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Extension of separately analytic functions and
applications to range characterization of the
exponential Radon transform

by OzAN OKTEM (Stockholm)

Abstract. We consider the problem of characterizing the range of the exponential
Radon transform. The proof uses extension properties of separately analytic functions,
and we prove a new theorem about extending such functions.

1. Introduction. Given a function h € C°(R? R), we define the ezpo-
nential Radon transform R, (h) of h as

Fy(h)(w,p) = | @)= dm(w)
T-w=p
In the definition above, p is a non-zero fixed real number, w := (cos a, sin «)
for some 0 < o < 27 with w’ := (—sin , cos @) and dm is the 1-dimensional
Lebesgue measure on the line z -w = p. Problems of interest within integral
geometry are to invert, study uniqueness properties, and characterize the
image of the operator R, when it acts on various spaces. We will confine

ourselves to the last problem, more precisely to characterizing the image of
R, when it acts on C°(R?,C).

1.1. Summary of the results. The first result that completely charac-
terizes the range of R, was proved in [5]. In that article, an infinite set of
rather strange differential conditions were given. In [8] there is a geometric
description of the range conditions occurring in [5] and also a new set of
range conditions. Later, in [1], a new description of the range, that was
geometrically pleasing and natural, was given (see (2.2)). In this paper, we
give a new proof of the theorem of [1] that describes the range. The proof is
based on Theorem 3.1, which relies heavily on Theorem 4.2, which in turn
is a new result about extending separately analytic functions.
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1.2. Comments about applications of range characterization. In appli-
cations one usually measures g = R, (h) and the object one would like to
recover is h (see e.g. [3]), i.e. we would like to invert R,. Range character-
ization of R, imposes conditions on g and these conditions can be used to
correct measured data and to restore incomplete data.

Correction of measured data. Usually the data we measure, i.e. g, does
not satisfy the range conditions because the mathematical model does not
represent all real aspects of the collection of the data. As an example one
has noisy data. One can then use the range conditions in order to correct the
measured data, i.e. to decrease the discrepancy between the measured and
ideal data. Using corrected data can bring us a more precise reconstruction
of h (see [10] and [6]).

Restoration of incomplete data. If we consider the emission tomography
problem when the data are known only for 0 < a < ag where ag < 27, the
range conditions give us some additional information which helps to restore
the unknown part of the data. This enables us to find h based on incomplete
data (see [7]).

2. The main theorem. The well known relation between the expo-
nential Radon transform and the Fourier transform is known as the Fourier
slice theorem and reads as follows:

THEOREM 2.1. Let g be the exponential Radon transform of a test func-
tion in R?, i.e. g = R, (h) where h € C*(R?,C). Then

(2.1) G(w, ) = h(Cw + ipw™).

The proof is simply to use Fubini’s theorem and the definitions (see
e.g. [7]).

By taking ¢ = it in (2.1), we observe that the existence of % is not
possible unless the following holds: for all o,w € S and t € R,

(2.2) 9(w,it) = g(o, —it) whenever tw + pwt = —to + pot.

This condition has the following simple geometric interpretation. In the
Im(C?)-plane we have a circle with radius p centered at the origin, and the
family £ := {, },es of lines tangent to this circle. On each line ¢, we have
an entire function C 3 ¢ — g(w, ¢). The condition in (2.2) simply states that
the values of the functions ¢ — g(w, () must agree at the points where the
lines intersect.

This is obviously a necessary condition if there is to be a function (in
this case denoted by E), defined on Im(C?), whose restriction to the lines £,

is ¢ = g(w, ().
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Thus, (2.2) gives us a necessary condition that a function g must satisfy
in order to be in the range of R,,. The question is if this condition is sufficient.
The affirmative answer is given in the following theorem.

THEOREM 2.2 (Range characterization of R,,). Let g: S x R — C and
w € R\ {0}. Then the following are equivalent:

(i) There exists h € C(R?,C) such that g = R,,(h).

(i) g € C°(S* x R,C) and g satisfies the condition in (2.2).

3. Proof of Theorem 2.2. First, without loss of generality, we can
assume that g > 0.

DEFINITION 3.1. We define the set M,, C C? as the union of the com-
plexified lines in L, i.e.

M, ={z€C?: 2 =(w+ipw", (€C, we S},
and set
K,={reR?:|z|>pu} and Kff::{ZG(CQ:z:z':EwherexEK“}.

The proof of Theorem 2.2 boils down to proving the following two the-
orems, the first one about analytic extension of functions defined on lower
dimensional sets in C2, and the second about extending growth properties
valid on a submanifold in C? to corresponding growth properties on C2.

THEOREM 3.1. Let f: S'xC — C and assume that f satisfies the same
condition as g does in (2.2), i.e. ( — f(w,() is an entire function on C for
allw € S' and, for b, ,l, € L where w # o and tw + pwt = so + pot,

(31) f(wvit) = f(O',’iS)-
Then the function F : KE — C defined as
(3.2) F(i(tw + pwh)) := f(w,it)

extends to an entire function on C2.
REMARK 3.1. Observe that elements in the family £ = {/,},cs1 are
given as
Oyt — tw+ pw™.
Here w € S' denotes the parameter of this family.
THEOREM 3.2. Let N € N and F € O(C2%,C) where ¢ — F(Cw + ipwt)
satisfies the one-dimensional Paley—Wiener growth estimates uniformly with

respect to w, i.e. there is a constant Cn > 0 (independent of w) and r > 0
such that

(3.3) |F(Cw +ipwt)| < Cn (1 +[¢))Ne™el for all ¢ € C.
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Then F satisfies the corresponding two-dimensional Paley—Wiener growth
estimates, i.e. there is a constant Cyy > 0 and ' > 0 such that

(3.4) IF(2)| < Chy(1+ |2))"Ne ™=l for all 2 € C2.
Assuming the validity of Theorems 3.1 and 3.2 we can prove Theorem 2.2.

Proof of Theorem 2.2. The proof is naturally divided into two parts.

(i)=(ii). Let g be in the range of R,,, i.e. there exists h € C>°*(R?,C) such
that ¢ = R,,(h). Then it is clear that g € C°(S! x R,C) and Theorem 2.1
shows that (2.2) holds.

(ii))=(i). Let g € C=(S* x R,C) be given and assume that g satisfies
(2.2). Then, by Theorem 3.1, there exists F' € O(C?,C) such that

(3.5) F(i(tw + pwt)) = g(w, it)

for all t € R and w € S'. By the 1-dimensional Paley-Wiener theorem g
satisfies the assumptions of Theorem 3.2. Thus, we can consider the inverse
Fourier transform of F'. Denote it by h. Moreover, by Theorem 3.2 and the
2-dimensional Paley~Wiener theorem, h € C2°(R?,C). Finally, Theorem 2.1
with ¢ = it gives g = R, (h).

This concludes the proof of Theorem 2.2. m

Thus, it remains to prove Theorems 3.1 and 3.2. We begin with proving
the former. For that we need results from the theory of several complex
variables.

4. Results from the theory of several complex variables. The
proof of Theorem 3.1 relies heavily on extension properties of separately
analytic functions. The result that we eventually need is Corollary 4.1.

We begin with the following standard result (see e.g. Lemma 1A in [2])
on the removal of singularities of analytic functions.

PROPOSITION 4.1. Assume that 2 C C? is open and H is analytic in
2\ {z € 2 :Imz=0}. Then H extends to an analytic function on 2.

Now, let us turn to extension of separately analytic functions; we begin
with defining the concept of a separately analytic function w.r.t. a decom-
position of a set.

DEFINITION 4.1. Let K1,U; C C™, K9,Uy C C™ and assume that Uy, Uy
are open and connected, and K7, K5 are subsets of U; and U, respectively.
Let X C C"™™ be defined as

(4.1) X = (K1 x Uz) U (U1 x Ka),
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and assume that H : X — C. We say that H is separately analytic in X
w.r.t. the decomposition (4.1) if

z — H(z,w) is analytic in U; for all w € Ko,
w +— H(z,w) is analytic in U for all z € Kj.

We are interested in the case where n = m = 1 and K1, K5 are intervals
in R. We need the following notation.

NoTATION 4.1. Let U C C be an open set. Then HAR(U,V) and
SH(U,V) denote the sets of harmonic resp. subharmonic functions in U
with values in V. If U is a closed set, we extend the definition to mean that
the function is harmonic or subharmonic on some open neighborhood of U.

DEFINITION 4.2. Let U C C and K C U be an interval. Define hy k :
U — R as the bounded function 0 < hy,x < 1 that solves the following
generalized Dirichlet problem:

huxk € HAR(U \ K,R), hu klx =0, hu klov = 1.

We say that the pair (K, U) is regular if the Dirichlet problem has a unique
solution. It is clear that if U has a “sufficiently nice” boundary and K is an
interval, then (K, U) is regular. hy g is called the zero-one mazimal function
for the pair (U, K).

The following extension theorem is a special case of a very general result

(Theorem 7.1 of [11]) due to Siciak about extending separately analytic
functions.

THEOREM 4.1. Let Ki,Ks C R be closed intervals, Uy,Us C C open
and connected sets where K; C U; and (K;,U;) are reqular for j = 1,2.
Define X C C% as in (4.1) and let H : X — C be separately analytic in
X w.r.t. the decomposition (4.1). Then H extends analytically to 2 C C?
where

.= {Z elU; xUsy: hl(zl) +h2(22) < 1} and hj = hUj,Kj for j=1,2.

Our aim is to prove Corollary 4.1 which is an extension theorem where
we “remove a line” and at the same time have regularity at infinity. Let us
first prove a simpler version of that result, namely Theorem 4.2, where we
only “remove a curve”.

DEFINITION 4.3. Ar and A¢ denote the real and complex diagonals in
R? and C? respectively, i.e.

Ar:={zxcR?: 2 =2o} and Ac:={z€C?:2 =2}

THEOREM 4.2. Assume that H : R?\ Ar — C has the following proper-
ties:

z1 +— H(z1,22) extends analytically to C\ {z2} for all x4 € R,
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2o +— H(x1,22) extends analytically to C\ {z1} for all x; € R.
Then H extends analytically to 2 := C?\ Ac.

4.1. Proof of Theorem 4.2. The idea is to use Theorem 4.1 locally at every
point w € §2 in order to show that H extends analytically to a neighborhood
2, of win C2. In order to use Theorem 4.1 one needs sets where H is
separately analytic. We choose these sets in such a way that we can use our
assumption of separate analyticity of H, and at the same time show that
the set (1) §2,, contains w. The proof is divided into the following steps:

STEP 1. Choose the sets where we use our separate analyticity assump-
tion.

STEP 2. Apply Theorem 4.1 to extend H to (2.

STEP 3. Describe £2,,.

STEP 4. Show that (2,, contains w.

Fix w = (a1,a2) +i(by,bs) € 2 = C2\ Ac. Then we have two cases:
Rew ¢ Ag and Imw € R? arbitrary, and Rew € Ag and Imw ¢ Ag.

4.1.1. The case Rew ¢ Ag and Imw € R? arbitrary. Without loss of
generality, we can assume that a; > as.

Choosing the sets in Step 1. Our choices will depend on w. We start by
defining €, ¢ € R, both depending on w. We know that a; > ao, so choose ¢
with
(4.2) as < q<aj.

Also, choose 9 > 0 small () enough that
as < q—ep<q+teg<a; and |g|+ey < 1/eg.

We are now ready to define the sets in Step 1. For arbitrary 0 < € < ¢,
define

Kl,E::[Q+€71/E]7 ‘/i::]_ooaqL UlZ:(C\Vi,
Kye:=[-1/e,q—¢], Va:=]q, 0], Up: =C\ Vs
Finally, define X, C C? as
(43) XE = (Kl,é‘ X UQ) @] (Ul X Kgﬁ).

Applying Theorem 4.1 as described in Step 2. The idea is to apply The-
orem 4.1 to H w.r.t. the sets defined in Step 1 above.

(}) 2, is the analogue of the set 2 in Theorem 4.1.

(2) go will denote the upper bound for a parameter € > 0 and the conditions given on
€0 are there only to ensure that our sets, which depend on ¢, are well defined. We will be
interested in the limiting case e — 07, thus the value of the upper bound &g is actually
not that important, since the conditions for €y are automatically satisfied for small €.
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For j =1,2, let hj. = hy, ;. and
he(z) := hy o(21) + hoc(22).

Our function H is separately analytic in X, w.r.t. the decomposition in (4.3),
and the sets in (4.3) depend only on w and €. Thus, we can use Theorem 4.1
on H with

X:=X., K=K, U:=U,
KQI = K275, UQI = Ug.

Hence, H extends analytically to §2,, . C C? where Qupe={ze€U; xUs:
he(z) < 1}. Observe that h. and (2, . depend only on w and . However,
0 < € < gq is arbitrary, so if

2y = U Qw,57

0<e<eq

then H extends analytically to (2,,.

Describing §2,,. We are interested in what happens when ¢ — 07, so it
is natural to define

Ky :=[q,00] and Kjy:=]—00,q].
For j = 1,2, we also define h; := hy, i, and
h(z) = h1(21) + ha(22).
LEMMA 4.1. With the sets and functions defined as above,
2, ={2€ U xUsy:h(z) <1}.
To prove Lemma 4.1, it is enough to show that for j = 1,2,
tim h2(2) = Iy (2).

This is proved by using the Phragmén—Lindeldf principle. See [9, Lemma 4.1]
for the details.
Showing that w € (2,,. It is easy to see that

. 1 .
(1.4 (e +iy) = ~farg(e — g+ iy)l,

. 1 .
(4.5) ho(z +iy) =1— ;]arg(m —q+1iy)l,
where arg(z) is the argument of z in [—m, 7.

REMARK 4.1. Table 1 summarizes the observations that we make from
(4.5) and (4.4) about hy and hs.
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Table 1. Observations about the values of the functions k1 and ho

Location in (z,y)-space Value of hy(z +iy) Value of ha(z + iy)
x=q 1/2 1/2

r < g, le. x+ 1y is on theleft >1/2 <1/2

hand side of the line z = ¢

x> q,i.e. z+ 4y is on the right < 1/2 >1/2

hand side of the line x = ¢

We know that w = (wy,ws) = (a1 + ib1,as + ib2) and in order to show
that w € (2,,, it suffices to show that h(w) < 1. Observe that a; > as. Using
(4.5)—(4.4) and Remark 4.1, we get

hl(al +Zb1) < 1/2 and hg(ag +Zb2) < 1/2
Thus, h(w) = hi(w1) + ha(we2) < 1, i.e. w € §2y,.

4.1.2. The case Rew € Ag and Imw ¢ Ag. The points in 2 (= C?\A¢)
that remain to be discussed are those where a; = as and by # by. The
solution of the associated Dirichlet problem is symmetric w.r.t. the real
axis. This can be seen by observing the solutions directly (see (4.4)—(4.5)).
Thus, with this method, we cannot distinguish between points on A¢ and
points on Af where

A(,C = {w eC?: w1 :wg}.

Hence, we begin with studying points w € 2\ Ag, i.e. a € Ag and
|b1] # |b2|. Without loss of generality, we can assume that |by| > |b2|. Again,
we have to choose ¢ € R and this time we know that a := a1 = as and
|b1| > |b2|, so we replace the choice of ¢ in (4.2) with ¢ > a;. The choices
of all other quantities are the same as before. Now, we have to show that
h(w) < 1. Let

ap := |larg(a — q +1iby)|, g :=|arg(a — ¢+ ibs)|.
Using (4.4)—(4.5) gives us
hl(a+ib1):a1/7r and hg(a—i—ibz):l—ag/ﬂ'.
Thus,
ay Qg Qg — Qg
h(w) = h h =—+1-—==1-—.
(w) = ha(wy) + ho(w) = — +1 - — -

Since |by| > |b2|, we know that as > aq, so h(w) < 1, i.e. w € §2,. Thus, we
have proved that H extends analytically to a neighborhood (2,, of w € 2
with 2" := 2\ Af. Since w € (2’ is arbitrary, we conclude that H extends
analytically to (2'.
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Finally, we study points w € Af. The bianalytic transformation

(wl,wg) — <%(w1 + 'wg), %(wl — w2)> = (21,22)

maps points w € Ag to points z where Im z = 0. Thus, by Proposition 4.1,
H extends analytically across Af except at (0,0) where the assumption in
Proposition 4.1 does not hold. Hence, H extends analytically to 2 if it is
analytic in £2’. This concludes the proof of Theorem 4.2.

4.2. A version of Theorem 4.2 with analyticity at infinity. What we
actually need is a version of Theorem 4.2 that includes analyticity at infinity;
but first some definitions.

DEFINITION 4.4. Define C := CU {o0} and R := RU {0}, i.e. C and R
are the usual real and complex projective spaces. We also embed R into C
in the usual way, i.e. the co in C is the same as in R.

The topologies of C and R are well known and it is also well known
that C is a complex-analytic manifold. Moreover, functions defined on C or

R that extend continuously to oo can be defined on C and I@, respectively.
Thus, we can talk about functions defined on subsets of C and R.

DEFINITION 4.5. Let f be defined in C. Then f is analytic at oo if the
function ¢ — f(1/¢) is analytic at ( = 0 in the usual sense.

DEFINITION 4.6. Let R? := R x R and C? := C x C with the product
topology. Define the “projective” versions of Ar and A¢ as

AR::{xGI@Q:xlsz}
and
Ac:i={z€C?: 2 =2z}

REMARK 4.2. It is important that we see elements in R2 and C? as
pairs of elements from R and C, respectively, since it would be incorrect
and unnatural to try to introduce a group structure (such as addition or
multiplication) between the first and second coordinates for points in R2
and C2. Thus, with our definition, (00, 0) € Ap.

There is also a geometric reason which motivates Definition 4.6 (see
Remark 4.3).

We now state and prove the following version of Theorem 4.2 with reg-
ularity at infinity.

THEOREM 4.3. Assume that H : R? \ AR — C has the following proper-
ties:

(4.6) x1+— H(xy,x9) extends analytically to C \ {x2} for all x5 € R,
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(4.7)  x9 — H(x1,22) extends analytically to C\ {z1} for all 21 € R.
Then H extends analytically to C2 \ 3@.

Proof. By Theorem 4.2, H extends analytically to C2\ A¢, and we need
to prove that H extends analytically to C2 \ AC. Thus, if we prove that H
is analytic at (0o, z3) and (21, 00) for all z1, 2z # 00, we are finished.

From (4.6) we see that for all fixed real x5 # oo,

(4.8) z1 — H(z1,z2) is analytic except at z; = xo,
(4.9) z1 — H(1/z1,x2) is analytic at z; = 0,

and

(4.10) z1 — H(z1,00) is analytic for z; # oo.

Now, define H (z1,22) := H(1/x1,1/x5) for all #1, x5 € R; since H is defined
on R?\ A, H is defined on R? \ Ag. From (4.8)—(4.9) we see that for all
T € R,

21 ]?I(zl,azg) is analytic except at z; = x5 for all x5 # 0,
and when zo = 0, (4.10) shows that
21 ﬁ(zl, 0) is analytic except at z; = 0.
Thus, for all fixed x5 € R,
21— ]?I(zl,azg) is analytic except at z; = xs.
Similarly, (4.7) shows that for all fixed z; € R,
29 ]?I(azl, z9) is analytic except at zo = .

By applying Theorem 4.2, we extend H to an analytic function in C?\Ac. In
particular, H is analytic as a function of two variables at (z1,0) and (0, z2)
for all 21,29 € C\ {0}. Now, H(z1,22) = H(1/21,1/22), so H is analytic at

(21,00) and (00, z2). Hence, H extends analytically to C2\ Ac. m
DEFINITION 4.7. Define the following two curves in R? and C2:
Ie:={(&n) eR*:&=~1/n} and Ic:={(&n) €C®:&=—1/n}.
Also define their “projective” versions in R2 and C2:
f]R: = {(5,77) € @2 : g = _1/77}7
Ie:={(&n) eC*: &= ~1/n}.
REMARK 4.3. For the same reasons as explained in Remark 4.2, (4.11)
is the natural definition of Ik and I. There is also a geometric reason

for choosing this definition. We will see later that the geometric meaning
of £ and 7 is that they parameterize points on a circle and that n and

(4.11)
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—1/n correspond to antipodal points. Thus, Ik is the set where £ and 7
parameterize antipodal points on the circle, so it is geometrically natural to
define either of them as a function of the other instead of defining them as
a solution to a polynomial equation.

We now prove the result that we really need.

COROLLARY 4.1. Assume that G : R2 \ fR — C has the following prop-
erties:

(4.12) & G(&,n) extends analytically to C \{=1/n} for alln € R,
(4.13) n— G(&,n) estends analytically to C\ {—1/¢} for all € € R.
Then G extends analytically to C2 \f@.

Proof. The mapping (£,7n) — (£, —1/n) maps the curve I in C2 to the
curve A(C in C2. Moreover, this mapping is bianalytic in @2, and it trans-
forms the conditions stated in the corollary into the corresponding conditions
of Theorem 4.3. Thus, the corollary follows directly from Theorem 4.3. =

5. Proof of Theorems 3.1 and 3.2. First of all, the existence of F
follows immediately from (3.1). Thus, there exists a function F : KE —C
such that

(5.1) f(w,it) = F(i(tw + pwh)).
5.1. Geometric observations. We begin with some geometric observa-

tions. The main observation is a relationship between the set of lines in £
and the set of points in K,,. We have the following two situations:

1. Given x € K, we can find w,0 € S! and t € R such that
:ztz,qu+tw:,ucrL —to,
ie £,,l, € Land x € £, N{,. Then one can easily show that
e — ,ua:l
I
(5.2) —tx — pxt
o= —
||
t? = |z® — u?.
2. Given w,0 € S we find € K}, such that x € £, N/,: using (5.2) we
can show that

(w+o)t
5.3 =p—7>.
(5.3) T=pT
5.2. Proof of Theorem 3.1. Our strategy is to relate the present extension
problem to the one considered in Corollary 4.1. This relation is established
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by choosing a new way to represent the lines in £ that only involves rational
functions.

The geometric observation above shows that for each z € K, there
exist exactly two points on the circle corresponding to the lines in £ that
pass through x. Thus, by choosing a parameterization of the points on the
circle, we have a parameterization of the elements in £. The idea is to
choose a rational parameterization of the points on the circle. Thus, define
¢ :=tan(a/2) and

1-¢ 2
(5.4) w:= (cosa,sina) = <T§2’ %)
Let £(§) denote the line ¢, where £ corresponds to w by (5.4). Then we can

write £ = {{(§)}eer where

(1= e % % 1-¢
(5.5) (&)t — t<@= W) +“<T§2’ W)

Now, define the map ¢ : R? — KE as follows:
p(€m) =iz where {w}:=((€) N ().

Thus, ¢ is the mapping that expresses the relationship between elements in
L, when parameterized by £, and points in K S. Let us explicitly write down
© in terms of £ and 7.

Ifx € Kﬁ, there are exactly two elements £, ¢, € L such that x € £,N{,,
and if £ and 7 correspond to w and o as in (5.4), then by (5.3) and a little
computation,

o
(5.6) T = 1+§n(£+n,£n—1)-
Thus,

(5.7) p(&,n) = 1+§ (E+mn,én—1).

Observe that ¢ is naturally defined on C2 \ I c, so we will consider it as a
map from C2 \ I'c to C2.

Let G := F o @; we start by extending G. It is here that we relate our
extension problem to the one treated in Corollary 4.1.

5.2.1. Proving that G is analytic in C2 \fc. We know that G is defined
in R2 \f‘ r and we need to prove that G is separately analytic also at infinity,
i.e. that (4.12) and (4.13) of Corollary 4.1 hold.

Let us show that (4. 13) holds, i.e. Gg( ) := G(&,n) extends analytically
to C \ {—1/&} for all € € R. Fix e R and let n vary. Geometrically, this
corresponds to fixing the line ¢(§) and letting ¢(n) vary. When 7 varies,
we are moving along ¢(£), which is the same as varying t, where t is the
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natural parameter on ¢(£). We know that ( — f(w, () is an entire function
for all w € S, in particular ¢t — f(w,it) extends to an entire function for
all w € S'. To use this, we need to find a relationship between ¢ and 7
(remember that ¢ is fixed). But o = tw + pw™, so taking the scalar product
of this expression with w gives t = x - w. Now, by (5.3) and (5.4), we get

tz#&—n
1+&n

Thus, for fixed &, the relationship between t and 7 is expressed by a rational
function. It follows that G¢ can be extended to an analytic function on all of

C except at the point n = —1/£. Note that n = oo corresponds to t = —1/¢,
thus G¢ is also analytic at 7 = oo as long as £ # 0. When { = oo, the
relationship between t and 7 takes the form ¢ = 1/7. Hence, G, is analytic
in all of C except at n = 0.

Thus, G satisfies (4.13) and the proof of (4.12) is similar. By Corol-
lary 4.1, G extends to an analytic function in C2 \f@.

5.2.2. Proving that F is entire in C?. Since G is symmetric, F is well
defined by the relation G = F o . To get information about F' from G, one
would like to invert . This can be done locally, and we will show that F'
is analytic at z € C? in each of the cases listed below.

CASE 1: 2z € p(C?\ Ag).
CASE 2: z € (,D(A((j)
CASE 3: z & p(C?).

Observe that C2 N o(It) = 0, so it is enough to invert ¢ at points
(&mn) € C*\ It

Proof that F' is analytic at z in Case 1. The determinant of the Jacobian
matrix of ¢ at (£,7) is given by

2p*(n — €)
(1+&n)37

which is non-zero outside A¢. Thus, by the implicit function theorem and
the analyticity of G in (£,1) € C?\ I, we conclude that F is analytic at
z € p(C?\ Ag).

Proof that F is analytic at z in Case 2. We will show that ¢ is locally
a fold near points of Ac. Let m(p,q) := (p,¢?) denote the usual fold in the
second variable. We also define ¢(p,q) := (p + ¢,p — q). Then

—if 2 2
5(2p,p° —q¢° 1)

pod(p,q) = 1+p2—¢2
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S0 @ o ¢ = 1 o™ where
— —ip 2
Y(w) = m@wh% —wg — 1).
Now, let~(£ ) € Ac\ It e arbitrary. We know that G is analytic at
(&,m), so if G := G o ¢, then G is analytic at points (p,q) € o~ (Ac \ It).

G is also symmetric, which implies that G is an even function in the second
variable q. Thus, there exists a function F' such that

G:ﬁom
and F is analytic at (p,q) € ¢~ (Ac \ It). Since
G=Fop, gop=vom, and G=God,

we get F = F o). Points (&,m) € Ac \ It correspond to points w =
(0,w2) = (0,7n), and by the implicit function theorem 1 is locally invertible
near (0,wsy). Thus, F' is analytic at z € o(A¢).

Proof that F is analytic at z in Case 3. Here we use the analyticity of G
at certain points at infinity, and the fact that ¢ is locally invertible there.

Observe that the points we are interested in are of the form z = (21, —ip).
Then we seek points (£,7) € C2 \ C? where ¢ is invertible and such that
(21, —ipn) = ¢(&,m). More precisely, if ¢’ = 1/¢, then the determinant of the
Jacobian matrix of ¢ in the variables (¢/,7) is given by

2p%(1 - &'n)
(& +m)?
Since z = (21, —iu) corresponds to ' =0 and n = —iu/z;, the determinant

is 2u?/n® at (0,7), which is non-zero when 1 # oo. Thus, ¢ is locally
invertible near (¢',n) = (0,7), which corresponds to (£,7) = (c0,n). Our
assumption on the analyticity of G at points in C2 \ I ¢ implies that F' is
analytic at z = (z1,—iu) when z; # 0. Since (0,—ip) is the only point
where F' might not be analytic, it is removable, i.e. F' extends analytically
to (0, —ip). Thus F is analytic at all points z in Case 3.

We have shown that F is an entire function in C2. This concludes the
proof of Theorem 3.1.

5.3. Proof of Theorem 3.2. Fix N € N. From (3.3) we know that there
is a constant Cy > 0 (independent of w) and r > 0 such that
|F(Cw + ipw™)| < Cn (14 [¢])~Nerlmel.
But
L [w +ipw ™| < T4 [C+ < (14 m)(1+ €],
[ (¢w + )| > [Tm],
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so for z € M, there exists C; y > 0 (depending only on N) such that
(5.8) |F(2)] < Crn(1+|z]) Nerltmal,
We want to prove that F satisfies (5.8) (with a different constant) on all

of C2. By analyticity, it is enough to show that (5.8) holds outside a fixed
bounded set in C2.

5.3.1. Extending inequality (5.8) to a slightly larger set. We begin with
showing that (5.8) holds on a slightly larger set, M, . (to be defined below),
which is easier to work with. For |z| > p, it is easy to show that the condition
z =x + 1y € M, is equivalent to
(5.9) ly - 2| = plel.

If we define M, ., as the set of points z € C? satisfying (5.9), then M, . differs
from M,, by a bounded set (*), and it follows that F' must satisfy (5.8) on

M,.

5.3.2. Showing that F is of exponential type on C2. Our goal here is to

show that F is of exponential type on C?. Let us begin with some notation.
For z = z + iy € C?, define
0(z) :=Im(Z122) =y -
and observe that the set {z € C?: g(z) = 0} equals
CR? := {Cx € C*: 2z € R? and ¢ € C}.
CR? is sometimes called the Beurling cone and it divides C? into two com-
ponents.

To prove that F' is of exponential type, we apply the maximum principle
to the restriction of F' to a suitably chosen complex line in C? passing
through an arbitrary point 2. To be more precise, if w € C?, define £,, , C
C? as the complex line in C? through z with complex direction w, i.e.

by, ={2+CweC?:(ecC}
Without loss of generality, we can assume that o(z9) < 0. As already noted,
the idea is to choose (*) the line £, .,, i.e. choose w € C2, that is not parallel

€

to the “cone” M, u- Then zy is contained in a component of £y, ., \ M, s and
we can apply the maximum principle to F' on this component to show that
(5.14) holds at zp. Since zy € C?\ M, is arbitrary, and since (5.14) also

holds at points in M,,, we conclude that F is of exponential type in C2.
Observe that if zy,w € C? where w # 0 and if zy and w lie in different
components of C?\ CR?, then the component in £, ., \ CR? containing 2,

(?) One can show that 1\7# =M, U{z+iyeC?:z=0and |y| < pu}.
(*) The choice of w must of course be independent of zg. Actually, the direction of w
may depend on zg, the important fact is that w does not depend on the norm of zg.
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is bounded. This follows from the observation that
(5.10) o(z0 + Cw) = [¢[*o(w + ¢ 20)

= [¢[*(e(w) + O(I¢|71))  as [¢] — oo,
and the fact that o(zp) and o(w) have different signs. Define (°)

0u(2) == 0(2) — plz| where z =z + iy, so {z € C*: g,(2) =0} C Mu-

Choose w so that p(w) > 0 (take e.g. w := (1,4)). Noting that g, (2)—0(z) =
O(|z]) as |z| — oo, and using (5.10) we see that the set
(511) 2, . ={2+Cwe C?:¢ € C and g, (20 + (w) < 0} C by 2,
is bounded. Thus, by the maximum principle,

[F(20)| < max [F(z)].

zeaﬂw,ZO

Since 012, , C Mw we know that (5.8) holds at all points of 9f2,, , , so for

w, 20 w,z0’
zo € C*\ M, there exists z € 912, . such that

20
(5.12) |F(20)] < Croe™?! with €19 > 0 as in (5.8).

The lemma below simply states the following. Let zg ¢ M, p and z €

ly, 2o N M, . where we have chosen w as described before. Then |z is of the
same order of magnitude as |z|.

___ This is rather easy to see for the case where we replace our “cone”
M,, with the Beurling cone. The proof of the lemma can be found in [9,
Lemma 5.1].

LEMMA 5.1. Let z = zg+Cw where |w| > 1, |z0] > 1, 0(z9) < 0, o(w) >0
and 0,(z) = 0. Then there exist constants C1,Cy > 0, depending only on
w, such that

(5.13) Cilzo| < |2 < Calzo].

Using Lemma 5.1 in inequality (5.12) shows that
(5.14) |F(20)] < Cy eIl
Thus, F is of exponential type.

5.3.3. Estimating entire functions of exponential type. We begin with
stating the following version of the Phragmén—Lindel6f principle in C”.

THEOREM 5.1. Let u € PSH(C™,R) and assume that for some constants
C3,C4,C5 > 0:

(°) When o(z) > 0, we define g, (z) := o(2) + u|z| and since {z € C? : pu(z) =0} C
My, we can argue similarly.
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1. u(z) < Cs for all z € R™,
2. u(z) < Cy+ Cslz| for all z€ C™.

Then u(z) < C3 + Cs|Im z| for all z € C™.

Proof. Let H" := {¢ € C : Imz > 0}. The following 1-variable ver-
sion of Theorem 5.1 is a Phragmén—Lindel6f principle in C (see e.g. [9,
Lemma 5.3], or [4, exercise 18, p. 477)).

LEMMA 5.2. Let u € SH(H™,R) satisfy the following:

L. limsup,_,;u(¢) < C3 for all s € R,
2. u(¢) < Cy+ C5[¢| for ¢ e HT.

Then u(¢) < C3+ C5Im( for ¢ € HT.

The proof of Theorem 5.1 is now rather easy. Let x,y € R™ and define
Ugy : C— R as

Ux,y(() = u(z + Cy).
Then u,, € SH(C,R), u, ,(s) < C5 for s € R and
gy (Q) = u(x+Cy) < Ca+Cslz+Cy| < Ca+Cslyl-|¢|+ Cslz| = C7 + Ce(],
where Cg := Cs|y| and C7 := Cy + Cs|z|. Lemma 5.2 now implies that
Uz () < C3 + Cs[Im (| = C3 + Csy| - [Im ¢

Note that the constant C7, which depends on x and can be very large,
disappears. Let ¢ = 4, which gives

u(z +iy) = uqy (i) < C3 + Cslyl
and concludes the proof of Theorem 5.1. m

For N € N, define Fy : C?2 — C as Fy(z) := 2V F(2). Since F €
O(C?,C), we have Fiy € O(C?,C).
We know that (5.8) holds on M,, and that (5.14) holds in C?, so

(5.15) |Fn(2)| < Crne™2 forall z € MM,
and there exists 7’ > 0 (slightly larger than Cor) such that
(5.16) |Fn(z0)] < Cnge’”ZO' for all zy € C2.

Now, define the 2-dimensional submanifold M, o C M,, as
M, = {sw+ipw- € C*:s€Rand we S'}.

Then (5.15) implies in particular that Fy is uniformly bounded on M, g,
i.e.

(5.17) |Fn(2)] < Ci,n forall ze M,,.
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LEMMA 5.3. Let Fyy be as above. Then
(5.18) |Fn(x)| < Cin  for all z € R

From Lemma 5.3 we deduce that inequality (5.17) above implies that
Fy is uniformly bounded on R?. The idea of the proof is the following.
Construct an analytic disc attached to M, o for which the intersection with
R? is a circle centered at the origin with arbitrarily large radius. Thus, one
can apply the maximum principle on the circle to estimate Fy at points in
R2. The proof can be found in [9, Lemma 5.2].

Define un(z) := log |Fn(z)|. Combining (5.16) with (5.18) allows us to
apply Theorem 5.1 to uy (°). Then

un(z) < C3 + Cs]Im z| =log Cy nx +7'|Im z| for all z € C?,
i.e.
|Fn(2)] < C’LNe’J'ImZ' for all z € C2.
Observe that for z € C? with |21] > 1 and |22| < |21/,
L+ 2] <1+ |21 + |22] < 3|z
SO
21|~ < 3N (L 4|2

Thus, for such z € C?,
(5.19) [F(2)] = |1 N [Fiv (2)] < 3V (1 +[2)) "V |Fn(2)]-

Now, defining Fy(z) := 25 F(z) and repeating the above arguments, we
find that the inequality in (5.19) also holds for z € C? where |25| > 1 and
|21| < |22|. Thus, for z € C? outside a fixed bounded set,

F(2)] < 3NCLw(L+ |2y Ner I
= Ch(1+|2)) " Ner'™ 2l for all z € C2
with C% := 3N (1 y. This concludes the proof of Theorem 3.2.
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