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Multiplicity of positive solutions for
a nonlinear differential equation
with nonlinear boundary conditions

by D. R. DUNNINGER and HAIYAN WANG (East Lansing, Mich.)

Abstract. We study the existence and multiplicity of positive solutions of the non-
linear equation u” (x) + Ah(z) f(u(z)) = 0 subject to nonlinear boundary conditions. The
method of upper and lower solutions and degree theory arguments are used.

1. Introduction. In this paper we are concerned with the existence and
multiplicities of positive solutions of the nonlinear boundary value problem

u”(x) + Ah(z) f(u(z)) =0, 0<ax <1,
(1) Bou = au(0) — pu'(0) = Ag1(u(0)),
Biu = yu(l) + 0u/(1) = Aga(u(l)).

By a positive solution of (1) we understand a solution u € C?[0,1] with
u > 01in (0,1). As a consequence of the maximum principle, our hypotheses
below will imply that every nonnegative solution of (1) is positive.

The main results follow.

THEOREM 1.1. Assume

(A1) o,0,7,0>0and o=~v0+ ay+ ad > 0.

(A2) X is a positive parameter.

(As)  h:[0,1] — [0,00) is continuous and does not vanish identically on
any subset (of positive measure) of [0,1].

(Ay) f:]0,00) — (0,00) is continuous.

(As) 91,92 :]0,00) — (0,00) are continuous.

(Ag)  foo =limy oo f(u)/u = 0.

Then there exists a positive number \* such that (1) has at least two positive
solutions for 0 < A < A*, at least one positive solution for X = \*, and no
positive solutions for A > A\*.
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THEOREM 1.2. Suppose f =0. Assume (A1), (A2), (As5) and
(A7) (91)oo = limy 00 g1(u)/u = 00, (92)o0 = limy—c0 g2(u)/u = occ.

Then the conclusions of Theorem 1.1 are valid.

Note that we do not require any monotonicity conditions on f, g1, gs.
Theorem 1.1 was proved for a variety of nonlinear differential equations
under homogeneous Dirichlet boundary conditions in [2, 4, 7, 8] and for a
system of differential equations under general homogeneous boundary con-
ditions in [5]. Related results for (1) can be found in [1, 3] and the references
therein.

Our purpose here is to study the influence of the nonlinearities in the
boundary condition. As a direct consequence of Theorems 1.1 and 1.2, we
can easily obtain corresponding results for positive radial solutions of the
following elliptic system on an annulus:

Au+ Ma(|z])f(u) =0 in0< Ry < |z| < Rs,

ou
2) au + 6% =Agi1(u)  on |z| = Ry,
9,
Yu + 56—Z =Ag2(u)  on [z = Ry,

where 9/0n denotes the outer normal derivative on the boundary.
Indeed, the search for positive radial solutions u = u(r) of (2) leads to

u”(r) + n- 1u’(r) + AR(r)f(u(r)) =0, Ry <r < Ry,

au(Rl) — ﬂu’(Rl) = )\gl (U(Rl)), ’YU(RQ) + (5U,(R2) = )\gg (U(Rg))

By applying the change of variables s = — SfQ(l /t"~1)dt, followed by the
change of variables t = (m — s)/m, where m = — ng(l/t”fl) dt, system (3)
can be brought into the form

u’(z) + Ah*(x) f(u(z)) =0, 0<z<l,

1-n 1—-n
B 0) = Aga (u(0)), yu(1) + 672

(3)

au(0) — 3 u'(1) = Aga(u(1)),

where h*(t) = m?r2= (m(1 — t))h(r(m(1 — t))). It is easy to check that
h* satisfies (A3), and that the corresponding condition (A;) is met.

In proving our results, we employ upper and lower solution methods
together with degree theory arguments. We establish Theorem 1.1 first.
Preliminary results are given in Section 2. In Section 3, an existence and
nonexistence result is proved. Upper and lower solutions are discussed in
Section 4. The proof of Theorem 1.1 is given in Section 5. Also in Section 5
we indicate the modifications needed in order to prove Theorem 1.2.
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2. Preliminaries. We first note that (1) is equivalent to the integral
equation
1
(4) ule) = MP(0), u(1)z + Qu(0), u(1))) + A | k(z, y)h(y) F(u(y)) dy
0

where
1 %
and k(z,y) is the Green’s function
_ 1O +i—2)(B+ay), y<u,
©) M) = 9{(ﬁ+am)(7+5—7y), T <y.

Consequently, (4) is equivalent to the fixed point equation
Tu=mu

in the usual Banach space X = C([0, 1]) with [jul| = sup,¢(o 1) [u(z)|, where
T:X — X is given by
1

(7) Tu(x) = AM(P(u(0), u(1)z + Qu(0),u(1))) + A | k(z,y)h(y) f (u(y)) dy.
0
We need the following elementary lemmas:

LEMMA 2.1. Suppose k(x,y) is the Green’s function defined in (6). Then
k(x,y) >0 for all x,y € [1/4,3/4],
(8) k(z,y) > i5k(z,y)  for all x € [1/4,3/4], y,z € [0,1].
Proof. Clearly,

1
k(z,y) > 5(5 + %) (5 + %) >0 forall z,y € [1/4,3/4].
Moreover, for x € [1/4,3/4], we have
1 [ (0+7/9(B+ay), 0<y<1/4,
k(x,y) 2 -

(6 +~/4)(B + a/4), 1/4 <y < 3/4,
B+a/4)(y+d—y), 3/4<y<1

On the other hand, for any z,y € [0, 1], we have

k(z,y) < =(B+ay)(y +6 —yy)

1
0
from which (8) easily follows. m

LEMMA 2.2. Consider P(s,t)x + Q(s,t), where P,Q are defined in (5).
Then

(9) P(s,t)x + Q(s,t) > min(Q(s,t), P(s,t) + Q(s,t)) > 0,
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(10) P(s,t)x + Q(s,t) < max(Q(s,t), P(s,t) + Q(s,t))
for all z in [0,1] and s,t > 0. Further,
(11) P(s,t)x + Q(s,t) > i(P(s, t)z + Q(s,t))

for all x € [1/4,3/4], z €[0,1], s,¢t > 0.

Proof. The estimates (9)—(11) follow easily from the linearity (in x) of
P(s,t)x+Q(s,t) for each fixed s,t > 0, and the nonnegativity of g; and go. m

3. Existence and nonexistence

THEOREM 3.1. Assume (A1)—(Ag). Then for \ sufficiently small, (1)
has at least one positive solution, whereas for X sufficiently large, (1) has no
positive solutions.

We shall need some lemmas to prove this result. It is obvious that the
operator T' defined in (7) is completely continuous. Let K be the cone de-
fined by

1
12 K = X :u> i >
(12) {u EXiuz0, _min ulw)> 16uuu}

and let C be the cone defined by
C={ueX:u>0}
LeEmMA 3.2. T(C) C K.

Proof. Choose u € C. Utilizing (8), (9) and (11), for = € [1/4,3/4] we
have

Tu(e) 2 A §(PCO) u(1)z -+ Qul0) ) + 15 VK )h) f(u(s)) d )
0

> iTu(z)

for all z € [0,1], and so

1
i T >
seiin  Tul@) 2 35

ie,T(u) € K;hence T(C) C K. m

The following lemma is well known and crucial in our arguments; see [6]
for proofs and further discussions of the fixed point index.

[T,

LEMMA 3.3. Let X be a Banach space and K a cone in X. For r > 0,
define K, = {x € K : ||z|| < r}. Assume that T : K, — K is a compact
map such that Tx # x for x € OK,..

(i) If ||z|| < [|Tz|| for x € OK,, then i(T, K,,K) = 0.
(ii) If ||z|| > [|Tx| for x € OK,, then i(T,K,, K) = 1.
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Proof of Theorem 3.1. In the following we set

M= max k(z,y) >0, m= min k(x,y) > 0.
(z,y)€[0,1]x[0,1] (w,y)€[1/4,3/4]x[1/4,3/4]
For ¢ > 0, let

Il)=M _max ([h(y)f(uw)dy) > 0.
0

u€K, |Jull=q
For any number ry > 0, let
K., ={ue K:|ul| <r}.
We then choose o > 0 so that
o<

2[(7‘1)
and
o max(Q(u(0),u(1)), P(u(0),u(1)) + Q(u(0),u(1))) <r1/2, ue€IK,,.

Then for A < o and u € 0K, we have, recalling (10),
1 : T1
Tu(w) < 2+ oM () f(uly)) dy < 3 +oT(r) <,

0

which implies
[T ()| < 71 = [full

for u € 0K,,. Thus Lemma 3.3 implies
(T, K, K) = 1.

Since fo, = 00, there is a p > 0 such that f(u) > nu for u > p, where n
is chosen so that
3/4
| h(y)dy >1.
1/4
Choose 1 > 16p and set K,, = {u € K : ||ul]| <r2}. If u € 0K,,, then

amn
16

1
min u(z) > —|ull = p

x€[1/4,3/4] 16
and for any x € [1/4,3/4], we have
3/4
Tu(z) > Am | h(y)f(u(y)) dy
1/4
3/4 g 3/4
> o | bty > 2] | niy)dy > u],

1/4 1/4
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which implies [|T'(u)|| > |Ju| for v € JK,,. An application of Lemma 3.3
again shows that
i(T, K, K) =0.

Since we can adjust r; and 79 so that T < T2, it follows from the additivity
of the fixed point index that (T, K., \K;,, K) = —1, and thus T has a fixed
point in K,,\K,,, i.e., (1) has at least one positive solution.

From (A4) and (Ag), there is a constant ¢ such that f(u) > cu for u > 0.
Let u € X be a positive solution of (4). By Lemma 3.2, u € K. Now choose
A large enough so that

Amc i
— S h(y)dy > 1.
16
1/4
Then for x € [1/4,3/4], we have
3/4 xme /4
u(w) > dme | hy)u(y)dy > Tl § h(y)dy > [ul,
1/4 1/4

which is an obvious contradiction. Hence (1) has no positive solutions for A
sufficiently large. =

4. Upper and lower solutions. We say that the function u € C2[0, 1]
is an upper solution of (1) if

' (z) + Mh(x) f(u(z) <0, 0<z<l,
Bou > Ag1(u(0)),  Biu > Ag2(u(1)),
and u € C?[0,1] is a lower solution if
W(2) + (@) f(u(x) 20, 0<z<l,
Bou < Ag1(w(0)),  Biu < Aga(u(1)).

We now establish several lemmas that will be used in the sequel. Let uw, u
be upper and lower solutions for (1) and define

f(@(x)),  w(x) =u(x),

fru(z)) = § flu(e), w(@) <u(z) <a(x),
fu(x)),  u(r) < ulz),
g1(u(x)), u(r) = u(x),

g1 (u(@)) = § g1(u(2)), wu(r) <wu(z) <u(zr),
g1(u(z)), u(z) < u(z),
92(u(x)), u(x) = u(x),

ga(u(x)) = § g2(u(2)), w(z) <u(r) <u(z),
g2(u(2)), u(x) < u(z).
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Consider the following problem:
u’(z) + A(z) f*(u(z)) =0, 0<z<l1,
(13) Bou = Agi (u(0)),
Biu = A\g5(u(1)).
LEMMA 4.1. If there is a solution u of (13), then u(x) < u(z) < u(zx)
for x € [0,1]. In other words, u is a solution of (1).

Proof. We first prove that u(z) < u(z). Suppose to the contrary that
u(xg) > u(xg) for some zy € [0,1]. Then there are four cases:

(i) u(xz) > u(x) for all z € [0,1]. In this case, we have

fru(x)) = f(u(x),  g1(w(0)) = g1(m(0)),  g2(u(0)) = g2(u(0))-
Therefore
(u—u)"<0, Bo(u—u)>0, Bi(u—u)>0,
which, by the maximum principle, implies the contradiction u(z) > u(x) for
all z € [0,1].
(i) u(z) > w(z) for all z € (a,1], where 0 < a < 1, and u(a) = u(a).
Then
(@—u)" <0 forall x € [a,1]
t(a) —u(a) =0, Ba(u—u)>0
which again implies the contradiction @(z) > u(z) for all z € [a, 1].

In a similar way we handle the other two cases:

(iii) u(z) > w(z) for all x € [0,a) where 0 < a < 1, and u(a) = u(a).

(iv) u(z) > u(x) for all z € (a,b), where 0 < a,b < 1, and u(a) =
u(a), u(b) =u(b).

By the same arguments we see that u(x) < u(x) for z € [0,1]. Since
u(z) < u(x) < u(z) for « € [0,1], it follows that f* = f, g7 = g1, 3 = g»,
and so u is also a solution of (1). m

LEMMA 4.2. If there exist upper and lower solutions @ and u of (1) with
u(x) <u(zx) for x € [0,1], then there is a solution u to (1) such that

u(z) <u(x) <u(x) for all z €[0,1].
Proof. Consider problem (13). The equivalent integral equation is

u(@) = AP (u(0), u(1))z + Q" (u(0), u(1)))

Pr(s, ) = 292() . 118 (e = (1O <Z> + Bg3 (1)
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and k(x,y) is the corresponding Green’s function. Let

1
T u(z) = AP* (u(0), u(1))z + Q" (u(0), u(1))) + A | k(z,y)h(y) f* (u(y)) dy.
0
Then 7% : C[0,1] — C[0,1] is completely continuous. Since f*, g}, g5 are
bounded, so is T*. By Schauder’s fixed point theorem, 7™ has a fixed point
u, which is a solution of (13). By Lemma 4.1, u is also a solution of (1). m

5. Multiplicity. Since we are seeking positive solutions, we shall make
the convention that f(u) = f(0), g1(u) = ¢1(0), g2(u) = g2(0) if u < 0.
We first need the following a priori estimate.

LEMMA 5.1. There is a constant by > 0 such that ||ul| < by for all
solutions u of (1) where X belongs to a compact subset I of (0,00).

Proof. Suppose there is an unbounded sequence {u,, } of solutions of (1),
and thus of (4), with the corresponding \,, belonging to a compact subset
of (0,00). By Lemma 3.2, u,, € K. Since fo, = 00, there is a p > 0 such that
f(u) > nu for u > p, where 7 satisfies

M3§4k 1 h(y)dy > 2 for all n
1 s 27?4 y)ay = .

Since |luy, || — oo as n — oo, there exists an N > 0 such that n > N implies

i () > a2
min Un T — [l
z€[1/4,3/4] " - nll =P

and thus
3/4
1 1
wn(5) 2 2§ E(ow ) Canl0)
1/4
3/4
An 1
> 220§ (5o )10 > 2
1/4
which is a contradiction. m

Now let I" denote the set of A > 0 such that a positive solution of (1)
exists and let \* = supI’. By Theorem 3.1, 0 < A\* < co. We claim that
A* € I'. To see this, let \,, — \* where A\, € I'. Since the A, are bounded,
Lemma 5.1 implies that the corresponding solutions u,, are bounded. By the
compactness of the integral operator T, it easily follows that \* € I.
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Let u* be a solution of (1) corresponding to \* and define

B fu (@) +¢), u(z)=u"(z)+e,
fu(z)) = { flu(=)), —e <u(z) <ut(z) +e,
f(_€)7 u(‘r) < —-&,

g (u*(z) +¢), ulz)>u*(x)+e,
gi(u(z)) = ¢ g1(u(x)), —e <u(x) <u'(z) +e,

g1(—e), u(z) < —e,

g2(u*(z) +¢), u(z)>u*(x)+e,
g2(u(z)) = ¢ g2(u(x)), —e <u(x) <u'(z) +e,

g2(—¢), u(z) < —e.

Pl.t) = aga(t) ; 751(8)’ O(s.t) = (y+ 0)g (Z) +652()

Consider
R={ueX:—e<u(z)<u"(r)+ec}
LEMMA 5.2. There is an € > 0, sufficiently small, such that if u € C0,1]
satisfies Thu = u for some 0 < X\ < A*, then u € (2.

Proof. It is clear that © > 0. To prove that u < u* + ¢, we first show
that u* + ¢ is an upper solution of (1). Since u* > 0, there is a constant
¢ > 0 so that f(u*(z)) > c for all € [0,1]. By uniform continuity, there is
an g such that

[f(u(@) + &) = f(u™(@))] < (A" = A)/A
for all z € [0,1], 0 <& < gp. Then
(u*+¢e)" = W) = =Nhf(u*)

= —Mf(u* +e)+ Ahf(u* +¢e)— hf(u*)]+ (A= XN)hf(u")

< = Af(u +e)+ ch(A" = A) +ch(A = X)) = =Ahf(u™ +e).
Thus

(u 4¢e)" + Mf(u*+¢) <O0.
By the same arguments, we can show that
Bo(u* +¢) > Ag1(u*(0) +¢), Bi(u"+e)> Aga(u(1) +¢)

for ¢ > 0 and sufficiently small. Therefore u* 4 ¢ is an upper solution of (1).
It follows from Lemma 4.1 that u < u* +¢. =
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Proof of Theorem 1.1. Let 0 < A < A*. Since u* is an upper solution and
0 is a lower solution, Lemma 4.2 implies the existence of a solution u) of
(1) such that 0 < uy < w*. Thus for 0 < A < A* a positive solution exists,
whereas for A > \* a positive solution does not exist. Moreover, uy € (2.
We next establish the existence of a second positive solution of (1).

Since T' A is bounded for A in compact intervals,
deg(I — Ty, B(uy, R),0) = 1

for R large enough, where B(uy, R) is the ball centered at uy with radius R
in C|0, 1]. If there exists a u € 92 such that u = Tv,\(u), then f = f, g1 = g1,
go = go, and so u is a second positive solution. Now suppose u # T \(u) for
all u € 902. Then deg(I — TA, 2,0) is well defined. Since Lemma 5.2 implies

T )\ has no fixed point in B(uy, R))\{2, by the excision property of degree we
have

deg(I — Ty, £2,0) = deg(I — T, 2,0) = 1.

On the other hand, by Lemma 5.1, all solutions of (1) are bounded for A in
compact sets, and thus

deg(I — T, B(0,M),0) = const

for M large enough. The latter degree must equal 0, since for A > A* no
solutions exist. Finally, by the excision property,

deg(I — Ty, B(0, M)\£2,0) = —1
and so a second positive solution of system (1) exists for 0 < A < \*. m

Proof of Theorem 1.2. Here we briefly consider (1) with f = 0. In this
case the equivalent operator equation is u = T'u, where

Tu(z) = )\<0z92(U(1)) —79:1(u(0) . (v +9)91(u(0)) + Bga(u(1)) )

1 1
If we replace the cone defined in (12) by the cone
K={ueX:u=axr+b>0, a,beR, z€]0,1]}

then it is obvious that T'(C) C K is completely continuous. Moreover, if
u € K, we note that

[[ul] = max(u(0), u(1)).

Now the proof of Theorem 1.2 proceeds along the same lines as that of
Theorem 1.1. More precisely, it suffices to replace the previous estimates on
f using condition (Ag) by the corresponding estimates on ¢g; and go using

(A7).
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