N, be a sequence
of semidynamical systems and [pgs| ._;, prs : ¥ — [0,1], be a matrix of
probabilities (see (8)). Let {t,}, n = 1,2,..., be a sequence of random
variables such that the increments At, = t,, — t,_1 are independent and
have the same density distribution function g(t) = ae™.

The action of randomly chosen dynamical systems can be roughly de-
scribed as follows. We choose an initial point ¢y € Y. Next we randomly
select an integer from {1, ..., N} in such a way that the probability of choos-
ing ky is pk, (xg). When k; is drawn we define

X(t) = Iy, (t,xg) for0<t<ty, x1=X(t1).
Having 1 we select ko with probability pg,r,(z1) and we define
X(t) = i, (t —t1,21)  forty <t <ty, xo=X(t2)
and so on.

In many applications we are mostly interested in the values of the solu-
tion X (t) at the “switching” points ¢,,. Thus we will consider the sequence
xn =X(t,) forn=0,1,...

Denoting by p,, n =0,1,..., the distribution of x,, i.e.
pn(A) =prob(z, € A), AeB(Y), n=0,1,...,
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we will give conditions that ensure the weak convergence of {u,}. Further-
more, we will show that the stochastic process X (¢) generates a semigroup
{P'};>0 of Markov operators which has an invariant measure.

In this paper an important role is played by the transition operator P
given by the relation 7, = Pri, where

I, (A x {s}) = prob(z, € A and z,, = II;(Aty, xp—1)), n=12 ...

First, from the asymptotic stability of P follows the weak convergence of
{pn }- Second, we reduce the problem of the existence of an invariant measure
for the semigroup {P'};>( to the problem of the existence of an invariant
measure for P.

The organization of the paper is as follows. Section 1 contains some no-
tation and definitions from the theory of Markov operators. In Section 2 we
specify the problem to be considered. The relationship between the transi-
tion operator and the semigroup generated by the process X (¢) is formulated
in Section 3. In Section 4 we give sufficient conditions for asymptotic stabil-
ity of the transition operator P. Section 5 contains the proofs.

1. Preliminaries. Let (Y, g) be a metric space. Throughout this paper
we assume that Y is locally compact (bounded closed subsets are compact).

We denote by B(Y) the o-algebra of Borel subsets of Y and by M(Y')
the family of all finite Borel measures (nonnegative, o-additive) on Y. We
denote by M1(Y) the subset of M(Y") such that u(Y) =1 for p € M;(Y).
The elements of M;(Y) will be called distributions. Further,

Miig(Y) = {p1 — p2 + pa, 2 € M(Y)}
is the space of finite signed measures.

As usual, B(Y') denotes the space of all bounded Borel measurable func-
tions f : Y — R, and C(Y') the subspace of all bounded continuous functions
with supremum norm ||-||¢. We denote by Cy(Y") the subspace of C(Y') which
contains functions with compact support.

For f € B(Y) and p € M (Y') we write

(fom) =\ f (@) p(da).
Y

We say that a sequence {uy}, un € M1(Y), converges weakly to a mea-
sure € My (Y) if

Y (fop) = (fo)  for f € C(Y).

In the space Mg;z(Y) we introduce the Fortet-Mourier norm [1], [8] by
setting

|ull7 = sup{(f,pn) : f € F}
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where

F={feCl;):|f(x) <1and [f(z) - f(y)| < ol(z,y) for z,y € Y}.

The space M;(Y') with metric ||u; — pz||# is a complete metric space and
the convergence in this metric coincides with the weak convergence.

A linear mapping P : Mg (Y) — Myig(Y) is called a Markov operator
if P(M1(Y)) € M;y(Y). Thus, for every distribution p the measure Py is
also a distribution.

A measure pu, € M(Y) is called invariant or stationary with respect to a
Markov operator P if Pu, = u,. A stationary probability measure is called
a stationary distribution.

A Markov operator P is called a Feller operator if there is an operator
U:B(Y)— B(Y) (dual to P) such that

(1) (Uf,p) = (f,Pn) for f € B(Y), p€ Msg(Y)
and

(2) UfeC(y) for feC(y).

Setting pu = 0, in (1) we obtain

(3) Uf(z)=(f,Pd,) for feB(Y), z€Y,

where §, € M1(Y) is the point (Dirac) measure supported at x.
From (3) it follows immediately that U is a linear operator satisfying
() UF>0 for feBY), f>0,
(5) Uly = 1y.
Further, applying the Lebesgue monotone convergence theorem to the inte-
gral (f, Pd,), we obtain the following implication:
fn € B(Y)

(6) fnt1 < fn = lim Uf,(z) =0.
Jm fulz) =0 o

Conditions (4)—(6) are quite important. They allow reversing the roles
of P and U. Namely, assume that a linear operator U : B(Y) — B(Y)
satisfies (4)-(6). Then we may define an operator P : M, (Y) — Mgig(Y)
by setting

(7) Pu(A) =(Ula,p) for pe Mge(Y), Ae B(Y).

It is easy to show that P satisfies (1). Moreower, if U satisfies (2) then P is
a Markov operator.

A family {P'};>¢ of Markov operators is called a semigroup if P'™5 =
PloPs fort,s € Ry and P° = [ is the identity operator on M1 (Y"). If all the
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P!, t > 0, are Feller operators, we say that {P'};>¢ is a Feller semigroup.
{T"}4>0 denotes the semigroup dual to {P*};>0, i.e.

(T'f,u) = (£, P'u)  for f € O(Y), € My(Y).

2. Formulation of the problem. In this section we consider the action
of randomly chosen semidynamical systems.

Suppose we are given a sequence of semidynamical systems Iy, : Ry xY
—Y, k=1,...,N. More precisely, for every k = 1,..., N, the mapping I1
satisfies the following conditions:

(i) I(0,z) =x for z € Y,
(ii) Iy (t, g (s,z)) = Hi(t + s,x) for x € Y, t,s € Ry, and
(iii) the mapping (t,x) — Iy (t,x) from R, x Y into Y is continuous.

Moreover, suppose we are given a probability vector (py(x),...,pn(z)),
N
pi(z) >0, sz(iﬂ) =1 forzey,
i=1

and a probability matrix [ps;(2)]};—; such that

N
(8) pij(x) >0, Zpij(a;)zl forreY andi,j=1,...,N.
j=1

Let {t,}, n =1,2,..., be a sequence of random variables such that the
increments

(9) Aty =ty —ta_1  (to =0)
are independent and have the same density distribution function g(t) =
ae” .

We choose an initial point x¢g € Y. Next we randomly select an integer
from {1,..., N} in such a way that the probability of choosing k; is px, (z¢).
When k£ is drawn we define

X(t):Hkl(t,ZE(]) fOI'OStétl, 33‘1:X(t1).
Having x; we select ko with probability pg,r,(x1) and we define
X(t) :H]Q(t—tl,l’l) for ¢4 <t < tog, ZEQZX(tQ)
and so on.
Thus,
X(t) :Hs(t—tnfl,xnfl) for t € (tnfl,tn],
and
Ty = X(t)
with probability prs(xp—1) if xn_1 = Hg(tn—1 — tn—2,Tn_2).
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In many applications we are mostly interested in the values of the solu-
tion X (¢) at the “switching” points ¢,,. Thus we will consider the sequence

Tp =X(t,) forn=0,1,...
Denote by pn, n =0,1,..., the distribution of z,, i.e.
(10) pn(A) =prob(z, € A), AeB(Y), n=0,1,...

We consider the asymptotic behaviour of the sequence {u,, }. In particu-
lar, we give conditions that ensure the weak convergence of {u,, } to a unique
Measure fi,.

Furthermore, we study the semigroup {P'},;>¢ of Markov operators on
M (Y x {1,...,N}) generated by the solution X (¢) with initial condition
X (0) = 2. We show that the semigroup {P'};>( has an invariant measure.

To formulate our criterion for weak convergence of {u,} we introduce
the following notations. We introduce the class @ of functions ¢ : R, — R
satisfying the following conditions (see [8]):

(I) ¢ is continuous and ¢(0) = 0,
(IT) ¢ is nondecreasing and concave, i.e.
Ap(z1) + (1 = N)p(22) < po(Az1 + (1 — N)zg)  for 21,20 € Ry, 0 <A <1,
(II) ¢(x) > 0 for x > 0 and lim,_, ¢(x) = co.

The family of functions satisfying (I) and (II) will be denoted by @.
An important role in the study of the problem of the convergence of p,, is
played by the inequality
(11) w(t) + o(r(t)) < ¢(t) fort>0.

Lasota and Yorke [8] discuss precisely the cases for which the functional
inequality (11) has solutions belonging to .

CASE I: Dini condition. Assume that w € @ satisfies the Dini condition,
i.e.
g

S@dt<oo for some € > 0
and r(t) =ct, 0 <c <01.
Cask II: Hélder condition. Assume that w € @g and
w(t) < at?
where «, 5 > 0 are constants. Furthermore, assume that r € ®@q, r(t) <t
and
0<rt)<t—t*tbp for0<t<e,

where a, b, > 0 are constants.
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CASE III: Lipschitz condition. Assume that w € &y and
w(t) < at
where o > 0 is a constant and r € @ satisfies
0<r(t)<t fort>0,
e
t—r(t)
If the functions w and r satisfy the conditions formulated in one of cases
I-11I, then every solution of inequality (11) belongs to &.
Now we assume that a sequence of semidynamical systems Il : Ry x Y

— Y and transition probabilities pgs : Y — [0,1] satisfy, for all z,y € YV
andi=1,..., N,

< oo for some € > 0.

(12) Z pix(2) — pi(y)| < wilo(x,y)),

(13) szk o(ITy(t, @), I (t,y)) < LeMri(o(x, y)),

where the functlons w; Ry = Ry andr; : Ry - Ry, ¢ =1,..., N, satisfy
the assumptions of one of Cases I-III.
Assume, moreover, that there is a point x, € Y such that

(14) sup{o(IIx(t,zs),xs) : t >0} <oo fork=1,...,N.
Denote by p the matrix [p;;].
For simplicity we will say that the system
(I,p)y = (ITy,..., IIn; [pij]0;=1)
satisfies conditions (12)—(14) if the semidynamical systems IT; and the prob-

abilities pi, satisfy the corresponding conditions.
We now formulate the main result of this section.

THEOREM 1. Assume that the system (II,p) satisfies (12)—(14). Assume,
moreover, that the constants a > 0, L > 0 and X € R satisfy

(15) L+ \a<1.

If in addition inf{p;;(x) : i, € {1,...,N}, € Y} > 0, then there ea-
ists a distribution p, such that the sequence {u,} defined by (10) is weakly
convergent to .

The proof will be given in Section 5.

3. The transition operator P and the semigroup {P'} gener-
ated by X(¢). In this section we describe the evolution of the measures
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1y under some Markov operator and we determine the semigroup {Pt}tzo
corresponding to the process X (t).

Let Y =Y x {1,..., N} be equipped with the metric @ given by

o((w, 1), (y,5)) = o(@,y) + 00(i,j) forz,y €Y, i,j€{l,...,N}

where gg is a metric in {1,...,N}.

We define a new sequence of semidynamical systems

I, R, xY =Y fork=1,....N
by B
I (t, (z,5)) = (IIk(t,x), k).

Now, for an initial point xy we randomly select an integer k with prob-

ability pg(z¢) and we define x1 = IIx(t1,20). Next for the pair (z1,k) we

randomly select an integer s € {1,..., N} with probability pxs(z1), we de-
fine

(22, ) = I (ta — t1, (21, k))
and so on. Hence

(n,8) = I (Aty, (xn_1,k)), n=2,3,...,

with probability pgs(zn—1)- _
The evolution of the distributions 7,, on Y defined by

7, (A x {s}) = prob(z,, € A and z,, = II;(Aty,xn_1)), n=12 ...,
can be described by a Feller operator P such that
ﬁn—&-l = Fﬁn
It is called the transition operator for this system. To find an explicit form

of P, we look for the dual operator U. A straightforward calculation shows
that

FUL(E, (x, K)))ae™ " prs(x) dt

M=

(16) Uf(z,k) =

»
I
_

Il
NE
St Q O Q

f(I(t,z), 8)ae” “pps(x)dt  for f € B(Y).
1

Thus (see [4]), we may find P from
Pu(A) = (1a, Pp) = (Ula, ).

©
Il

This gives

N
1) PuA) =Y
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Now we turn to the continuous time case. A probabilistic interpretation
of the system is as follows. Let (£2, X, prob) be a probability space. Further,
let {t,},n =0,1,..., be the sequence of random variables defined by (9).
We consider a stochastic process X (t) : 2 — Y and a stochastic process
E(t): 2 —{1,...,N} and we assume that they are related by

£0) =k, X(0)=uz,
g(t) = g(tn)a tn é t < tn+17
prOb{g(tn) =3 ‘ X(tn) =y and X(tn) = Hk(Ath(tnfl))} = pks(y)
and
X(t) = HE(tnfl)(t — tn—laX(tn—l)) for tho1 <t <t,.
The pair (X (t),£(t)) is a stochastic process on Y. The process (X (t),£(t))
generates a semigroup {1"};>¢ defined by
(18) T'f(z, k) = E(f(X(1),£(t))  for fe OY),

where E(f(X(t),&(t))) denotes the expectation of f(X(¢),£(t)).

It is well known that {T%};>¢ is a semigroup of operators from C(Y)
into itself and that for every ¢ > 0 the operator T" is a contraction, i.e.
1T flle < 1 flle- - B

Now we define semigroup operators P! : M;(Y) — M;(Y) by

(19) (P'u,f) = (u,T'f) for f€CY)and p€ My(Y).
Setting
G(t, (z,k), A) = prob{(X(t),£(t)) € A}
we obtain
P'u(A) = \ G(t, (v, k), A) du(z, k) for p € My(Y) and A € B(Y).

Y
Moreover, define

n(t) =3 x(t—t),

ty, <t

where x is the Heaviside function

_JO fort<O,
X(t)_{l for t > 0.

Evidently 7(t) is a Poisson process and there is a constant K; such that

prob{n(h) <1} > 1 — K;h%
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For the first switching point ¢; of the process n(t) we have

prob{(X(h),&(h)) = (Heq,y(h — t1, i (t1, 7)), E(t1)) 10,0 (t1)
+ (g (hy @), k)L (h o) (1)} > 1 = K152

Since f € C(Y) is bounded and ¢; has density distribution function ae=9,
we obtain

h N

(20) Thf(x,k) S f(ITy(h — t, T (t, ), 8)prs (ITx (t, ) )ae ™ dt

0s=1

+ f(I(h,x) k)e™ ™" +e1(h)

where |e1(h)] < ||f]lcK1h?.

The following theorem gives a relation between the existence of an invari-
ant measure for the operator P and the existence of an invariant measure for
the semigroup {P'} in the case where Y is a Banach space with norm || - ||.

THEOREM 2. Let P : M1(Y) — My (Y) be the operator given by (17)
and {P'};>0 be the semigroup of the operators given by (19). Assume that
for every k € {1,...,N} the derivative with respect to t of the mapping
II, : Ry XY — Y is continuous. Assume, moreover, that there are numbers
0, > 0 such that

(21) | Hs(t,z) — s(0,z)]| <At  fort<é, z€Y and se{1,...,N}.

If 1. € M1 (Y) is an invariant measure with respect to the operator P then
iy s also Pt-invariant, i.e. Ptu, = p, for every t > 0.

S

The proof will be given in Section 5.

4. Nonexpansiveness and asymptotic stability of P. In this sec-
tion we study the asymptotic behaviour of the transition operator P. The
reasons for this study are twofold: First, from the asymptotic stability of P
it follows that the sequence {u,} of distributions is weakly convergent. Sec-
ond, Theorem 2 reduces the problem of construction of an invariant measure
for the semigroup {P'};>¢ to construction of an invariant measure for P.

A Markov operator is called asymptotically stable if there exists a distri-
bution wu, such that Pu, = u, and

(22) lim [Py — pu]lr =0 for pe My(Y).

Our first step in the study of P is to show that it is nonexpansive. Recall
that a Markov operator P is called nonexpansive if

[Pp1 — Pusllz < |lpn — pollz - for pun, po € My (Y).

Now we are going to change the metric p in such a way that the properties
of continuity, boundedness and compactness remain the same but the value
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|Ppy — Pusl|# for py, pa € M(Y) could be better evaluated.
For every i € {1,..., N} let ¢; be a solution of the inequality

(23) wi(t) + pi(ri(t)) < @i(t) fort>0

where the functions w; and r; are given by (12), (13).
Define ¢ : Ry — Ry by
N

o(t) = Z @i(t) fort>0,

i=1
and the metric g, on Y by
(24)  2,((z,9), (y,4)) = e(e((z,4), (y,4)))
= p(o(z,y) + 00(1,7)) forz,y €Y andije{l,... . N}
We will assume that the metric gy has the form

wti.d) = {

where ¢ is such that ¢(c) > 2.

¢ fori##j,
0 fori=yj,

We may now formulate the following

THEOREM 3. Assume that the system (I, p) satisfies the inequalities (12)
and (13). If the constants a > 0,L > 0 and X\ € R satisfy

(25) L+Ma<l,

then the Markov operator P given by (17) is nonezpansive with respect to
the metric 0.

The proof will be given in Section 5.
We also show that, under additional assumptions, P given by (17) is
asymptotically stable.

THEOREM 4. Assume that the system (II,p) satisfies conditions (12),
(13) and (15). Assume, moreover, that there is a point x, € Y for which
condition (14) is satisfied. If in addition inf{p;;(xz) : i,j € {1,...,N},
x €Y} >0, then the operator P given by (17) is asymptotically stable.

The proof will be given in Section 5.

5. Proofs. We adopt all the notations of the previous sections. The
proof of Theorem 1 is based on Theorem 4. Thus we start with the proofs
of Theorems 3 and 4.

Proof of Theorem 3. Denote by |- ||, the Fortet-Mourier norm in M (Y)
given by ||ull, = sup{|(f, )| : f € F,} where F, is the set of functions such
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that |f] <1 and

(26) |f (1) = fy,5)| <0,((x,1), (y,7)) = w(2((x,9), (y,7)))
forz,y € Y and i,j € {1,...,N}.
The operator P is nonexpansive with respect to the metric 0, if
(27) [Pur — Ppsallp < llun — p2lly  for pun, p2 € My (Y).
In order to verify (27) we will use the adjoint operator. We have
| Ppy — FM2H<p = sup{|(f, Pu1 — Pus)| : f € Fo}
= sup{[(Uf, 1 — p2)| : f € F,}.
To prove the nonexpansiveness it is sufficient to show that
(28) U(F,) C F,.
Fix f € F,. Evidently |Uf| < 1, so we have to prove that
(29) |Uf(,i) = Uf(y, )| < 0,((2,9), (y, 7))
forz,y € Y and i,j € {1,...,N}.

Since by assumption gg(i,j) = ¢ for i # j and ¢(c) > 2, the condition (29)
is satisfied for i # j. For i = j, we have

Uf () = Uf(y,9)|

k=1
N oo N

2. (Zp‘k(y)soz(g(ﬂk(t,;n),nk(t,y)))) -
=10 k=1
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Now, for every [ € {1,..., N} the functions ¢; are concave and Z,ivzl pik(y)
= 1, thus using the Jensen inequality we obtain

=
Il
—

N [e%)
+ Z 4,01< S Lae*(“*A)tri(g(x,y)) dt).
=1 0

Inequality (25) implies that @ > A and La/(a — A) < 1. Thus

N
U f(@.i) = Uf(y,0)| < wilo(z,y)) + D @ilrio(z,y)))-

=1
From this and inequality (23) it follows that
N
T f (i) = Uf(y, )| < gilele,y) + > @ilrile(z,y)))-
=1
1#i

Since r;(t) < t and ; are nondecreasing, we obtain

Uf(z,i) = Uf(y,i)| < e(o(z,y)) =,((x,9), (y,7)). =
Proof of Theorem 4. The proof is based on the lower bound technique
for Markov operators developed in [6] and [8]. To apply this method we are
going to verify the following three properties of the transition operator P.
(i) P is nonexpansive with respect to [
(ii) P has the Prokhorov property, that is, for every e > 0 there is a
compact set F' C Y such that

(30) liminf P"u(F) >1—¢ for p € My (Y),

(iii) P satisfies a lower bound condition: For every ¢ > 0 there is a

(B > 0 such that for any two measures uy, s € M;(Y) there exists a Borel
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measurable set A with diam, A < ¢ and an integer ng for which
Pu(A)>p fork=1,2.
Here diam,; A = sup{o,(z,y) : 7,y € A}. B
It was shown in [8] (Thms. 4.1 and 9.1) that if ¥ is a locally compact
metric space, then conditions (i)—(iii) imply the asymptotic stability of P.
In our case Y may be considered with the metric g,.

The nonexpansiveness of the operator P follows from Theorem 1.

To verify (ii) we fix ¢ > 0 and z, € Y for which (14) is satisfied.

The system (II,p) satisfies (13) with r; € &y and 0 < 7;(y) < y for
y € Ry, thus

(31) szk o(ITy (¢, 7), )

N N
Z Hk t ZE) Hk(t 517* +szk (Hk(t,l‘*),l‘*)
k=1 k=1
N
< LBAtT‘i(Q(l‘,x*)) + Zpik($)g(nk(t7x*)v$*)
k=1

< LeMo(x, x.) + max oy (t, x.), ) < LeMo(w, 2.) + C,

where

C= Y, Sup oI (t, x4), ).

Now define
h(z,i) = o(z,z,) forxzeY andie{l,...,N}

and set m,, = (h,[1,,), n = 0,1,... Consider first the case mo < oo. Using
the recurrence formula 7i,,, = PFi, and expression (16) for the adjoint
operator U we have

Mp+1 = <h7 pﬁn> = <Uh7ﬁn>

w
Il
—
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From this and inequality (31) it follows that

Mp+1

'~<|t/ﬂ

SQ:E x,)Lae= N dt dm, (z, k) + C.
0

Inequality (15) implies that a > A and
d=La/(a—\)<1.

Hence my 11 < dm,, + C. By an induction argument this gives

C
mnﬁd"mg—l—m fOI"I’L:l,Z,...

Since my < oo, there exists an integer ny such that m, < I' for n > ng,
where I"' =1+ C/(1 — d). Using the Chebyshev inequality this implies

m,Yy)>1—IT/M  for n > ng,
where
Y = {(:Evk) €Y : Q($7$*) < M}

Thus, in the case mg < oo the Prokhorov property of P is verified. The
general case my < oo can be reduced to the previous one as follows. For
given § > 0 we choose a compact set K C Y such that Jip(K) > 1 — 4.
Setting

vo(A) =g (AN K)/ [ (K)
we define a probability measure vy supported on K for which the initial
moment My = (h, 1) is finite. Thus, according to the first part of the proof
of the Prokhorov property of P there is ng = ng(d) such that

P'vo(Yy) >1—T/M  for n > ng, M > 0.
Since Tip(A) > fg(AN K), we have
P"Tig(Yar) 2 Fig(K)P"vo(Yar) > (1 —8)(1 — I'/M).
Choosing § sufficiently small and M sufficiently large we obtain
P'"liy(Yy) >1—¢  for n > ng.

Thus, the operator P given by (17) has the Prokhorov property.
Now we show (iii).
We define the families of functions I t: MY Y and II; [Tin- tkl Y -Y
(tieRy, k;e{l,...,N}, fori=1,...,n) by the recurrence relatlons
H]il( ) = Hkl (tlv )7

Iyt (z) = i, (ty, 1" 7070 (2)) forz €Y
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and
I}, (w,s) = (IT, (), k1)
ﬁfg’;tkll (x,8) = (H,iz:::?l (v),k,) for (z,s) €Y.
Using equation (16) n times, we obtain
(32)  U"f(x,i)
1.t
= > VoV bk @) o, (T () - ik, (T 70 ()
ki..k, R¥ R+

N—_——

n
X f(ﬁfg;tkll (z,4))ae~ ¢t Ht) qry o dt,,.

By the Prokhorov property there exists a compact set F C Y such that
for every p € My (Y) there exists an integer ny = ny(u) for which
P"u(F)>1/2 forn >n;.
From inequality (15) it follows that there exists ¢ € Ry such that
= LeM < 1.

Fix £1 > 0. We can find € > 0 and an integer m such that p(¢) < ¢; and

(33) rg' diamgF < e/4.
According to (13) for every Z,7y € Y there is j; such that
(34) oII;, (t,7), 115, (£,7)) < roo(T,7).

By an induction argument for all (%,3),(7,2) € Y there is a sequence
1y -+, Jm such that

o(ITs: ! 5 (®,5), 50 5 (9,2) = (I 5 (%), 5T 4 ()
<rg'o(@,y) < rg'o((T,5), (¥, 7))
By continuity for all (%,5),(7,z) € F there are neighbourhoods O ) of
(7,5), Oz of (7,%) and Of of £ such that
(35) o(IT5m % (w,s), Ly (y, 2)) < rgol(w, 5), (y, 2)) + /4
< rgtdiamgF 4+ ¢/4 < e/2

for (z,s) € Oz3), (y,2) € Ogz), ti € Of, where jy,...,jm depend on T,7.
Since F? is a compact set, there is a finite covering

(36) (Oar.51) X Oy ) U+ U (O 5) X Oyy.z)) D F2.

Let g1, 2 € M1(Y). By the Prokhorov condition there is an integer
7 = n(p1, p2) such that

P'up(F)>1/2 forn>n.
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Set 7, = P7uy. Then (f7; X Tiy)(F?) > 1/4 and according to (36) there is
an integer j = j(u1, p2) such that
(ﬁl X ﬂQ)(O(HC]',Sj) X O(yj,zj)) > 1/(4q)
and consequently, since each 71, is a probability measure,
1(0).) 2 1/(),  12(Og,2)) = 1/(40)
Let iy,...,%, be the sequence corresponding to x;,y;. Write for simplicity
O1 =0y, ,s;)s O2 = Oy, ;) and define A = A; U Ay where
Ay = {ﬁfzfi (z,8): (z,s) €O and t; € O for L € {1,...,m}}.

Using (33) and (35) we may evaluate the diameter of A in the g, metric:

diamg_(A) = diamge,(A) < p(diamgA) < p(e) = &1.
Let ng =71 4+ m. We have

P us(A) = PP (A) = (0710, T) > (0L, ).
Using equation (32) we obtain
P ug(A)

?klvnwknz R+ R+
———’

X 1a, (I} (@, 8))a™ et =Ftm) gty dt,, dfi,, (z,s).
Setting
o=inf{p;;(z) 2z €Y, i,je€{l,...,N}},
we may estimate Py (A) as follows:

Proug(A)
zams S S 1Ak(ﬁ§;z:::fi(x,s))ame*a(tﬁ”'*tm)dt1...dtmdﬁk(az,s)
YRy Ry
—_———
> o™ S S S lAk(ﬁﬁz_‘_‘_‘Z(az,s))ame_“(t1+"'+t7")dt1...dtm dpi(x, s)
Oy 0;  Of
———
m

= amﬁk(Ok)< S ae” dt>m.
O¢

On the other hand, 7, (Ox) > 1/(4q), thus condition (iii) is satisfied with

1 m
8= —O’m( S ae” dt) )
4q o
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As a consequence the operator P is asymptotically stable in the metric
space (Y, o0p). But the metrics g and oo define the same space of continu-
ous functions C (Y) and the weak convergence of a sequence of measures in
(Y,9) and in (Y, pop) is the same. This proves that P is also asymptotically
stable in (Y,2). =

Proof of Theorem 2. We first show that
(37) lim (T f=Ffip) =

From (20) we have

(38) Thf( g Z F(IT(h — t, Iy (t, ), 8)prs (I (t, 2))ae dt

0s=1
+ f(ITy(h,z), k)e~ " +e1(h), feC(Y).

Now, we evaluate the integral on the right hand side of (38). Denote by C
the subspace of C'(Y) which contains functions f : Y — R such that

[f (@, k) = fy, k)| < Lglle —yll - for (z,k), (y,k) €Y,
where Ly is a constant. Assume that f € Cz. Then
|f(Is(h =8, I)(t, @), ) = f(IT(t, @), 5)]
= [f(ILs(h = t, IT.(t, x)), ) — f(ILs(0, I} (t, 7)), 5))|
< LylMIs(h — t, My (t, ) = I1:(0, Iy (¢, @) -
Since there are 6,y > 0 such that
| IIs(T,x) — II5(0,z)|| <yr forx €Y and 7 < 0,
we obtain
|f(IIs(h —t, (t,x)),s) — f(IIx(t,x),s)| < Lyy(h—t) for 0 <t < h <o.
Thus

(39) SZ FUTL(t, ), 8)prs (i (t, 2))ae ™ dt
0s=1

+ f(ITx(h,z), k)e™ " + 5(h)

and limj_gez(h)/h = 0. On the other hand, since y, is P-invariant, we
obtain

<Thf7 N*> - <f7 N*> = (UThf7 :u'*> - <Uf7 :u'*>
where the operator U : B(Y) — B(Y) is given by (16).
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From (16) and (39) we obtain
(40)  UT"f(x, k)

oo N
+ S Z f(Is(h, II4(t, ), S)e_“hae_atpks(x) dt + eo(h).
0

Denote by I!'f and I} f respectively the first and second Sgo integral in (40).
Thus

oo N h N
15 (k) = | SOUSC AT + ), Dpai (Ta(r + ,2))
0 s=10i=1
X prs(T a’e ) qr dt,
oo N
Dz, k) = S Zf(ﬂs(t,x),s)ae*“tpks( ) dt.

and

B
= a3 fas)pus(e) +ea(h)

where limy, o &;(h)/h = 0 for i = 3,4. We consider the operator Q : C(Y) —
C(Y) defined by

N

Qf 1) =ad_ fly,d)puly) for f € C(Y).

i=1

Now I f and I} f — U f may be written in the form
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IV f(a,k) = RUQf (x, k) + e3(h),
I3 f (e, k) = Uf(x,k) = —hQf (z, k) + ea(h).
Consequently,
UT" f(x, k) — Uf(x, k) = hUQf(z,k) — hQf(z, k) + e3(h) + e4(h).
Furthermore,

S| =
S

and

(Thf - f7 N*> = (UQf - Qf7 N*> + %<E3(h’) + 54(h)=ﬂ*>
for f € Cr and h < 4.

IS

Taking the limit as A | 0 we obtain
1 —
(41) lim 2 (1" f = f.u) = (UQf = Qf.pn)  for f € Cr.
On the other hand, since y, is invariant with respect to P, we have
From this and (41) we obtain
(42) (Af, i)y =0 for feC'nC,
where A denotes the infinitesimal generator for the semigroup {1"};>¢ and
C'={fecC): f(-,k) € C}(Y) for every k € {1,...,N}}.
Moreover,

<%th,u*> — (AT'f.p) for feC.

Thus
(T f, ps) = const = (f, ).

From this and the definition of the semigroup {P'};>0, we finally obtain
<f>Pt1u*>:<fmu*> fOI‘fGClmcl:

and consequently Plu, = u, fort > 0. m

Proof of Theorem 1. By Theorem 4 the operator P given by (17) is

asymptotically stable. Thus there exists an invariant measure fi, such that
lim (f,71,) = (f,7,) for f € Co(Y)

where i, ; = Pfi,,. Hence

(43) lim | f(2,)dm, (z,9) = | f(x,i)dp.(z,i) for [ € Co(Y).

Y Y
Further, for every f € Cy(Y) we define fj Y —-Y,j=1,....,N, by
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= ~ | flx) fori=j,
fj(:E’Z)_{O for i # j.

It is evident that f; € Co(Y). From (43) it follows that

=1y J=1y

N
nan;oZ S fi(z,i)dn ZS (@, i) di, (x,1).

Consequently,

N N
Jim > f@)(de x {7}) = 3 f @) (de x {5}).
j=1 Jj=1

Setting . (A) = Z;.V:l . (A x {j}) for A € B(Y) and using the definitions
of i, and 1, we finally obtain

Jim  £(a) () = § £() . (d).
Y

Y
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