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Remark on the equisingularity
of families of affine plane curves

by HA Huy Vur (Hanoi) and PHAM TIEN SON (Dalat)

Abstract. We give some criteria for the equisingularity of families of affine plane
curves.

1. Introduction. Let f, : C2 — C be a family of polynomials whose
coeflicients are polynomial functions of & € C". Consider the family of
affine curves V,, := {(z,y) € C? | fo(z,y) = 0}, @ € C". The aim of this
paper is to give certain necessary and sufficient conditions for the family
{Va}aecn to be equisingular. These conditions read as follows: apart from
the requirement that the curves V, satisfy Whitney’s conditions at each
common critical point (or equivalently, p,(V,) = const at such a point a,
where 1, (V,) denotes the Milnor number of the curve V,, at a) they need
to have good behavior at infinity (i.e., in a sense, V,, satisfy the so-called
Whitney’s affine conditions at infinity).

We now suppose that the affine curves V,, a € C", all have the same
critical points, say a; = (z;,1;) € C%, i=1,...,s.

1.1. DEFINITION. The family of affine curves V, is said to be equisingular
if for all a® € C” there exist a neighborhood U, of a® and a diffeomorphism
h such that h(a;, o) = (a;,a), i =1,...,s, and the diagram

{(1"7?/) | fao(x7y) = 0} X Uyo —ls {(-fU,y,OL) | fa(l'ay) = 0} mﬂ-il(UaO)

) | )

Us.o id Udo
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is commutative, where 7 is the second projection. Let I' := {(z,y,a) €

C%2 x C"| fo(z,y) = 0}.

1.2. DEFINITION. The family of affine curves V, is said to be good at
infinity if for each a® € C™, there exist ¢>0 and a neighborhood U,o of o
such that the tangent hyperplane T\, , g)(I'N{a = (}) is transverse within
the plane {a = 3} C C?xC" to the line {x = u, o = B} for all (u,v,) € I,
B € Uy, |u| > c.

1.3. REMARK. (a) Although the above definition is based on a specific
(and explicit) choice of the line {x = u, a = [}, it is easily seen that we
can choose {l1x + loy = lyu + lov, a = B}, (I; : Iy) € CP!, instead.

(b) By definition, the family {V,},ccn is good at infinity if and only if
there exist ¢ > 0 and a neighborhood U,o of a® such that

0

% #0 forall @ € Uy, z,y € C with |z| > ¢, fo(z,y)=0.
Y

(c) The following assumptions will be made throughout this paper:

e the curves {f,(x,y) = 0} are all reduced,;
o d:=deg(fa) = degy(f@)'
The second assumption implies that the restriction map
l’Va : VOt _>(C7 (x,y)l—>x,
is proper. Let d(x, «) := discy(fo(x,y)) be the discriminant of f, with re-

spect to y. Then we can write
0(z,a) = qr(a)z” + gr-1(a)z" '+ ..+ qo(a), g #0,

where ¢;(a), 1 =0,..., k, are polynomials of a. Therefore, by the properties
of resultants, the family {V, },ccn is good at infinity if and only if g, (a) =
const # 0.

2. The main result of this paper is the following theorem.

2.1. THEOREM. Suppose that the affine curves V,, a € C™, have the same
critical points, say a; = (z;,y;) € C?,i=1,...,s. Then the following two
conditions are equivalent:

(a) the family {Vy}aecn is equisingular;

(b) pta; (Vi) = const, i = 1,...,s; and the family {Vy}accn is good at
infinity.

For the proof we need the below lemma.
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2.2. LEMMA ([4]). Let there be given a polynomial F of two complex
variables and the map
1:C2—~C, (a,y)—u

such that the restriction map |y, V :=F~1(0), is proper. Moreover, suppose
that the curve V is reduced. Then

X(F~1(0)) = d — degdisc, F(z,y),
where d := deg, (F) and x(F~'(0)) is the Euler characteristic of F~1(0).

Proof of Theorem 2.1. (a)=(b) is easy. Indeed, the Milnor number is a
topological invariant for isolated curve singularities [5]; hence,

ta, (Vo) =const, i=1,...,s.

Moreover, by the definition of equisingularity, x(V,) = const. Therefore,
according to Lemma 2.2, g;(«) = const. So the family {V,, }oecn is good at
infinity by Remark 1.3(c).

(b)=(a). We denote by grad f the vector grad f := (9f/0x,0f/0y), so
the chain rule may be expressed by the inner product df/dv = (v, grad f).

Assume that o® € C™. Since g, (V,) = const, i = 1,...,s, there exists a
neighborhood U,o of a® such that the family {V,, }accn satisfies Whitney’s
conditions along {a;} x Uyo at a;, i =1,...,s (see [6], [2]). Thus there exist

closed balls D; small enough centered at a; such that D; N D; = 0@ +#37)
and there exist integrable vector fields £ (x,y, ), 7% (z,y,a), i = 1,...,s,
7 =1,...,n, nowhere zero on the set

Il :={(z,y,a) € Di x Uyo | fo(z,y) = 0}

such that the following equations are satisfied:

=y 8fa
<£ ]($7y7a)7gradfa(x7y)> + 8704]

(Ji,y) =0,

<ﬁij(‘xv Y, Oé), grad fa(wvy» + \/ng‘(x,y) =0,

J

for all (z,y,a) € {(z,y,a) € dD; x Ugo | fo(z,y) = 0}. Moreover, by the
same method as in [4], integrating the above vector fields, we can get the
diffeomorphisms h;, i = 1,..., s, such that the diagrams

{(:E,y) €D; ‘ fao(xvy) = 0} X Ugo i>{((l),y,0&) €D; x Uyo ‘ foc(xay) = O}

I | lﬂ

Upo id Upo

are commutative and h;(a;, @) = (a;, a).
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Further, by Remark 1.3(b), there exist ¢ > 0 and a neighborhood of a?,
which we may assume to be precisely U,o, such that

(1) Baﬁl #0 forall (z,y,a) € [ U {2,
Y

where
Tpo :={(z,y,a) € C2 x C" | fo(2,9) =0, a € Upo, |2| > ¢}
and (2 is an open neighborhood of the set
{(z,y,0) € C> X C" | folz,y) =0, a € Upo, |z| =c}.
On the other hand, one has

(2) gradfo, #0 for all (z,y,«a) € ((C2 \ U 131> X Ugyo
i=1

with fo(z,y) =0, |z| <ec.
From (1) and (2) we conclude that there exist smooth vector fields
& (w,y, ) = (& (2,9, ), 8(z,y,)),
W (z,y,a) =l (z,y,a),m(z,y,0)), j=1,...,n,

such that
Ofa

Pa;
(0 (x,y, ), grad fu(z,y)) + \/jg{:(x,y) =0,

j
on the set X := {(z,y,a) € C2 x C" | fo(z,y) =0, a € Upo}, and

d@y,0) =0, (z,y,0) =0,
for all (z,y,a) € Iy U S2.

Furthermore, the restrictions of & (resp., n?), j = 1,...,n, on I,

({j(:c,y,a),gradfa(x,y»—i— (l‘,y) :07

i =1,...,s, are precisely ¥ (resp., 7/). (We can construct such vector
fields locally and then extend them over X by a smooth partition of unity.)
The resulting vector fields on X are the ones we are looking for. Using them,
we may follow again the method of [4] to obtain the global diffeomorphism
h such that the diagram

{(l‘,y) | fQO(.’L',y) = 0} X Ugo —ls {(:U,y,oz) | fa(xvy) = 0} ﬂﬂ-il(UaD)

) | )

Uso id Uio

is commutative and h’Diano =h;, i =1,...,s. The theorem is proved. =m
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2.3. REMARK. By definition and the above theorem, it is reasonable to
say that the family {V, }neccn satisfies Whitney’s affine conditions at infinity
provided it is good at infinity.

3. In CP? we consider the family of curves
Vo={(z:y:2) e CP?| 2%f,(x/2z,y/2) =0}, aecCm

Clearly, V, is the compactification of V. From now on we make the as-
sumption that B := V, N {z = 0} C CP? is a finite set, say {b1,...,0m},
i.e., the degree d homogeneous parts of f, are independent of .

3.1. LEMMA. Suppose that the Milnor numbers of V, are independent
of a, i.e., Y,y Ha(Va) = const. Then

m

X(Va) = x(Vao) =D [, (Vi) — s, (Vo).

j=1
Proof. According to [3],
X(Va) = x(Va) —m

=2- (d - 1)(d - 2) + Z Ma(Va) + Z/’Lb]'(va> - m,
a€Vy j=1

which completes the proof. m
From Theorem 2.1, we obtain the following corollary.

3.2. COROLLARY. Under the hypotheses of Theorem 2.1, (a), hence (b),
s equivalent to

(¢) pa, (Vo) = comst, i =1,...,s, and py, (Vo) = const, j =1,...,m.

Proof. We need only prove (b)<(c). From Lemma 2.2 and Remark
1.3(c), the family {V, }aeccn is good at infinity if and only if x(V,) = const.
But, by Lemma 3.1, this is equivalent to

m —_
>~ i, (Vi) = const,
=1

or equivalently (using the semicontinuity of the Milnor number),
po, (Vo) =const, j=1,...,m. =

3.3. REMARK. According to [6], [1] and [2], pp,(Va) = const, j =
1,...,m, if and only if the family {V,}accn satisfies Whitney’s conditions
along {b;} x C"™ at b;. In the case of a family of affine plane curves, the
equisingularity is therefore equivalent to Whitney’s conditions at each com-
mon singular point of the curves (including such singular points at infin-

ity).
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