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SOME REMARKS ON THE RANDOM WALK ON FINITE GROUPS

BY

ROMAN URBAN (WROCLAW)

1. Introduction. Let G be a finite group and let .S be a set of generators
of G. Suppose that S is not contained in a coset of a subgroup of GG. Then
for every probability measure p such that supp u = .S we have

(1.1) lim || — A||x =0,
n—oo

where A is the equidistributed probability measure on G: A(g) = 1/|G|,
and || - |[x denotes a suitable norm on the space of functions on G. The
speed of convergence in (1.1) depends on the group and the particular set
of generators as well as the norm || - ||x chosen. The problem of estimating
this speed has been thoroughly studied by many authors, in particular by
Diaconis; see e.g. [1] and the literature quoted there.

In this note we are interested in questions concerning comparison of
speeds of convergence to A\. On the one hand, we take convolution powers
of a single probability measure supported on a fixed symmetric set S of
generators, and on the other hand, convolution products of sequences of
probability measures each supported on S.

It has been noticed [2] that in the important case of the symmetric group
S, and the set of generators consisting of the transpositions there exist n
probability measures pq, ..., u, supported on S such that

(1.2) A= 1 k. k .

There are, however, groups and symmetric sets S of generators for which
(1.2) does not hold for any finite set of probability measures supported on
S. We exhibit some examples in Section 5. So there are groups and their
generating sets for which to achieve equilibrium by sampling elements from
a given set of generators, infinitely many steps are necessary, regardless of
whether we use the same sampling method or we change it at every step.
It is reasonable to conjecture that in general the latter method should be
faster. In other words, for a given probability measure p supported on S
the convolution product of a well chosen sequence of probability measures
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supported on S should converge faster to the equilibrium measure A than
the convolution powers of .

In this note our first aim is to prove this conjecture in a number of
cases. A simple compactness argument shows that given a symmetric set S
of generators there is a symmetric probability measure ug such that

= Ale—ie = [lps = Alliz—r2

for every symmetric probability measure p with support in S. Hence, since
for symmetric measures v,

(1.3) [ ez = Il
we have
[ = Miz—iz 2 ln5" = Alliz—e

for every symmetric probability measure p with support in S.

In several cases we identify the measure ug explicitly.

As the first step in showing that the convolution products of a suitable
sequence of probability measures converge faster than the convolution pow-
ers of single measure we study the following question. Given a probability

measure u supported in .S, do there exists two probability measures 1, to
both supported in S such that

(1.4) I = Alx > ¢"[I(p1 * p2)™ = Allx,

for all n, where ¢ > 17

Of course for applications the most interesting case is when the distance
between measures is measured by the [!-norm. In Section 6 we make a few
remarks about (1.4) for the case X = I}(G).

2. Preliminaries. A representation m of G is a homomorphism of
G into the group of invertible linear maps of a finite-dimensional complex
vector space V. We write d, for the dimension of V' and think of m(x)
as a d; X d, matrix. Without loss of generality we may assume that all
representations 7 considered are unitary, i.e. w(z) is a unitary matrix for
all z € G. A representation 7 is irreducible if V' admits no 7(G) invariant
subspaces other than {0} or V. Two representations 7 : G — GL(V}) and
my : G — GL(V2) are equivalent if there is a linear isomorphism o : V3 — V;
such that o () = ma(x)e for all x € G.

Let G be the product Gy x G2 of two groups with multiplication defined
coordinatewise. Let m : G5 — GL(V1) and my : G2 — GL(V2) be repre-
sentations. Define a representation m ® mo : G1 X Gy — GL(V; ® V3) by
T @ mo(x,y)v1 ® v2 = m1(x)v1 ® T2 (y)va. Then if 71 and 7o are irreducible,
then m; ® mo is irreducible. Moreover, each irreducible representation of
G1 x G is equivalent to a representation m; ® o, where 7; is an irreducible
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representation of G;. If f is a function on G and 7 is a representation, define

F) = 3 ().
zelG
The transform fis the analog of the Fourier transform. It converts convo-
lution into multiplication: f/*\ g(m) = f(w)’g\(ﬂ')

If f is a function on G we denote by T the operator from (?(G) into I2(G)
defined by Trg = g+ f. If ;1 is a symmetric probability measure (i.e. Y p(z) =
1, u >0, p(z) = p(z~")), then the operator T), has real eigenvalues 1 =
Bo = ... = Big-1 = —1. Moreover, if the support of p is not contained
in a coset of a subgroup, then 1 = 3y > 81 > ... > Bjg-1 > —1. The
operator norm || f|/;2—;2 of a function f is, by definition, the {> — [? norm
of the convolution operator Ty, i.e. ||f|l;z—;2 = ||T¢|l;2—2. Let A denote the
probability measure which is uniformly distributed on a finite group G, i.e.
Az) = |G| for all z € G. Of course,

\ (7) = Id for the trivial representation,
~ 1 0 for every nontrivial irreducible representation.

It is well known that for every probability measure p (not necessarily
symmetric), ||i — A|[;2—;2 = max ||fi(7)||;2— 2, where the maximum is taken
over all irreducible and nontrivial unitary representations of a group G.

3. Main results. Let S = S~! be a symmetric set of generators of a
group G. Define a function

g, T =e,
(3.1) ve(z) = { —/(I5|=1), z € S\{e},
0, otherwise.

THEOREM 3.1. Let G be a finite group, and S = S™! # G be a set of
generators of G such that:

(i) the neutral element e € S,
(i) |S] > 3.

Let p be a symmetric probability measure with support S such that
M* Ve = Ve * [,

where v is defined in (3.1). Then there exist symmetric probability measures
w1 and po with support S such that, for all n,

(3.2) [(per # p2) ™ = M2z < |17 = A2 iz

Proof. We define 3 = u+ v, and ps = p — ve.
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It is enough to prove inequality (3.2) in the case when n = 1. Indeed,
(3.2) for n =1 implies
(k1 # p2)™™ = Al iz = || (1 % p2 = A) ™" [liz—gz < [l * p2 — Al
< = Mo = 187" = Mliz—ge.

Now we notice that 7. (m) is invertible when 7 is an irreducible, nontrivial
unitary representation. In fact,

(1— eI+ IS\%l 3 ()

1= D)oo = '

zeS\{e} P
1
§1_5+€‘S‘7_1 Z 7T($) <1,
zeS\{e} 12—12
because
1
_ < 1.
H ‘S‘ —1 Z W(«T) 12512

zeS\{e}
Since p and v, commute and are symmetric, i and 7. are diagonal (in a
suitable basis) and all eigenvalues of 7. are nonzero, since V. is invertible.
We have
max || o1 # 2 (7)|i2 g2 = max || (i(7) + De (7)) (fi(7) — De (7)) 12—z
— max [i(r)? — Do ()2 i
where the maximum is taken over all irreducible, nontrivial representations

of G. Thus for sufficiently small € the right side of the above equality is less
than max || (7i(7))?||;2—2. =

Recall that if a function f on G has the property

(3.3) Vt,x € G, f(t7twt) = f(2),

then f is central, i.e. f*g= g=* f for every function g on G.
Theorem 3.1 implies the following

COROLLARY 3.4. Let G be a finite group, and S = S~ # G be a set of
generators of G such that:
(l) ec SO,
(ii) |S] > 3,
(iii) Vt € G, t71St = S.
Let p be a symmetric probability measure with support S. Then there exist

symmetric probability measures py and py with support S such that (3.2)
holds.

Proof. Indeed, (iii) implies that v. as defined in (3.1) is central. m
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4. Examples. A direct application of Corollary 3.2 gives the following
result about the symmetric group S,.

PROPOSITION 4.1. Let S = the set of all transpositions in S,. Let
be a probability measure such that suppu = S. Then the measures p1, fio
defined in the proof of Theorem 3.1 have the property that

*2n

(g1 # p2)™™ = Aliz—gz < [ = Alliz 2.

Given a group G and a symmetric set S of generators with e € .S and
|S| > 3, if the measure ug is central and symmetric, then (1.3) implies that
the modification of pug as in Theorem 3.1 yields two probability measures
w11, o and a g < 1 such that

*2n

[(per * p2)™™ = Aliz—gz < ¢ [[17" — M2 g2

for any probability measure p supported in S.

In the examples which follow we identify the measure pug for some finite
groups G and some particular sets S of generators.

EXAMPLE 1. Let G = Z3*, S = S7! = {e1,...,em,0}, where ¢; =
(0,...,0,1,0,...,0) with 1 on the ith place and 0 = (0,...,0). Then pg is
uniformly distributed on S.

Indeed,

1 R
m+ 1 +m+1jZICOS7TXj

s = Alliz—z = max

)

where x = (x1,...,Xxm) and x; € {0,1}. It is easy to see that the maximum
is attained for x = (1,0,...,0) and is equal to (m —1)/(m +1). Let u be a
probability measure with support in S. Let

v = p(0) and v; =p(e;) forj=1,...,m.
Then

m
= Alliz—i2 = max ‘70 + ) i cosTx;
j=1

We consider three cases:

(i) v >1/2,
(ii) vo < 1/(m + 1),
(iii) 1/(m + 1) < 70 < 1/2.

In case (i), 73 < 1/2 for some i. Then
= Alliz—iz > o+ oo+ %1 = Vi +Yit1 + o+l =1 = 27

Here the character x has 1 on the ith place and zero elsewhere. Also 1—2v; >
(m—1)/(m+ 1), because v; < 1/(2m).
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In case (ii),
m
= M-z > 10 = " 7] = o = (1 =70l = 1 = 250.
j=1

Here x = (1,...,1). Also 1 —2v > (m —1)/(m + 1) since 7o < 1/(m + 1).
In case (iii), 7; < 1/(m + 1) for some i. Thus if y has 1 on the ith place
and zero elsewhere we obtain ||u — Allj2p2 > 1 -2y > (m—1)/(m+1).

EXAMPLE 2. Let G = Zy, @ ... ® Zy,,, where k; are odd integers > 3.
Let S = S~ = {4ey,...,*en}, where e; = (0,...,0,1,0,...,0). Define

s = cos 3: W0 = (1= a)(L—2) ot (1= ) )
for i = 1,...,m. Then for m large,
ps(Ee) =42/2, i=1,...,m.
In particular, for ky = ... = k,,, the measure ug is uniformly distributed on

the set S of generators.
Let p be a symmetric probability measure with support in S and let

:U‘(:l:e’b):’yl/Qa t=1,...,m

The characters of G are of the form x = (xi,...,Xm), where each x; €
{0,1,...,k; —1}. Let A= {x : x; = 1 for one fixed j and zero elsewhere}.
Then

> max
XEA

||:u )‘||l2—>l2 —max

Z 7y cos 2m Z V5 cos

= max{l —7(1— xl), N 7m(1 - mm)}

We have
max{l — (1 —z1),..., 1 =y (1 — )}
>1—((1—a) P+ +0 =z, H

Indeed, if v; = 42 for all i, then

l—-y(l—z)=...=1—yn(l—zpn)

=1—(l—az) ' +... + (1 —2,) )"

If v # 4 then ; <4 for some i. Then

l—y(l—z)>1—(1—z) ' +... 4+ (1 —zp) )
Now it suffices to show that

s = Allzmz =1—= (1 —21) " 4.+ (1T —zp) )7,
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i.e. that

i 27X
s — Allj;z2;2 = max 0 cos Xj
(|1t 121 v
XEA = J kj

But this follows from the fact that the only character ¥ ¢ A for which
S > ~
1125 ()] > max Jfis ()

is x = (k1 —1)/2,...,(km — 1)/2). However, for m large the opposite
inequality holds:

l L’CJ% < 2 + % Z # m > 17
where a = (1 —21) '+ ...+ (1 —2,)" )7L
EXAMPLE 3. Let G = Q2 = {£1, £i,£7j, £k} be the quaternion group
(see [4], p. 52). Let S = S—! = {1,4i,45}. Then pg(+i) = ps(£j) = 1/6,
ps(1) =1/3.
Q2 has four one-dimensional representations (characters):

Xo = 17
xi1(£1) = +1, xi1(£i) =+1, xu(£5) = -1, xu(xk) = -1,

x2(£1) =41, xo(Fi) = =1, xo(Ej) = +1, xo(Ek) = -1,
x3(£1) = +1, x3(Fi) = -1, x3(£j) = -1, x3(xk) =+1,

and one (faithful) two-dimensional representation m:

j:l»—>j:<(1) (1)), j:iHﬂ:(é Bz)’
inj:((l) _01>, ik»—>i<_0i _OZ>
Let p be a symmetric probability measure supported in S. Let
p(Ei) = a/2,  p(xj) =p/2, p)="1.
Then
aixo) =1, nla)=1-28, pxe)=1-2a, p(xs)=-1+2,

po-(3 %)

HM - AHl2—>12 = IIl&X{|]. - 20[|, ’1 - 2ﬂ‘7 |_1 + 27|7’Y} 2 1/3

Indeed, we see that either v > 1/3 or |—1 + 27| > 1/3. We also calculate
that ||us — Al[;z—;2 = 1/3.

Hence
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EXAMPLE 4. Let G = D, be the dihedral group (see [4], p. 51). It has

two generators a and b such that a* = e, b = e, bab = a®.

Let S = S71 = {e,a,a® b}. Then pug(a) = ps(a®) = ps(b) = ps(e) =
1/4. Let p be a symmetric probability measure supported in S. As before we
calculate the Fourier transform of . We write pu(e) = v, u(a) = pu(a®) = a/2,
p(b) = B. Then

alxo) =1, plx1)=1-28, plx2)=-14+2vy, pu(x3)=1-2a,
PN ) 0
Thus

I = Al iz = max{[1 - 2a,]1 — 28], |1 + 2y}, + B} > 1/2.
Hence
[ = Alliz—iz 2 max{|1 — 20|, | -1+ 29|} = (|1 = 26| + [-1 + 27])/2
>12-20-2v|/2=q.
But ”,US - )\||12_)l2 = 1/2
5. Factorization. Now we present a few examples of groups G and

their generating symmetric sets S for which the equidistributed probability
measure A on G does not admit a factorization (1.2) with the measures

W1, -,y being supported on S. We also exhibit some cases when such a
factorization exists.
PROPOSITION 5.1. Let G = Z,, S = S7! = {—a,...,—1,1,...,a},

where a < p/4. Then X has no factorization.

Proof. For every probability measure p supported by S we have

R - 2k
w(k) = Z’yj cos
j=1
where 0 < k < p—1, 7 = 2u(j) = 2u(—j). Thus (1) > 0, because
cos 2% > ( for 1 < j < a. Consequently, for every sequence i1, yiz, . .. of

P
such measures, [T7_, 7i;(1) > 0. =

PROPOSITION 5.2. Let G = 7", where k is odd and k > 3, S = S =
{xei,..., e}, wheree; =(0,...,0,1,0,...,0). Then X has no factoriza-
tion.

Proof. We have

" 27X
~ o ) 7
i(x) = ;1 75 €08 ==,
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where

X:(X17"‘7Xm)) Xj€{0,7k—]_}7
v; =2p((0,...,0,1,0,...,0)) = 2u(—(0,...,0,1,0,...,0)).

Notice that u((1,1,...,1)) = cos%‘zgn:l v; = cos 2E > 0, because k is
odd and greater than 3. Thus H?:l w;((1,1,...,1)) > 0 for any sequence

K, 2, ... ®

PROPOSITION 5.3. Let G = Z5 and S = {xey,...,+e,,0}, where
0=(0,...,0) and e; = (0,...,0,1,0,...,0). Then A has a factorization.

Proof. Let u be a probability measure with support in .S. The Fourier

transform of p is
m

() = p(0) + Y ule;) cosmx;,
j=1
where X = (x1,---,Xm), Xj € {0,1}.

Let x be a nontrivial character. It is sufficient to construct a probability
measure p, supported in S such that i, (x) = 0. Assume that x;, = ... =
Xje. = land x; =0 for I # ji,...,jk. Then i = p(0) — p(ej,) — ... — p(ejy,).
For 1, we take a measure such that p,(0) = p,(ej,) + ... + py(ej,) and
fir(0) > 0; then indeed fiy(x) =0. m

PROPOSITION 5.4. Let G be the generalized quaternion group Q,,, where

m > 5 (see [4], p. 52). G is a group of order 4m with two generators a and
b such that a has order 2m, b* =1, b> = a™, bab™! = a?>" ' =a~'. Let

S=5"1=1{da,a* " bamb}.
Then A has no factorization.

Proof. For every probability measure p supported on S we have (using
notation from [4]), for o = exp(mi/m),

~ _(v—B+acosZE 0
,u(wgz)—( 0 ’y+ﬁ+acosi’{>’
where v = u(e), a/2 = p(a) = u(a®m1) and B/2 = u(b) = u(a™b). We see
that
2
’y—i—ﬂ—i—acos—7T >0. m
m

PROPOSITION 5.5. Let G be the generalized quaternion group Q,,, where
2<m<4. Let S=S5"1={a%a,a®1,b,a™b}. Then \ has a factoriza-
tion.

Proof. It is easy to check that for every representation 7w of G there is
a measure [, such that fi.(7) =0. =
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PROPOSITION 5.6 [2]. Let G = S,, be the symmetric group and S =
{(i,§) :4,j € {1,...,n}}. Then X has a factorization.

Proof. We define n — 1 measures as follows. Let p; be the proba-
bility measure which is uniformly distributed on {(1,1),(1,2),...,(1,n)},
p2 uniformly distributed on {(2,2),(2,3),...,(2,n)} and so on. It is clear
'I,Ll*...*ﬂn—l:)\. ]

6. The [!-norm. We begin by showing

PROPOSITION 6.1. Let G be a finite group and S an arbitrary subset of
G. Then for every n such that |G| > |S|" > |S™| we have

(6.1) lpn o i = Allp > [ = Alln

for pg being the probability measure uniformly distributed on S and {p,}
an arbitrary sequence of probability measures with supports in S.

Proof. We have
(62) [t xpn—Alp =3

> e

1
)

zeSn zeG\S™
Ly IS lel=1st_, st
|G| G| G|
We rewrite (6.2) for puy = ... = p, = us:
1 1
*n Al = *n - ——
g = = 3 o) - g+ ¥

reS™ a;eG\Sn

Since p*(z) > |S|™" for all x € S™ and |G| > |S|", we have p§*(z) — |G| ~*
> 0, whence
2|.5™|

|G|

g = Al =2 —

and so (6.1) is proved. m

Proposition 6.1 shows that for the /*-norm for small n no sequence can
be better than a convolution power of the measure uniformly distributed on
S. For large n, however, the situation may be different.

We need some notions and facts from [3].

Let G be (as before) a finite group. For a symmetric set S of generators
we define the volume growth function V(n) by

V(n) =15"].
The diameter v of G with respect to S is defined by
v =min{n : V(n) = |G|}.
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We say that the group G has (A, d)-moderate growth with respect to S if
there are positive constants A and d such that

v12a(;) renes

THEOREM 6.2 ([3], Theorem 3.2). Let G be a finite group with generating
set S. Suppose G has (A, d)-moderate growth with respect to S. Let 1 be a
symmetric probability measure on G with n = inf{u(x) : z € S\{e}} > 0.
Then

2
= Al e < [ = Al < 2Bl = Allz e,
where B = 2Ud+3)/4 A1/2p=d/4 g
Now we are able to formulate

THEOREM 6.3. Let G be a finite group with symmetric set S of gener-
ators which contains e and is invariant under inner automorphisms of G.
Suppose G has (A, d)-moderate growth with respect to S. Let g be uniformly
distributed on S. Clearly, pg is central. Then there exists ng € N such that

(6.3) v >ng,  [[(pn % p2) ™ = Alp < [[pE" = Alln
and
8™ — Al

(6.4) Vn €N, >Ka*, K>0,a>1,

(1 p2)*™ = Allpn —
where

H1 =+ Ve, j2 = — Ve
and v is defined by (3.1).

Proof. Because
s = Al 2 |1E" = Alliz iz = lls — Al e,
it is sufficient to show (using Theorem 6.2) that for large n,
lres = Al gz > Clluy * pz = N[,
where C' = 2UdH+3)/42 A1/2(1/|S|) =4 g * g — AHZ_Qle. But from the proof
of Theorem 3.1 we know that
118 = M=z > [l % p2 = Al
Thus (6.4) follows from Theorem 6.2, since
" = Al = Al
[[(per s p2)*™ = Al — C
Remark 6.4. Theorem 6.3 remains true without the assumption of

(A, d)-moderate growth, but then one might need more iterations of the
measure fiq * fio.

pa ok po = Allfp_p2. w
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Proof. Instead of Theorem 6.2 we use the inequality
= Ml < it = Alln < VIGT It = Mo,
which is true for every probability measure p on GG. Then we obtain
15" = Al = 1&g = Mz e
> (G123 51z — Al
= |G| (1 * p2)™ = Mllz—sz (1 * pig is hermitian)
2 [[(p1 * p2)™ = Al w
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