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Elementary proofs of the Liouville and B6cher theorems
for polyharmonic functions

by EwA LicockA (Warszawa)

Abstract. Elementary proofs of the Liouville and Bocher theorems for polyharmonic
functions are given. These proofs are on the calculus level and use only the basic knowledge
of harmonic functions given in Axler, Bourdon and Ramey’s book.

0. Introduction and preliminaries. The Liouville and Bbécher theo-
rems are not a new subject. We found over 150 papers about the Liouville
theorem for solutions of various (mostly elliptic) differential equations. The
Boécher theorem is somewhat less popular. Besides the classical case of har-
monic functions, we found [4] and [5], where the Bocher theorem was proved
for solutions of elliptic equations ([4]) and some quasielliptic system of equa-
tions ([5]). There is also [3], where the Bocher theorem for solutions of the
Laplace—Beltrami equation was studied. While reading the excellent book
of Axler, Bourdon and Ramey [2], we discovered that one can prove the Li-
ouville and Bécher theorems for polyharmonic functions, using the facts and
ideas on harmonic functions given in that book. We must add only some
elementary calculations. Our proofs will be on the calculus level.

We start with the following

0.1. DEFINITION. Let {2 be an open set in R™. A function w : {2 — R is
m-polyharmonic iff A™u =0 on 2, where A"u = A(A(... Au)) (m times),
and Au =377, 9%u/dx7 is the Laplace operator.

Let us next recall

0.2. THEOREM (Almansi formula, see [1], Chapter V). If u(z) is a func-
tion m-polyharmonic on the ball B(0, R) then there exist functions hg,. ..
.y him—1 harmonic on B(0, R) such that

u@) = 3 h(@lef® (11 = (322) ™).
k=0
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In the sequel we shall prove the analogous formula for annular domains.
We shall also use the Laurent series for harmonic functions (see [2], Chap-
ter 10):

0.3. THEOREM If h(z) is harmonic in an annular domain A(R,r) =
{z e R":r < |z| < R} then

ZPA%)—}-Z% for n > 2,
h(ZE) _ 1=0 7=0

o0 o0 Q:(x)
sz(x) +Z]w\”]+m +cln|z| for n=2.
i=0 j=1

Here P; and Q; are i-homogeneous and j-homogeneous harmonic polyno-
mials, respectively, and the i-series converge for |x| < R, while the j-series
for |x| > r.

1. The Liouville theorem. We start with the following.

1.1. THEOREM (Liouville theorem). Let u be an m-polyharmonic function
on R™. Assume that there exists R > 0 such that u(x) > 0 if |z| > R. Then

m—2

u(x) = el + Y Hom-or—a(x)|z*,
k=0
where Ho,p, oo 18 a harmonic polynomial of degree at most 2m—2k—2. The
leading homogeneous term of u is equal to c|:E|2m*2+EZ:02 Qom—2k—2(x)|z|?*
where Qom—ok—2 15 a (2m — 2k — 2)-homogeneous harmonic polynomial.

Proof. The proof will follow the simple idea of Nelson [7], which was
also used in [2].

Let u be as above. By Theorem 0.2, u(x) = 2:01 hi(z)|z|?*, where
hi(x) is harmonic on R™ for each k.

Assume that |z| > R and put h(y) = Z:Ol hi(y)|32|?*. Note that h(y)
is harmonic in y and h(y) = u(y) if |y| = |3z|. Thus h(y) > 0 on B(0, |3z|)
and by the maximum principle h(y) > 0 on B(0, |3z|). By the mean value
property we have

1
M) =hO) = B2 h
(z) — h(0) vol B(z, 2|x|) B( S2 ) v
1
1 h Y dVv,.
vol B(0, 2[x|) B(O,SQI:C) v

Since h is positive on B(0, 3|z|), we have
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1
[h(z) — h(0)] < m S h(y) dV,,
’ (B(2,2|z)UB(0,2|z]))\(B(z,2]x[)NB(0,2|z|))
1
= Sol B0, 2]2)) S hly) dv,y
’ B(0,3]z)\B(0,|x|)
—(3’”“")|x|: =0y = 37— 1m(0).
Thus we get the inequality

m—1

‘th |32 — Zh \335\%( th (0)[32]2.

This inequality is valid for each r € R" with |z] > R. Hence there exists
¢ > 0 such that

m—1

( Z e |3x|2k( < elz[?™?  for |z > R.

Let Ry > R. By the Cauchy inequalities for harmonic functions we have, for
each multiindex «,

m—1 m—
( 3 Dahk(o):a?’fR%k( < R

R\

This implies that each hy(z) must be a harmonic polynomial of degree at
most 2m — 2k — 2. In particular, A,,_1 = const.

2. Polyharmonic functions on annular domains

2.1. THEOREM. Let u(x) be an m-polyharmonic function on an annular
domain A(R,r) = {x : R > |z| > r}. There exist harmonic functions hy,
k=0,...,m—1, on A(R,7) and j-homogeneous harmonic polynomials @, ;
on R” forn/2 <p<mand 0<j<p—n/2 such that

th e e S Y Qu@) e nal.

m>p>n/2 0<j<pu—n/2

If n is odd, or if n is even and n > 2m, then the logarithmic term does not
occur.

Proof. Let us state the following technical
LEMMA. Let @; be an i-homogeneous harmonic polynomial. Then
(1) AQil2*) = Qula|**(n + k — 2+ 20)k,
(2)  AQilz|" In|z])
= Qi|z|F 2 [(n + k — 2+ 2i)kIn|z| 4+ (n + 2k — 2 + 2i)].
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Hence
(3)  Qi=AP(Qilal?) .

— AP NQ; 2p
T 2l a2 2 P Q™).

Qi Qi 1
@ EF‘N<m8%>§;m+m—s—M4mm—@
=wmwww( < )

|$|s 2p

if s is odd orif s is even and s > 2p (we also assume that the denominator
does not vanish).

If s is even and 2p > s then there exist a,b € R such that

(5) = AP(Qila|* ™" (aln |z] +b)).

!l’\s

Proof. (1)-(4) can be proved by direct calculations; (5) follows from (1)
and (2).

We can now prove our theorem by induction on m. For m = 1 our
statement is obvious. Suppose that it is valid for m — 1. Let u be an m-
polyharmonic function on A(R,7). Then A™ 1y is a harmonic function on
A(R,7). We shall use Theorem 0.3 and expand A™ 1y in its Laurent se-
ries

(o)
71 _
A™ u—ZPi Z’ ‘n+2j — forn>2
i=0

or

AT U—ZP +Z| |n+2j 24—cha|x| for n = 2.

Our Lemma implies that

A ly(z) = A™ 1[213 N 2e(n,m — 1,i)

+Z!w\”+2ﬂ s—d(n,m —1,n+2j — 2,7)

if n is odd or n is even and n > 2m. The series are almost uniformly conver-
gent because the coefficients {c} and {d} are bounded as fuctions of ¢ and
j respectively.
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If n is even and 2m > n we have

A hy(z) = AT I[ZP )|z|*™ 2 e(n,m — 1,14)

+ Z jSp)d(n,m—l,n-l-?j—lj)

ji>m—mn/2 |gj|”+2.7_2m

+ > Qi@)|am ¥ gy x| + b)) |

0<j<m—n/2

The above formulae imply that u = hy,,_1|z|*" 2 4 u; if n is odd or n is
even and n > 2m, while

U= Py |2*™ % + Z Qjlz[*™ 2" a; In |z| + uy
0<j<m—n/2
in the other case. Here h,,_1 is harmonic on A(R,r) and uy is (m — 1)-
polyharmonic on A(R, ).
This proves our statement. (We write our formula for n > 2, but for
n = 2 the proof is the same.)

We now prove the following.

2.2. THEOREM. Let u be an m-polyharmonic function on an annular
domain A(R,r) = {x : R > |z| > r}. The function has in A(R,r) a Laurent
exTPansion

o
= ZSi Z | |n+2] 2m if n is odd or n is even and n > 2m,

S Tj(x)
=D _Si@)+ [z |rrei—2m
1=0 ji>m—n/2
+ Y Y Qui@T T
m>p>n/2 0<j<p—n/2
if n is even and 2m > n.

Here

e S;(x) is an i-homogeneous m-polyharmonic polynomial,
e T;(z) is a j-homogeneous m-polyharmonic polynomial,
e Q,.i(z) is a j-homogeneous harmonic polynomial.

Proof. We expand each hy from Theorem 2.1 in a Laurent series (see
Theorem 0.3). We obtain
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()E]W%Z&z+z%%%2>

if n is odd or if n is even and n > 2m, and

u(z) = Z || 2 < Z Py i(z) + Z |$ﬁ22iigj 2) + (logarithmic terms)

if n is even and 2m > n.
We define Sj(x) = 2:01 Py 1ok (7)|z|?* (x) with Py; = 0if i < 0. To
find Tj(z) we put ¢ = m — 1 — k and observe that
2 Qrj(x) |2 7Qp ()

|| t2i—2 - || Hiat2i—2m”

Hence, if we define Tj(z) = >_/= 01 Qki—24(z)(x)]z]?? we get the required
result. (We put Qp ; =0 for j <0.)

2.3. REMARK. Laurent expansions for solutions of elliptic differential
equations were studied in [8] and [6].

3. The mth Kelvin transform. Let u be a function defined in A(R, 7).
The mth Kelvin transform K,,(u) is defined on A(1/r,1/R) by

1 x
Kule) = (1)
We have

3.1. THEOREM. The function u is m-polyharmonic on A(R,r) iff K, (u)
is m-polyharmonic on A(1/r,1/R).

Proof. For m =1 Theorem 3.1 is classical (see [2]).

If

m—1
hk ‘LE ’ 2k
k=0
then

m—1
Z . o
Wk \fc!” am (W)

m—1 m—1
= S (1 ) = S o)

k=0

If u(z) = Qp j(z)|z|**~2~" In|x| then

Ko () (z) = @y () :

— . 2m—2
|z[2u=n " |g[n—2m In |z = =Qp,; (@) |z[*" In |z,
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By the Lemma from the proof of Theorem 2.1 we have
ATTH(Qp (@) In |z]) = Qpu,j(2)(aln |z] + D)
and

An/2+j—1(Qu7j(x)(CLln lz| + b)) = C%

is harmonic. In Theorem 2.1 we have j < u — n/2 and hence
A™(Qp (@) |z[P 7 Infa]) = AHA™TH(Qy 5 () [P In [x])
= A"(Qpu,(z)(aln[z] + b))
_ AR—n/2—j+1 Qu.j(7) _
= <CW> =0.
Hence Theorem 3.1 is a direct consequence of Theorem 2.1 and the classical

case m = 1.

3.2. REMARK. If n = 2m then the mth Kelvin transform is simply su-
perposition with the inversion map = — z/|x|?. Hence superpositions with
Mobius mappings preserve m-polyharmonicity in this case.

4. The Bocher theorem

4.1. THEOREM (Bocher theorem). Let u be an m-polyharmonic function
on a punctured unit ball B(0,1)\{0}. Assume that u > 0 on B(0,1)\{0}.
Then either u has a removable singularity at O or a pole with highest singular
term

Pop_o(z) + c|x|?m 2
|$|n+2m74 ’

where Py, _o(x) is an (m — 1)-polyharmonic, (2m — 2)-homogeneous poly-
nomial.

Proof. By Theorem 2.2, u can be expanded in a Laurent series on

B(0,1)\{0}.

1) If n > 2m then

© e Sj xr
u(z) = Zoﬂ(x) + Z_;) W%

Put
o Si(@)
ul(x) = T() + Z Wm
§=0
2) If n < 2m and n is odd then

0o [m—n/2]

Sj(x) Sj(x)
u(z) = ZTz(ﬂj) + Z ’x‘nin—Qm + Z ’x‘n-ij-Qj—zm‘
=0

7=0 ji>m—n/2
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Put

3) If n <2m and n is even then

u(z) = Y Til@)+ Y Y Qui@)z ¥ ]
=0

n/2<p<m 0<j<p—n/2

Sj(z
+ > \:c!”i%
j>m—n/2
Put
ur(z) =Tp + Qupzolnfz| + Y Wfi%
ji>m—n/2

(S; and T; are, as before, j-homogeneous and i-homogeneous m-polyharmo-
nic polynomials.)

In every case u(x) — uy(z) — 0 as x — 0. Hence there exists » > 0 such
that ui(z) > 0 on B(0,7)\{0}. Let us apply the mth Kelvin transform to
up(z). In the first case we have

Ko () () = # +38i)
7=0

(the last series converges for |z| > 1 and thus for all z € R™). Since
in this case Tp/|z["™?™ — 0 as © — oo, there exists R > 0 such that
Z;io Sj(z) >0 for || > R. By the Liouville theorem (Theorem 1.1),
Sj(z) =0 for j > 2m — 2 and

m—2
Sp—a(x) = clz|*™ 7% + Z Qam 22k (z)[x[**
k=0
where ¢ > 0 and Q2,,—2-—2r is a (2m — 2 — 2k)-homogeneous harmonic
polynomial.
In the second case

Ko (u)(@) = Tl ™"+ > Sj(a).
ji>m—n/2
For large |z| we have |Tp|- |z|*™~2 < |Tp| - |z|*™ 2. Hence we can apply the
Liouville theorem to the function |Tp| - |z]*™2 + > jsm—ny29j(x) and get
our assertion.
In the third case we have

Kp(u1)(@) = =Qupaolnlael + Y Sj(x).

j>m—n/2
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For large |x| we have |Q,, 2,0/ In |z| < c|z|?. We can again apply the Liouville

theorem to the function c|z|? +

jsm-ny29j(@). If m =1 and n = 2 then

2m —2 =m—n/2 = 0 and hence the singular part of the Laurent series can
be equal to ¢ln |z|, ¢ < 0.
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