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Invariant measures and the compactness of the domain

by MARIAN JABLOKNSKI (Krakéw) and PAWEL, GORA (Montreal)

Abstract. We consider piecewise monotonic and expanding transformations 7 of a
real interval (not necessarily bounded) into itself with countable number of points of dis-
continuity of 7’ and with some conditions on the variation Vio,z)(1/ |7'|) which need not be
a bounded function (although it is bounded on any compact interval). We prove that such
transformations have absolutely continuous invariant measures. This result generalizes all
previous “bounded variation” existence theorems.

1. Introduction. One of the most important problems in ergodic theory
is the existence of an invariant measure for a dynamical system.

The topic of this paper is the existence of an absolutely continuous in-
variant measure for dynamical systems generated by a piecewise expanding
transformation of an interval (not necessarily bounded). There are many
results in this direction. The first one is Rényi’s existence theorem ([Re]) for
7:[0,1] — [0, 1] given by

7(z) = ¢(z) (mod 1),
onto

where ¢(z) : [0,1] = [0,n] for some n € N, ¢ € C?, |¢'| > X > 1.

The next significant step was made by Lasota and Yorke [LY] as well
as Kosyakin and Sandler [KS], who proved the existence theorem for 7 :
[0,1] — [0,1] piecewise C2 and |¢'| > X > 1.

The Lasota—Yorke theorem has many generalizations. One of them was
given by Wong [Wo], who assumed that 7 is piecewise C'! and Vio 1)(1/[7']) <
oo. Rychlik [Ry] extended Wong’s theorem to a class of transformations with
countable partition on a bounded interval. Another generalization of the
Lasota—Yorke theorem was given by Keller [Ke] using a kind of generalized
variation.

An extension of the Lasota—Yorke theorem in another direction was given
by Lasota and Jabtoniski [JL] who assumed that 7 is a transformation of R
onto R.
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It seemed that the Lasota—Yorke, Rychlik and Lasota—Jablonski theo-
rems differ essentially from one another, namely in the countability and
finiteness conditions for the corresponding partitions and the compactness
conditions for the interval in question, and the questions were:

(a) Is it possible to state in a natural way a theorem which will imply
the Lasota—Yorke, Wong, Rychlik and Lasota—Jablonski theorems?

(b) A very old question: is it possible to weaken the assumptions con-
cerning 7 without loosing the existence of an absolutely continuous invariant
measure?

In 1986 Schmitt [Sch] introduced the following global oscillation condi-
tion.

Let 7 : A — A be a transformation of an interval into itself and let J C A
be a subinterval; then we define the oscillation of T over J as
maxy |7'| — miny |7’|
|

osc, |7'] = miny |7

Now, let {I;}52, = PO be a partition corresponding to 7 such that

a) I;, 7 =1,2,..., are open intervals,
b) Iiﬂlj:(b, ENR
¢) m(A\ U;2, I;) = 0 (the union of I; is almost equal to A),

d) 7|, is of class C1, i =1,2,...
The global oscillation of T is > .-, d,, where

d, = sup oscy|T'|,
Jep)
and

P = \"/ T (PO) = { ﬁ T i) s Ly € PO, gy € Nn}
=0 =0

For piecewise C'! transformations with bounded global oscillation and finite
partition corresponding to 7 Géra [G6] proved the existence of an absolutely
continuous invariant measure. Later Jablonski, Géra and Boyarsky [JGB]
proved the following theorem which is a generalization of the results of
Gora’s and Jablonski—Lasota as well as an extension of the result of Rychlik.

THEOREM. Let 7 : A — A, where A is an interval, satisfy the following
conditions:

(i) There is a family of intervals {1;}52, such that
(a) I; is open and I; C A,
(b) LI, =0 fori # j,
(c) sup;>y m(l;) < oo,
(d) m(A\UZ, L) =0,

(i) 7; = 7|71, is of class C1,
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(iii) |7/ > A > 2,i > 1,
(iv) the global oscillation is bounded,
(V) sup;s |11 ()] is integrable on A where 1; = 7,1,
)
)

1

(Vi) supgen sup;sy [¢5(2)]/m(li) = k < oo,
(vii
/
sup S M:k(u)HO as u — 00.
izl |z|>u m([l)

Then there is an absolutely continuous T-invariant finite measure.

The statement of the above theorem is independent of the finiteness
of the corresponding partitions and the compactness of A and implies the
Gora and Jablonski-Lasota theorems as well as an analogue of the Rychlik
theorem.

However, there are transformations with unbounded oscillation which
have finite absolutely continuous invariant measures. The following example
provide us with such a transformation.

ExAMPLE 1. Let x¢ be such that

xo 1
240—— |dt=1
§< * lnt> ’

and let

§<2+5 i)dt 0<z< o,
0

r(z) = Int

A(z — z9) (mod 1) =z € [z9,1], A > 2,
where 6 > 0. Then 7 : [0,1] — [0,1], 1/|7’| is of bounded variation and the
global oscillation is = Y 1/n and thus unbounded. By the Lasota—Yorke
theorem 7 has an absolutely continuous invariant probability measure.

In this paper we prove an analogue of the Jabtoniski-Géra—Boyarsky the-
orem under some assumptions on the variation Vg ;)(1/|7’|) instead of the
boundedness of the oscillation. In particular, these assumptions imply that
Vi(1/]7'|) is bounded for any compact interval I. In Section 3, modifying
7 from Example 1, we will construct a transformation which satisfies as-
sumptions of Theorem 1 of Section 2 but does not satisfy the assumptions
of any other existence theorem. This means that Theorem of [JGB| and the
result of this paper are not equivalent and that Theorem 1 is an essential
generalization of all previous “bounded variation” existence theorems.

Let us recall here the definition of the space BV(A), which will be used
below:

BV(A)={f e L'(A):3g € L'(A), g = f ae., Vig < o0}.



16 M. Jabtloniski and P. Géra

2. Main result. Let 7 : |J;2, I; — A be a transformation satisfying the
following conditions:

(1) I, i=1,2,..., are open intervals, I; C A,

(2) LnI;=0fori#j,

(3)  sup;>y m(l;) = L < oo, where m is the Lebesgue measure on R,

(4)  Ais an interval, not necessarily bounded, and m(A \ |J;2, ;) = 0,
(5) 1 =T, is of class cti=1,2,...,

6) |7 =A>2i=12,...,

(7)  There exist constants M, d,71, 72,73 such that 2/ A +v1 +v2 +v3 < 1

and
(a) for any i € Jy, where J; = {i € N: V;,(1/|7'|) < Mm(I;)}, and
for any points x,z’ € I; with |z — 2’| < §, we have

1
Vv[x,m’] m <713

(b) 2> s, Vi l(1/7")| < 72, where Jo = N\ Ji,
(©) 2ics (¥i(r(ai)l + [¥i(7(b:))]) < s, where
Js ={i € N [i(7(as))| > M - m(L;) or [yi(r(b))| > M - m(I;)},
and ¢; = 7, !
(8)  There exist Wy, Wo C N, Wi NWy =0, W7 UWy =N, such that the
functions supyey, [¢ (2)|/m(I) and >, oy, [¥5 ()| are integrable.
THEOREM 1. Let 7 : |J;2, Ii — A be a transformation satisfying condi-
tions (1)—(8). Then there exists a finite absolutely continuous measure p on
A invariant with respect to T.

REMARK. The theorem remains true if an iterate 7% of 7 satisfies condi-
tions (1)—(8). In particular, it is enough to assume A > 1 in condition (6) if
the iterate 7% satisfies (7) and (8).

LEMMA 1. Let 7 satisfy conditions (1)—(8). Then there exist constants
0<a<1landC >0 such that

VaPof <aVaf+C|flh
Proof. For f € BV(A) the series below are convergent and we have

9) VaP.f=Va ) f(i(x))]e(x)|

i=1

i=1

+ 3 (If (@)l - [ ((@a)| + [F(Ba)] - [5(7(b:))]) = S1 + S,

=1
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where I; = (a;,b;). Since Voy|vi| = Vi, (1/|7']) < co we can assume
Pi(7(ai)) = 0 (¥(7(b:)) = 0) if 7(a;) = Fo00 (7(b;) = +00).
For every h : [a,b] — R with V], 3k < oo there is ¢ € [a, b] such that

b

1
@ T {7 dm.

h(c) <
For such ¢,
[h(a)] < |h(c)] + Via,qgh and  [h(b)] < [h(c)| + Vieph-
Therefore, for each ¢ > 1 and appropriate ¢; € [a;, b;], we have
(10)  [f(aq)| - [¥i(r(a:)) + | f(bi)] - [i(7(Ds))]
< (1f (el + Viag,ea £) [¥i(T(ai))| + (1f ()] + Ve, o £ 3 (7 (:))]

[ (r(ai))] ¥ i) 1
é m([a“bl]) S |f|d + ([a“bl]) axi |f| dm + X‘/[ai,bi]f'
Let J, = N\ J5. By (10) and (7)(c) we obtain
(11) S = Z(\f(ai)! |i( ()| + [£(Ba)] - 197 (D))
b; b;
(a; 1
3> (W’ z)>’a§m+’ - ‘GServaif)
+ Z sup\f\ i (7(@:))] + [ (7 (0:))])
i€ J3
<2M||fllh + = V wf+ < ”Jzyg) +VAf> "3

- Hg)vAﬂ (20 + 225 )

We have used the inequality supy |f| < || f|l1/m(A) 4+ Vaf (with || f|l1/m(A)
= 0 if m(A) = oco) which holds for functions in BV(A).
Now we estimate S;. Let § be as in (7) and y, = 7;(xx), where zy € I;.
If m(I;) < 0, we have

(12) T(I)( sz)’%‘
= SupZI £o ) (i)W (yi)l = (f © vi) (ye—1) Wi (ye—1)| |

T(Ikl

IA

U Z [(F o %) () [ o) — (F © %) (1) [ () |
i) =1
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+SupZ| o i) (Yr—1) 195 (ur)| = (f o %s) (ye—1) 15 (yr—1)! |

T(I)k 1
1
< —V B
< If+suzpkzllf Tg—1 |'\T’(wk)\ \T’(azkl)!'
1
< —VI f+ (sup\f\ SUPZ )\ B |7/ (z1—1)] ‘7

Zkl

9

where “Sup,(;,)” and “sup;,” indicate the suprema over all finite partitions

of 7(I;) and I; respectlvely
We now consider separately ¢« € J; and ¢ € Jo. If ¢ € Jp, then by
assumption (7)(a), we can estimate the left hand side of (12) as follows:

(13) Ve (f o ¥)[¢i]

1 ) 1
< leif + (12f |fl+ VIif)VIZ-T_,|

( LIS > +V1f V1| ]

1
< G +71>Vzif+MIS | f]-

<=
—A

If ¢ € J3, then in a standard way, we have

(14) Votao (F 0 )] < SVi,f +sup ] Vi, o
A kd

If m(I;) > 6, then there is a partition a; = ¢p < ¢1 < ... < ¢, = b; such
that

(15) <l¢j —cj1|<d forj=1,...,n;

N | S

We have
Vot (F o Wil = Ve .y (f 0 b2) W],
j=1

In the same way as in (12) we obtain

1
(16) VT(c] 1,03)( O¢z)|¢ | < )\V[c] 1,cg]f+( sSup |f|) lcj—1,¢5] | q = Ryj.

cj—1,¢5]

Once again we consider separately ¢ € J; and ¢ € Jy. If i € Jq, then similarly



Invariant measures 19

o (13) we have

Cj

S ’f’) V[cj,l,cj}

Cj—1

1
m([ej—1,¢;])

1
+‘/[C] 1703]f [CJ 1,65] | /|

(17) RZ] — )\‘/[Cj 1, Cj f+ <

I7']

1 2V, [1/7]
_‘/[C] 170]}f + f S |f| + ‘/[Cj_l,cj']f 71

Cj—1

1 2ML
< <X +’Yl>vcj 1,c]]f+T S ’f’

Cj—1

>

Cj

(the last inequality is a consequence of (15)). Summing up over j’s we get

(18) Ve (f owz>\wr<< +71>V1f+%81f!

If i € J, then similarly to (14) we have

1 1
1 i‘<_vc- c;i “Viej—1,e 70
( 9) RJ — )\ [],I,J]f—i_sip’f’ ‘/[J 1 J} ’T"

Summing up over j’s we obtain

(20) Ve (f o ¢l < V1f+Sup|f| VI| T

Summing up (13) over all i € J; such that m(I;) < J, (14) over all i € J
such that m(I;) <4, (18) over i € J; with m(I;) > ¢ and (20) over i € J,
with m(I;) > ¢, and using assumption (7)(b) we obtain

1 2ML
1) i< (57 ) Vs +supf]- e+ max (2550 ) 1]

< (5 )vas + (s + max (225, a0) sl

Finally, by (11) and (21), we get

2
VaP.f < (X +71+ 72 +’Y3>VAf

V3 V2 2ML
2M —W M .
(2 g+ iy o (B0 J 0
Setting o = 2/A + 1 + 72 + 73 < 1 and C' = 2M + ~v3/m(A) + v2/m(A) +
max(2M L/§, M) we obtain the assertion of the lemma. m
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LEMMA 2. If 7 satisfies (1)—(8) and B C L*(A) is such that
Vaf +fli<D
for some D, then P.B is weakly compact.

Proof. For given f € B we can choose points z; € I such that

Yo mIlf )] < (If (@) da
k A

We have
Pofl < Pl = ) o Z"”k 1)\ f (e ()|
3 "”’fj”))' W)+ Y k@) - @)
keW, k keWs
4 (@)
< sup TS kEZW m(I)lf ()] + sup || kEZW i (@

Moreover, by assumption (3),

> mI)If @) < Y m)(fWr(@) = f )l + £ (z))

keW, keW,
< LVif +|flli < (L+1)D,

and

I f1lx 1
wplf| < T+ Vas SD(m(A) +1>.

Hence, assumptlon (8) implies uniform integrability of the set P, B. =

Proof of Theorem 1. For every f of bounded variation with || f||; < oo
we have, by Lemma 1,

VAP " f <a"Viaf+ (@ ' +a" 2 +...+1)-C-|fl1

Thus for every n,
" C
VAPTf < 1 Hf”h
-«

and [[P7f[x < [ f]ls-

So, by Lemma 2, the set P.{P?f}5°, = {P?f}2, is weakly compact
in Ll( ). Since the set of functions of bounded varlatlon is dense in L'(A),
using the Kakutani Yosida Theorem we conclude that for every f € L'(A)
the sequence — z] 0 ' P f converges in L'(A) to a function Qf € L'(A),
and Qf is 1nvar1ant under P,. This completes the proof of Theorem 1. m
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3. Comparison with Jablonski—Lasota’s and Rychlik’s theo-
rems. For the convenience of the reader we restate the Jablonski-Lasota
theorem.

THEOREM (Jablonski-Lasota). Let {I;}32, be a partition of R and 7 :
R — R be a transformation such that:

(i) I; is an open set for each i € N;

(i) ;NI =0 forj #1i;

(iii) R\ UI is a countable set;

(iv) sup;, m(I;) = L < oo (the partition must actually be infinite);

(v) for any i, T; is differentiable and its derivative 7] is locally Lipschitz;
(vi) |7 (z )\>>\>1 ze Ul

(vil) 7;(1;) = R (a “piecewise onto” condition);
(viii) |7 (z)]/(}(x))? < My < oo (requires the existence of " on each I;);
(ix) w(x) = sup, |Yi(x)|/m(I;) is integrable on R.

Then the transformation T has a finite absolutely continuous invariant mea-
sure.

We will need the following lemma.

LEMMA 3. If 7 satisfies conditions (1)—(ix) of the last theorem, then any
iteration 7% of T also satisfies these conditions.

Proof. We give the proof for k = 2. The general case follows by induc-
tion.

The transformation 72 satisfies conditions (i)—(vii) trivially.

It is easy to see that {I;; = I; ﬂTi_l(Ij) i=1 1s the partition correspond-
ing to 72. Since

(7_2)// - "o - (7_/)2 ! or . - ' or 1 7!

(@Y? ~ Wer?- &P " @orP-@P  (Worp  For P

<M+1-M=2M

for x € I;;, 7% also satisfies (viii). Thus it remains to prove that 72 satis-
fies (ix).
First, recall that for any ¢ > 1 we have

sup,er, |44(2)]
e [@)] =

for some constant K > 0 (see [JGB|, Section 3).
The transformation 72 restricted to I;; is equal to 7; o 7;. Its inverse
1/11‘3‘ 'R — Iij is given by

bij = (rjor) =17 ot =40y
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We have
m(Ii;) = | [} dm = [}(&)] - m(I;),
I;
for some ¢ € I;. Thus, for any x € R,
i @I _ i@ @)l [ _ [5(
m(1i;) Wl m(L;)  — m(l;)’

and, consequently,

oy i)
i M)
is an integrable function. This completes the proof of the lemma. =

Now, we prove that the assumptions of the Jabtoriski-Lasota theorem
[JL] imply the assumptions of Theorem 1, i.e. that Theorem 1 is a general-
ization of [JL].

Let 7 satisfy conditions (i)—(ix) of the Jabtonski-Lasota theorem. By
Lemma 3, for every k, 7% also satisfies (i)—(ix) and there is k such that
(7F) > X > 2 for x € IF, where {IF}32, is the partition corresponding to
7. Therefore, in view of the Remark, we can assume that 7/ > X > 2.

Now, most of the conditions of Theorem 1 follow trivially from (i)—(ix).
We only have to prove condition (7).

Notice that if 7/ exists on the intervals I;, i = 1,2,..., then for any
t,s € I, we have

[ ‘ ™" ()
[@OF 76l (7€)

for some £ between t and s. By assumption (viii), this implies that

|t = s

(22) Vigan=r < My - o — 2|,

e ’|
for any interval [z,2'] C I;, i > 1. By inequality (22), 7 satisfies conditions
(7)(a) and (7)(b) with M = My, Jy = 0, o = 0, 1 arbitrarily small, and
0= Y1 /M

Fix an ¢ > 1 for a moment. Using (14) again we obtain

Vi il < My - m(I;).

Hence, since 7;(I;) = R (see (vii)), both the numbers [} (7(a;))|, |¥;(7(b:))]
are equal to 0. Thus, J3 = () and condition (7)(c) is satisfied trivially.

Now, we discuss the relationship between our result and that of Rychlik
([Ry])- Rychlik’s result is formulated in a very general way, but in the interval
case, the transformation 7 : A — A is such that m(A) < oo, supg < 1 and
Vag < 00, where, gjs =0, g = 1/|7'| on U;2; I;, S = R\U;2; I; and {I;}52,
is the partition corresponding to .
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Similarly to the previous considerations we can assume that Rychlik’s
transformation satisfies |7/| > A > 2 (an analogue of Lemma 3 is contained
in Corollary 1 of [Ry] and can easily be proved directly.) Since conditions
(1)—(6) are simple consequences of Rychlik’s assumptions we only have to
prove (7) and (8).

Rychlik’s assumption V (1/|7'|) < oo implies that

D Vi

i>1

and

D (Wi (a)] + [Wi(r(b:)]) < oo.

i>1
For arbitrarily small v, and =3 we can find ig > 1 such that the ig-tails of
the above series are less than 2 and 3 respectively. For the finite family
{I;};°, we can easily find M, § and 7, such that condition (7) is satisfied.

To prove (8) we use Rychlik’s assumption m(A) <oo. Let Wy = N. Then

we have

VY @) dm(z) <> V@) dm(z) = > m(I) = m(A),

Ak>1 k>1A k>1

hence the condition (8) is satisfied.

On the other hand, it is not too difficult to show that our conditions
imply Rychlik’s. So, in fact, for the bounded interval case, both sets of
conditions are equivalent.

The following simple example provides us with a transformation which
satisfies the assumptions of Theorem 1 but does not satisfy the assumptions
of any other theorem mentioned above.

ExXAMPLE 2. Let 7 : R — R be defined as follows. Let, as in Example 2

zo be such that
zo
| <2 +0— —> dt =
5 In

and let

(T 1
§<2+5——>dt, 0<z < o,
5 In

T(:E) = A(:E — ZEO), S [l‘o, 1], A>2

7(z) = 2tan (%) 2z €R\ (ZU0,1]),

where 6 > 0.
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