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On the graded Betti numbers
for large finite subsets of curves

by E. BaLLICO (Trento)

Abstract. We prove a recent conjecture of S. Lvovski concerning the periodicity
behaviour of top Betti numbers of general finite subsets with large cardinality of an irre-
ducible curve C' C P".

Introduction. In [5], S. Lvovski made a nice Periodicity Conjecture
(see [5], Conjecture 1.2, or the case B = () of our theorem below for its
statement) about the graded Betti numbers of general subsets with large
cardinality of a fixed irreducible curve C CP"™. He proved it in some cases
(e.g. for the lower Betti diagram ([5], Prop.5.1) or if C' is a rational normal
curve). He raised also a generalization of this conjecture (see [5], Conjec-
ture 1.3) which inspired the statement of our theorem. We will not use the
methods introduced in [5] and hence we will be able to work over an un-
countable algebraically closed field K with arbitrary characteristic.

To state our results we need to introduce the following notations. Set
P" := Proj(R) with R := K|Tp,...,T,]. For any closed subscheme Z
of P, let I C R be its homogeneous ideal and L,(Z) its minimal graded
free resolution. Hence Lo(Z) = R and L,,(Z) = 0 for m > n. If L, =
@b, R(—i— §)%4(%) | then the non-negative integers b;;(Z) will be called the
graded Betti numbers of Z. Our notations for graded Betti numbers agree
with those adopted by the program Macaulay and in [5]. Set §(Z):=max{j :
there is ¢ with b;;(Z) # 0}. Call §(Z) the index of regularity of Z.

For a very good introduction to the Koszul cohomology of finite sets and
linearly normal curves, see [2], §1, or [3], Introduction and §1, or [4], §1. We
only need the following fact. Let 27, 0 < j < n, be the sheaf of exterior
j-forms on P”. Fix integers n,i,k with n > 2,1 < i <n and k > 0. Let
A C P" be a closed subscheme such that hi(A, O4(z)) = 0 for every i > 0
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and every z > k — i; this condition is satisfied if dim(A) = 0. We have
bi;(A) = 0 for every j > k if and only if h' (P™, 2(i + k) ® I4) = 0.

THEOREM. Let C C P™ be an irreducible curve and B C C an effective
(or empty) Cartier divisor of C. Set d := deg(C). Let {P,}ien be a generic
sequence of points of C and for every m > 0 set X,,, := BU{Py,...,Py}.
Set t,, = min{j > 6(C): there is i with b;j(X,,) # 0}. Then there in an
integer m' such that for all integers m > m' we have ty1q = t,m + 1 and
if § > tm, then b j41(Xpmta) = bij(Xyn) for all i. Moreover, the periodic
pattern appearing for large m in the Betti diagram of X, depends only on
the integers d, g := pa(C), 6(C) and b := length(B).

Indeed our proof of this theorem will give some information on the graded
Betti numbers of X,, for large m. Furthermore, the proof will show that
the cases m+b+1—g=0moddand m+b+1—g =1 mod d are “easier”
than the cases with m+b+1—g=imodd and 2 <i < d.
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The proof. If P, € Creg, t > 1, and m > 1, set Y{m} :=> .., P;
and X{m} := B + Y{m}. Hence Y,, := J,<,-,, P and X,, := BUY,,
are O-dimensional closed subschemes of C, Y{m} is the effective degree m
Cartier divisor of C' associated with Y;, and X{m} is the effective degree
m+b Cartier divisor of C' associated with X,,,. Note that if m > g for general
P; the line bundle O¢ (Y {m}) (resp. Oc(X{m})) is a general line bundle of
degree m (resp. degree b+m) on C. A general L € Pic*(C) has h'(C, L) =0
(resp. h°(C, L) # 0, resp. it is spanned) if and only if w > g—1 (resp. w > g,
resp. w > g+1). Hence for every integer z we have h'(C, O¢(z)(—X{m})) =
0 if and only if 2d > b+ m + g — 1 and h%(C,Oc(2)(—X{m})) # 0 if
and only if zd > b+ m + g. Furthermore, O¢(2)(—X{m}) is spanned by
its global sections if and only if zd > b+ m + g + 1, i.e. if and only if
o (C,Oc(2)(=X{m})) =2d —b—m+1—g>2.

Fix an integer 7 with 0 < 7 < d. We are interested in the integers m
with m = ¢ mod d. Let a(i,m) be the first integer > 6(C') with m > d and
da(i,m)—m—b > g. The proof of our theorem will show that the inequality
m > d can be easily weakened. For general X,, we have h®(P" Ix, (t)) =
hO(P™ 1 (t)) if and only if t < a(i,m). Hence t,, = a(i,m). Note that
a(i,m—+d) = a(i,m) + 1. Thus we have proved that for general {P,;};cn we
have t,,+q =t + 1, i.e. the first assertion of the theorem.

Furthermore, the restriction map H®(P", Opn (t)) — H°( X, Ix,, (1)) is
surjective if and only if t > «(i7,m). By Castelnuovo-Mumford’s regularity
theorem, we have a(i,m) < §(X,,) < a(i,m) + 1.



Graded Betti numbers 285

If 0 <da(i,m)—b—m—g+1 <1, then Ix, cannot be generated by
forms of degree < «(i, m) and hence we have §(X,,,) = (i, m) + 1. The last
part of our proof concerning the values of h°(P"™, 2! (t +a(i,m))® Iy, ) and
RO(P™, 2%(t + a(i,m) + 1) ® Ix,, . ,) will show even in this case the equality
bi j+1(Xm+da) = bij(X,,), completing the proof of our theorem in this case.

If 2 < da(i,m) —b—m —g+1 < d, then a(i,m) is the first inte-
ger ¢ such that the part of degree ¢ of Ix, has X,, as scheme-theoretic
O-locus. If for all integers m > m’ with m = i mod d we have §(X,,) =
a(i,m) 4+ 1, then we have proved the assertion on the index of regularity in
the statement of the theorem for the integers m in the congruence class of
i modulo d. Hence we may assume the existence of an integer m > m’ with
m = i mod d such that 6(X,,) = a(i,m).

It is sufficient to prove that 6(X,,+q4) = a(i,m). As explained before the
statement of the theorem, the assertion 0(X,,) = a(i,m) (resp. §(Xm+d) =
a(i,m) + 1) is equivalent to the fact that for all integers ¢t with 1 <t <mn
we have ht(P", 21t + a(i,m)) ® Ix, ) = 0 (resp. h'(P", 2t (t + a(i,m) +
1)®1Ix,,.,) =0). By semicontinuity it is sufficient to show the vanishing of
these cohomology groups for a very special finite subset, X,,14, of C' with
B C X,, € X;ntq and card(X,,,14) = card(X,,) +d = b+m+d. We take a
general hyperplane H and prove that h' (P™, 2! (t+a(i,m)+1)®1Ix, ,,) =0
when X, 14 is the union of X,,, and of the hyperplane section H N C of C.
Note that Q2f(t + a(i,m) + 1)|H = Q4 (t + a(i,m) + 1) @ 24 (t + a(i,m)).

Since we assumed «(i,m) > d, the graded Betti numbers of C' N H in
H are all lower than c(i,m). Thus again by Koszul cohomology we have
HY(H,Xcnpn @ 2t + a(i,m) + 1)|H) = 0. Thus we obtain §(X,,4q) =
a(i,m) + 1 using the following short exact sequence:

0— Iy, ® 2'(t+a(i,m)) — Ix, ., ® 2t +ai,m) + 1)
— Icnm,a ® (2t +ai,m) + 1)|H) — 0.

The top graded Betti numbers of X,,, (resp. X,,+4) are uniquely determined
by the ordered set of ¢t + 1 integers h°(P", 2%(t + a(i,m)) @ Ix, ) (resp.
RO(P™, 2%t + a(i,m) + 1) ® Ix, .,)), 0 <t < n, and hence we obtain in
both cases the statements on §(X,,) — §(X,,+q4) and on the graded Betti
numbers of X,, and X,,+q4.
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