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We show that any finitely generated variety V of double Heyting alge-
bras is finitely determined, meaning that for some finite cardinal n(V), any
class § C V consisting of algebras with pairwise isomorphic endomorphism
monoids has fewer than n(V) pairwise non-isomorphic members. This result
complements the earlier established fact of categorical universality of the va-
riety of all double Heyting algebras, and contrasts with categorical results
concerning finitely generated varieties of distributive double p-algebras.

A double Heyting algebra A = (X;V, A, —,<,0,1) is an algebra of type
(2,2,2,2,0,0) such that L = (X;V,A,0,1) is a distributive (0,1)-lattice
that admits a binary operation — determined by the requirement that
t < (x —y) exactly when t A x < y, and also the dually defined binary
operation <. All double Heyting algebras form a variety which we denote
by 2H.

Regarded as a category, the variety 2H is universal [3]. This means
that any full category of algebras is isomorphic to a full subcategory of 2H
(see [12]) and implies that for every monoid M there exists a proper class
S C 2H of pairwise non-isomorphic algebras such that the endomorphism
monoid End(D) is isomorphic to M for every D € S. Results of [4] and [3]
show that this is already the case for a certain subvariety of 2H generated
by finitely many subdirectly irreducible algebras, and hence it seems natural
to ask about the existence of finitely generated subvarieties of 2H with the
same property.
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Our present result implies that no such subvariety exists.

To state this result precisely, we say that a variety V is a-determined if
« is the least cardinal such that any class S C 'V of pairwise non-isomorphic
and equimorphic algebras—that is, algebras whose endomorphism monoids
are isomorphic—is a set with fewer than o members.

MAIN THEOREM. Any finitely generated variety V of double Heyting
algebras is n-determined for some finite cardinal n = n(V). On the other
hand, for every finite cardinal m there exists a finitely generated variety V
of double Heyting algebras with n(V) > m.

When the operation — of a double Heyting algebra is restricted to a
unary operation given by x — z* = x — 0 and its operation + to z + z+ =
x < 1, a distributive double p-algebra is obtained. Hence a comparison of
the present results to those about the variety 2P of all distributive double
p-algebras is of some interest.

With the usual notion of a homomorphism, infinitely many finitely gen-
erated subvarieties (called almost regular varieties in [6]) of 2P are n-
determined for some finite n (see [6]) while infinitely many other finitely
generated subvarieties of 2P are universal [5] and hence not a-determined
for any cardinal . On the other hand, there is a marked similarity between
results on double Heyting algebras and those about distributive double p-
algebras that are regular (that is, forming a variety R C 2P determined by
the requirement that y A y™ < x V z*). As in the case of double Heyting
algebras, the variety R is universal (and this also shows that 2H is; see
[3]), while all finitely generated subvarieties of R are n-determined for some
finite n, and the set of these integers is also unbounded. In this sense, the
present paper extends [3] and [6].

Other related results include the fact that Boolean algebras are 2-deter-
mined [7, 8, 13|, that distributive (0, 1)-lattices are 3-determined [9], and
so are certain finitely generated varieties of Heyting algebras [2], and that
those varieties of distributive p-algebras which are a-determined for some
cardinal « are already 2-determined or 3-determined [1].

The general approach and the actual method used here are based on our
earlier paper [6] on equimorphy in finitely generated almost regular subva-
rieties of 2P. We work entirely within the framework of Priestley’s duality
appropriate for double Heyting algebras. We describe this framework first,
and then apply it to construct families of idempotent structure-reflecting
endomorphisms of our double Heyting algebras that are recognizable within
any monoid and preserved by any isomorphism ¥ : End(D) — End(D’).
Then we arrange these idempotents into blocks that reflect certain global
features of their underlying algebras. On any given collection S of equimor-
phic algebras, we then define three progressively finer equivalences that have
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only finitely many classes, and conclude by showing that any class of the
finest equivalence consists entirely of pairwise isomorphic algebras.

1. Preliminaries. We begin with a brief review of Priestley’s duality.
Let (X,<,7) be an ordered topological space, that is, let (X,7) be a
topological space and (X, <) a partially ordered set. For any Z C X write

(Zl={xeX|Fz€Zx<z} and [Z)={reX|JzeZz<ux}

We say that a subset Z of X is decreasing if (Z] = Z, increasing if
[Z) = Z, and convex if (Z]N[Z) = Z. The set Z is clopen if it is both T-open
and 7-closed. Any compact ordered topological space (X, <, 7) possessing a
clopen decreasing set D such that z € D and y ¢ D for any =,y € X with
x # y is called a Priestley space.

The following is a well-known and useful property of Priestley spaces.

LEMMA 1.1. If Fy is a closed subset of a Priestley space (X, <,T), then
[Fo) and (Fo] are closed. If Fy C X is also closed and Fy N (Fy] =0, then
there is a clopen decreasing set D C X such that Fy C D and FonD = (). =

Let P denote the category of all Priestley spaces and all their continuous
order preserving mappings. Clopen decreasing sets of any Priestley space
form a distributive (0,1)-lattice, and the inverse image map f~! of any
P-morphism f is a (0,1)-homomorphism of these lattices. This gives rise to
a contravariant functor D : P — D into the category D of all distributive
(0,1)-lattices and all their (0,1)-homomorphisms. Conversely, for any lattice
LeD,let P(L)=(P(L),<,7) be the ordered topological space on the set
P(L) of all prime filters of L ordered by the reversed inclusion, and such that
the sets {x € P(L) | A€z} and {x € P(L) | A € «} with A € L form an
open subbasis of 7. If h: L — L’ is a morphism in D then h~! maps P(L’)
into P(L) and, according to [10], this determines a contravariant functor
P:D—P.

THEOREM 1.2 [10, 11]. The composite functors Po D : P — P and
Do P : D — D are naturally equivalent to the identity functors of their
respective domains. Therefore D is a category dually isomorphic to P. =

Now we turn to Priestley spaces representing double Heyting algebras.

DEFINITION. A Priestley space (X, <, ) is called a dh-space if for every
convex clopen set Z C X the sets [Z) and (Z] are also clopen. We say
that a mapping f : (X,<) — (Y, <) between posets has the dh-property
if [h(x)) = h([z)) and (h(x)] = h((z]) for every z € X. Any continuous
order-preserving mapping between dh-spaces that has the dh-property will
be called a dh-map.
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In what follows, DH will denote the category of all dh-spaces and all
dh-maps. Thus DH is the Priestley dual of the category 2H of all double
Heyting algebras and all their homomorphisms.

THEOREM 1.3 (folklore). A Priestley space (X, <,T) is the Priestley dual
of a double Heyting algebra if and only if it is a dh-space. A continuous order-
preserving map [ : (X, <,7) = (Y, <,0) of dh-spaces is the Priestley dual
of a double Heyting algebra homomorphism if and only if it is a dh-map. =

From [4], for any dh-space (X, <,7) and any clopen set A C X (convex
or not), the sets [A) and (A] are always clopen.

DEFINITION. A subset A of a poset (X, <) is called a diset if it is both
decreasing and increasing, that is, if A = [A) = (A]. Any diset A which is
minimal with respect to the inclusion is called a component of (X, <). Thus
any diset is the disjoint union of its components, and each component is a
connected poset.

Theorem 1.3 implies that the image Im(f) of any dh-map f: (X, <,7) —
(Y,<,0) is a closed diset, and that f(C) is a component of (Y, <) for any
component C of (X, <).

NOTATION. Let X = (X, <,7) be a dh-space. Then

e C(X) denotes the set of all components of X,
e Cp(X) denotes the set of all components of X isomorphic to a poset

e xx(P)=|Cp(X)| for a given poset P,
e K (x) denotes the component of X containing a given z € X.

Given a variety V of double Heyting algebras, let PV denote its dual,
that is, the full subcategory of DH determined by all those dh-spaces which
are the Priestley duals of algebras from V.

PROPOSITION 1.4 (folklore). The following properties are equivalent for
any dh-space X:

(1) X is the dual of a finite subdirectly irreducible double Heyting algebra,
(2) X is the dual of a finite simple double Heyting algebra,
(3) X is finite and order connected. m

The description below of the dual of a finitely generated variety of double
Heyting algebras follows easily from Jénsson’s Lemma, Proposition 1.4, and
the results of [4].

THEOREM 1.5 [4]. For any finitely generated variety V of double Heyting
algebras there exists a finite set Py of finite connected posets that contains all
dh-quotients of any of its members, and with the property that a dh-space X
belongs to PV if and only if P € Py for every poset P with Cp(X) # 0. m
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This characterization leads to the definition below.

DEFINITION. Let FG denote the full subcategory of DH formed by all
dh-spaces X for which Cp(X) # () only for finitely many finite posets P.

Thus FG is the union of the duals PV of all finitely generated varieties
V C 2H.

2. Idempotents with finite images. To build a supply of idempotent
endomorphisms of a given dh-space X € FQG, we begin with the following
claim about its partial dh-maps. In algebraic terms, it says that any sub-
directly irreducible homomorphic image of any double Heyting algebra D
from a finitely generated variety V must be a retract of some direct factor
of D.

LEMMA 2.1. For every X € FG and for every C € C(X) there exists
a clopen diset Y C X with C CY and a dh-map f : Y — C such that
fle) =c for every c € C.

Proof. Since C is finite, for every x € C there exists a clopen set A,
such that A, N C = {z} and A, N A, = () whenever z,y € X are distinct.
Then C € A and A = |J, . Az is clopen because C' is finite. Thus X \ A
is clopen. Since X € FG, and because the sets [W) and (W] are clopen for
any clopen W C X, the set B = K(X \ A) is also clopen.

Set B, = A, \ B. Then B, is clopen, B, N C = {z} for every x € C and
B, N B, = ) whenever z,y € C are distinct. We claim that K (U, B-) =
U.cc B-- Indeed, if a € K(U,c B-), then a € B and so K(a) C A =
U.cc A-. Thus a € A, for some z € C and hence a € B,. Thus |, - B.
is a clopen diset.

Next we set D = |J, (X \ K(B;)) and D, = B\ D. Then D is clopen
and DN C = (. It is clear that D, is clopen, D, N C = {z} for every
z € C, and D, N D, = () whenever z,y € C are distinct. Suppose that
a € D, for some z € C. Then a € D and, since D C X is a diset, this
means that a € K(B;), and therefore a € K(D,) for any z € C. But then
K(Dy) =, ce D: for any x € C.

For every x € C we now define L, = ([D;) N (D;]) \ D;. Then L, is
clopen and L,NC = () for every x € C. Moreover, the diset L = |, K (L)
is clopen and LN C = (). For any x € C, write E, = D, \ L. Then the set
E, is clopen, E, N C = {r} and K(E;) = |J ¢ E- for every x € C, and
E,NE, =0 for z,y € C with z # y. We claim that E, is convex for
any * € C. Indeed, if a,b € E, and a < d < b then a,b € D, and thus
a,b,d € [D,) N (D,]. Further, a,b ¢ L and hence d ¢ L. So d € D,, and
d € E, follows.

For any z,y € C with <y we now set S(z,y) = (E;\(E,])U(Ey\[Ey)).
Since X is a dh-space, the set S(x,y) is clopen and hence the diset S =



46 V. KOUBEK AND J. SICHLER

U{K(S(z,y)) | z,y € C and x < y} is clopen as well. For any z < y we
have C'N S(x,y) = 0, and hence also SN C = (. Write F,, = E, \ S for
each z € C. Then F, N C = {z}, the set F, is clopen and convex, and
K(F;) = U,ec F: for all x € C. It is also clear that F, N F, = () for all
z,y € C with = # y.

Let x,y € C be such that x < y. Let a € F,. Thus a € E, and, since
a¢ S, also a¢ S(x,y). This means that a < b for some b € E,. Since S is a
diset, it follows that b ¢ S, and hence b € F,,. Analogously, for every b € F},
there exists some a € F, with a <b. Thus F, C (F,] and F,, C [F},).

For z,y € C with « £ y define T(x,y) = [F;) N F,. Then T'(z,y) is
clopen and T'(z,y) N C = 0. Set T = | J{K(T(z,y)) | z,y € C and = £ y}.
Clearly, the diset T is clopen and TN C = (). Write G, = F,, \ T for every
x € C. Again, G, N C = {x}, the set G, is clopen and convex, satisfies
K(G:) = U,ec G- for all z € C, and G, NG, = 0 for all z,y € C with
x # y. As before, G, C (Gy] and G, C [G,) for all z,y € C with < y.
Suppose that a € G, and b € G, with x,y € C are such that a < b. Then
b¢ T. Since b € [F,)NFy, the set T'(z,y) is not defined, for else b € T'. Thus
x < y. This shows that [G;) NG, # 0 for some z,y € C only when z < y.

Finally, write Y = |J,c G- Then Y is a clopen diset. For every y € Y
there exists an x € C with y € G,. Since the sets G, with x € C are pairwise
disjoint, setting f(y) = x produces a surjective mapping f : ¥ — C. Each
of the finitely many sets G, is clopen, and hence f is continuous. If a < b in
Y, then a € Gy(q) and b € Gy and b € [G () NGy Hence f(a) < f(b),
and f preserves the order.

To show that f has the dh-property, let « € Y and = = f(a). Then
f((a]) € (f(a)] and f([a)) C [f(a)) because f preserves order. Suppose that
y € (z] = (f(a)]. Then G, C [Gy), and hence there exists some b € G,
with b < a. But then f(b) =y, and f((a]) = (f(a)] follows. Analogously, if
y € [z) = [f(a)), then G, C (G,] and therefore there exists some b € G,
with a < b. Now f(b) =y implies f([a)) = [f(a)).

Altogether, f : Y — C'is a surjective dh-map, and f(x) = z follows from
G,NC={z}foreveryzeC. n

DEFINITION. We say that a diset Y C X in a dh-space X € FG is a plot
of X if for every poset P,

Cp(Y)#0 ifand only if Cp(X) # 0.
We say that a plot Y of X is minimal when
xp(Y)=1 ifand only if Cp(X) # 0.

It is clear that any X € FG has a finite plot, and hence also a minimal
plot, and that any two minimal plots of X are finite and isomorphic.
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THEOREM 2.2. Let Y be a finite plot of X € FG. Then for any finite
diset Z C X disjoint from Y, and for any dh-map ¢ : Z — Y, there exists
an idempotent f € End(X) with Im(f) =Y and f]Z = ¢.

Proof. Define D = C(Y) and £ = C(Z). Then C = DUE C C(X) is
finite, and Lemma 2.1 implies the existence of a family {Z¢o | C' € C} of
disjoint clopen disets such that C' C Z¢ for every C' € C, and of idempotent
dh-maps gc € End(Z¢) with Im(ge) = C for every C € C.

For any C' € &, let oo = ¢[C.

The diset W = X\ (U{Z¢c | C € C}) is clopen in X, and hence compact.
Thus W € FG and, again by Lemma 2.1, for every D € C(W) there exists
an idempotent dh-map gp : Zp — Zp with Im(gp) = D defined on a
clopen diset Zp C W. Since the set W = |J{Zp | D € C(W)} is closed and
hence compact, we may assume that W = (J{Z¢ | C € F} for some finite
F CC(W) CC(X). Clearly FNC = 0. Since the sets Z¢ with C € F are
clopen, we may also assume that they are pairwise disjoint. Since Y is a plot
of X, for each C' € F we may choose some dh-map pc : C' — Y. Then a
mapping f : X — X defined by

fly) = gc(y) for all y € Z¢ with C' € D,
vr= vego(y) forally € Zo with C € EU F,

is the required idempotent dh-map. m
We conclude with a simple but useful observation.

OBSERVATION 2.3. Let X € FG, and let f € End(X) be idempotent. If
C € C(X), then Im(f) N C # 0 exactly when C C Im(f).

Proof. If x € Im(f) NC and y € C, then there exists a finite sequence
T = xg,%1,...,T, = y such that z; is comparable to x;; for every i =
0,...,n— 1. The dh-property of f implies that x; € Im(f) for every such ¢,
and hence also y € Im(f). =

3. Recognizable idempotents

NoTATION. For idempotent maps f,g € End(X) we write f < g if and
only if Im(f) C Im(g); it is clear that this is also equivalent to gf = f. We
write f € [g] if f < g < f; this means that Im(f) = Im(g), and we say that f
and g are equivalent. If f ¢ [g] then we say that f and g are non-equivalent.
If f <gand f & [g] then we write f < g; this means that Im(f) is properly
contained in Im(g).

DEFINITION. Let X € FG. An idempotent f € End(X) is

e an rh-map of X if, for any poset P,

(1) Xim()(P) = {(1) o)

)

0
0,
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e a 2rh-map of X if there exists a poset P; such that Xims)(Pr) = 2,
and (r) holds for any poset P 2 Ps.

We note that, for any X € FG, the image of any rh-map f € End(X) is
a minimal plot of X, and that the image of any 2rh-map contains exactly
two minimal plots of X.

The claim below shows that any minimal plot of X is, in fact, the image
of an rh-map, and gives an abstract characterization of these maps.

STATEMENT 3.1. Let X € FG. Then:

(1) if C C C(X) is any set such that CNCp(X) is a single component for
every poset P with Cp(X) # (), then there exists an rh-map f € End(X)
with Im(f) =C,

(2) an idempotent f € End(X) is an rh-map if and only if it is a
mazximal one with the property that any idempotents go, g1 € End(X) with
90,91 < f and g;g1—; = g; for i =0,1 must coincide.

Proof. By the hypothesis, the set Y = | JC with C C C(X) from (1) is a
finite plot of X. Hence, by Theorem 2.2, there is an idempotent f € End(X)
with Im(f) =Y. It is clear that f is an rh-map.

To prove (2), suppose first that f € End(X) is an rh-map, and let
9o, 91 < f be idempotents satisfying gog1 = ¢go and ¢g1go = g1. Choose an
x € X arbitrarily, and define C; = K(g;(z)) for i=0,1. Then C; CIm(g;) C
Im(f) for i = 0,1 because of Observation 2.3, and the hypothesis go, g1 < f.
From g;91—; = g; it follows that ¢;(C1_;) = C; for ¢ = 0,1. Since no two
distinct components of Im(f) are isomorphic, it follows that Cy = C; and
hence also go(z) = g1(x). Thus go = g1 as was to be shown. It is clear that
the rh-map f € End(X) is a maximal idempotent with this property.

For the converse implication in (2), assume that an idempotent f €
End(X) is not an rh-map. There are two possible reasons for this. Either
Im(f) contains distinct and isomorphic components Cy, C; € C(X), or else
there exists a component Cy € C(X) not isomorphic to any component
of Im(f).

In the first case, select a finite plot S of Im(f) containing Cy and Cj.
Then, by Theorem 2.2, there is an idempotent g € End(Im(f)) with
Im(g) =S. Let ¢ be an isomorphism of Cy onto C; and let ¢y be the
inverse of 1. Then, for ¢ = 0, 1, the maps

gi(x) = {goigf(:c) for x € (gf)_l(CE_i),
Z gf(@)  forze X\ (gf)H(Cro).
are distinct idempotent endomorphisms of X satisfying g; < f and g;g1—; =
gi- We may thus assume that no two components contained in Im(f) are
isomorphic, and that there exists a component Cy € C(X) not isomorphic
to any component of Im(f). It follows that Im(f) can be extended to a
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minimal finite plot T of X containing Cy. By (1), there is an rh-map h with
Im(h) = T, and this violates the maximality of f. m

STATEMENT 3.2. Let X € FG. Then

(1) for every rh-map f € End(X) and every component C € C(X) with
CNIm(f) =0 there exists a 2rh-map g € End(X) with Im(g) = Im(f)UC,

(2) an idempotent g € End(X) is a 2rh-map if and only if there exist
exactly two non-equivalent rh-maps fo, f1 < g-.

Proof. Since Im(f) U C is a finite plot of X, the first claim follows
immediately from Theorem 2.2.

Let g € End(X) be a 2rh-map. From the definitions of 2rh-maps and
rh-maps, and from Statement 3.1(1), it follows that there are exactly two
non-equivalent rh-maps fo, f1 < g.

To prove the converse implication in (2), let fo and f; be two non-
equivalent rh-maps such that foy, f1 < ¢g. Then Im(fy) # Im(f;) are minimal
plots of X, and hence there exist C; € C(X) such that C; C Im(f;)\Im(f1_;)
fori = 0,1, and also components C! C Im( f;_;) isomorphic to C; for i = 0, 1.
Since the plot Im(f;) is minimal, we have C] C Im(fi_;) \Im(f;) for i = 0, 1.
Then S = (Im(fp)\C7)UC is a minimal plot of X, and hence there is an rh-
map fo with Im(f3) = S, by Statement 3.1(1). Clearly, fo < g and fa & [fo].
But then fo € [f1] by the hypothesis, and hence Im(f1) = (Im(fo) \C7)UC1.
Therefore Cy = C.

Altogether, Co = C1, Im(f1) = (Im(fo) \Co)UC1 and Im(fp) = (Im(f1)\
Cy) U Cy. If Im(g) properly contains Im(fy) U Im(f1), then C' C Im(g) \
(Im(fo) UIm(f1)) for some component C' and, regardless of whether C' = C
or not, there exists an rh-map f3 & [fo]U[f1] with Im(f3) C Im(g). Therefore
Im(g) = Im(fo) UIm(f1), and hence g is a 2rh-map. =

STATEMENT 3.3. For X,Y € FG, let ¥ : End(X) — End(Y) be an
isomorphism, and let f € End(X). Then

(1) f is an rh-map if and only if W(f) is an rh-map;

(2) f is a 2rh-map if and only if ¥(f) is a 2rh-map.

Proof. These are immediate consequences of Statements 3.1(2) and
32(2). m

The following is a crucial separating property of the collection of all
rh- and 2rh-maps.

THEOREM 3.4. For any X € FG and any two distinct points x,y € X
there exists an rh-map or a 2rh-map f € End(X) with f(x) # f(y).

Proof. If K(x) = K(y) or K(z) % K(y), then there exists an rh-map
f € End(X) with z,y € Im(f); see Statement 3.1(1). If the components
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K(x) and K(y) are distinct and isomorphic, then there is an rh-map g €
End(X) such that K(z) C Im(g) and K(y)NIm(g) = (), by Statement 3.1(1)
again. But then, by Statement 3.2(1), there is a 2rh-map f € End(X) such
that K(z) U K(y) C Im(f). m

4. Blocks

DEFINITION. Any non-trivial maximal collection G of equivalence classes
of rh-maps such that for any two distinct [go], [g1] € G there exists a 2rh-map
f € End(X) with go,¢1 < f is called a block.

STATEMENT 4.1. Let G be a block in X € FG. Then

(1) if [g0],[01]:[g2] € G are distinct, then Im(go) \ Im(g1) = Im(go) \
Im(gs) is a component of X and Im(go) N Im(g;) = Im(go) N Im(g2) =
Im(g1) N Im(gz),

(2) 4 g0l 91];[92]: [93] € G then Im(go) \ Im(g1) = Im(g2) \ Im(gs)
whenever [go] # [91] and [g2] # [g3],

(3) there exists a finite poset P with xx(P) > 1 such that the map
B:G — Cp(X) defined by B([g]) = Im(g) \ Im(g') for [¢'] € G\ {[g]} is a
bijection,

(4) if [9] € G and if Gy is a block in X such that [g] € G1 # G, then
Jor every [go] € G\ {[g]} and [g1] € G1 \ {[g]} we have (Im(g) \ Im(go)) N
(m(g) \ Tm(gy)) = 0.

For any rh-map g € End(X) and for any finite poset P with xx(P) > 1
set S =TIm(g) \ (U{C | C € Cp(X)}). For every C € Cp(X), let go €
End(X) be an rh-map with Im(gc) = SUC. Then G = {[gc] | C € Cp(X)}

1s a block.

Proof. Toprove (1), let [go], [91], [92] € G be distinct. If the components
Co = Im(go) \ Im(g1), Do = Im(go) \ Im(g2) are distinct, then they are
not isomorphic because gq is an rh-map. Since there exists a 2rh-map h
with Im(h;) = Im(go) U Im(g1), from Statement 3.2 it follows that Cy =
Im(g1) \ Im(go) = Co € Im(g2) and Dy = Im(gz) \ Im(go) = Do C Im(g1).
Thus, by Observation 2.3, the components Cy, C1, Dy and Dy are contained
in the image of any idempotent f > ¢;,¢92. Hence there is no 2rh-map
f > g1,g92—=a contradiction, and Cy = Dy follows. But then Cy =& D5 as
well, and hence Im(go) NIm(g1) = Im(go) N Im(g2) = Im(g1) NIm(gz). This
proves (1), and implies that (2) holds as well.

Let Pdenote a poset isomorphic to the component Cy. From (2) it follows
that xx(P)>1, and that the map 8 : G—Cp(X) from (3) is well-defined
and injective. The map § is surjective because of the maximal property of G.
This proves (3).



EQUIMORPHY IN VARIETIES 51

Now we turn to (4). If G, Gy > [g] are blocks and if I = (Im(g)\Im(go))N
(Im(g) \ Im(g1)) # 0 for some [go] € G\ {[g]} and [g1] € G1 \ {[g]}, then
I € C(X) is isomorphic to Im(gp) \ Im(g) and Im(g;) \ Im(g). Therefore the
latter two components are isomorphic (or equal), and hence G = G; by the
maximality of G.

To prove the final claim, it suffices to note that S U C is a minimal plot
of X for every C € Cp(X), apply Statement 3.1(1) to obtain an rh-map g¢
with Im(gc) = SUC, and then use Statement 3.2(1) to obtain the requisite
2rh-maps. The maximality of G = {gc | C € Cp(X)} is obvious. m

DEFINITION. Let P be a finite connected poset. We say that a block G
is a P-block if Im(go) \ Im(g1) € Cp(X) for any two distinct [go], [91] € G.

COROLLARY 4.2. For any P-block G, the map B : G — Cp(X) from
Statement 4.1(3) is a bijection. For every rh-map g € End(X) and for
every finite poset P with xx(P) > 1, there exists exactly one P-block G
with [g] € G. m

An immediate consequence of Statement 3.3 and of the definition of a
block is

STATEMENT 4.3. If X,Y € FG and ¥ : End(X) — End(Y) is an
isomorphism, then G is a block in X exactly when ¥(G) = {[¥(g9)] | [¢9] € G}
s a block in'Y. m

LEMMA 4.4. Let G be a P-block in X. For every C € Cp(X), let gc €
End(X) denote an rh-map with Im(gc) N C # 0 and [gc] € G. Let f €
End(X) be any rh-map, let [g] € G, and let C € Cp(X) be such that
Im(g)NC = 0. Then C CIm(f) if and only if kf # ¢'f for every 2rh-map
k> g,9c and every ¢' € [g].

Proof. If C C Im(f), then kf # ¢'f because C' C Im(g¢) C Im(k) and
Im(¢")NC = Im(g)NC = . To prove the converse, suppose that C\Im(f) #
(. Then Im(f)NC = ), by Observation 2.3. By Theorem 2.2, there exists a
2rh-map k € End(X) with Im(k) = Im(¢) U C and k(Im(f)) C Im(g). But
then ¢’ = gk € [¢g] and kf = ¢'f, as was to be shown. m

5. Three equivalences. Let S be a class of equimorphic objects in FG.
For any X,Y € S choose an isomorphism ¥xy : End(X) — End(Y") so that

(Cl) for any X, Y,Z € S we have Uyy = WYZWXYa

(C2) for any X,Y € S, the composite ¥y xWxy is the identity on
End(X).

DEFINITION. For any finitely generated variety V of double Heyting
algebras, let R(V) denote the class of all dh-spaces X € PV such that
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xx (P) <1 for every poset P. In other words, members of R(V) are exactly
all dh-spaces from PV that are their own minimal plots. We define

n1(V) to be the number of non-isomorphic dh-spaces in R(V),
no(V) = max{|Aut(End(X))| | X € R(V)},
n3(V) = max{|C(X)| | X € R(V)}.

The claim below is an immediate consequence of Theorem 1.5.

LEMMA 5.1. For any finitely generated variety V of double Heyting al-
gebras, the cardinals n1(V), n2(V), and n3(V) are finite. m

On the class § we now define the first equivalence ~1 by the requirement
that

Y ~1 Z if and only if the images of rh-maps in Y and Z are isomorphic.

In other words, for Y, Z € S we write Y ~; Z if and only if these dh-spaces
have isomorphic minimal plots. The claim below follows immediately from
Lemma 5.1.

LEMMA 5.2. The equivalence ~1 has at most ny1(V) classes. m
We need the following observation from [2].

LEMMA 5.3 [2]. If X is a dh-space and r € End(X) is idempotent, then
the map & : End(Im(r)) — rEnd(X)r defined by £(k) = kr is an isomor-
phism of End(Im(r)) onto r End(X)r with inverse &1(h) = rh|Im(r). =

For any class &7 of the equivalence ~; select some X € S;. Choose
an rh-map rx € End(X), and for every Y € &1 set ry = Uxy(rx). Then
ry € End(Y') is an rh-map and, because X ~; Y, the dh-spaces Im(rx) and
Im(ry) are isomorphic. Thus for any Y € S; there exists a dh-isomorphism
¢y : Im(rx) — Im(ry). For any h € End(Im(rx)), write 7y (k) = @y hey
Then 7v : End(Im(rx)) — End(Im(ry)) is a monoid isomorphism such
that oy h = 1y (h)py for every h € End(Im(rx)), or, equivalently, for any
g € End(Im(ry)) we have 7y (9)¢y" = ¢y g.

By Lemma 5.3, for any Y € S, the map &y : End(Im(ry)) —ry End(Y)ry
given by &y (h) = hry is an isomorphism whose inverse &' is given by
&1 (k) = k[ Tm(ry) for every k € ry End(Y)ry. Furthermore, the domain-
range restriction of ¥y 7 maps ry End(Y)ry C End(Y) bijectively onto
rz End(Z)rz C End(Z) because Yy z(ry) = 1z.

We are now prepared to define the second equivalence ~5 on S by setting

Y ~9 Z if and only if Y ~1 Z and EpyxgyTy = Epzxszz.
For any Y ~o Z, we write ¢y z = gngp;l.

LEMMA 5.4. If the equivalence ~1 has s1 classes, then the equivalence
~g has at most sina(V) classes. Furthermore, if Y ~qo Z, then ¢y :
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Im(ry) — Im(rz) is a dh-isomorphism such that, for any y € Im(ry) and
any f € End(Y),

by zry f(y) = rz¥yz(f)oyz(y).
If also U ~o Z, then

bzudyz = ¢yu and
duy dyu = ¢yy is the identity map on Im(ry).
Proof. From Lemma 5.3 it follows that the composite §;<1l1/yx§y7y is
an automorphism of End(Im(ry)) for every Y. Thus if the equivalence ~1

has s; classes, then the equivalence ~3 has at most s1n2(V) classes.
Suppose that Y ~9 Z. Then ¥y x&y 1y = ¥z x&z77 and hence

1 -1 -1 —1
§7 Uxz¥yx8y1yTy =85 YUxz¥zx82T2Ty -

Using (C1) and (C2), it then follows that ¢,'Wyz&y = 777!, From the
latter fact and all appropriate definitions, for any f € End(Y) and y €
Im(ry ), we obtain

¢y zry () = 0207 1y () = z(ry  (ry F1Im(ry)) ey (y)
= 7z(1y  (ry 1 Im(ry))) 20y ()
= & Wy 2&y (ry f1Im(ry))py z(y)
=& Wy g (ry fry)oyz(y) = €' (ra®y z(f)rz)éy z(y)
=rz¥y z(f)dyz(y).
The remaining two equalities are obvious. m

For each class Sy of the second equivalence, select and fix some X € Ss.
Define
T={P|Pisaposet, xx(P)>1}, and
P={P | P isa poset, xx(P)>1}.
For each P € T, let Gp denote the P-block in X that contains [rx].
Let Y ~9 X. Then, by Statement 4.3, for every P € T there is a poset
@ such that the collection ¥xy (Gp) is a @-block in Y. Define vy (P) = Q.
Then vy (P) € P because Im(ry ) is isomorphic to Im(rx ), and the mapping
vy : T — P thus defined is one-to-one because Wxy is an isomorphism and
ry is an rh-map.
We now define the third equivalence ~3 on S by requiring that

Y ~3Z ifand only if Y ~o Z and vy = 7vz.

LEMMA 5.5. If the equivalence ~o has so equivalence classes then the
equivalence ~3 has fewer than 3sons(V)! equivalence classes. If Y ~3 Z
and P is a poset, then G is a P-block in Y exactly when Wy z(G) is a
P-block in Z.
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Proof. Let Y ~3 Z. Since T C P, the map 7;172 is a partial permu-
tation of P, and the first claim follows immediately. The second claim is a
direct consequence of the definition of the third equivalence. m

Let Y ~3 Z. For each C € C(Y) with Im(ry )NC = 0, select some rh-map
gc € End(Y) with C NIm(ge) # 0 for which [gc] belongs to the C-block
containing [ry]. Then the component C' = Im(g¢) \ Im(ry) is isomorphic to
Im(ry) \ Im(gc) € C(Y).

Define a mapping ey z : C(Y) — C(Z) by setting, for every C' € C(Y),

[ y2(C) if CNIm(ry) #0,
evz(C) = {IIE(ZKDYZ(QC)) \Im(rz) ifCnN Im(ri) = 0.

The map ey is well-defined since ¢y z maps Im(ry) isomorphically onto
Im(rz) and because ¥y z maps any block G containing [ry] bijectively onto
a block containing [rz]. It is also clear that the definition of ey 7 does not
depend on the particular choice of the rh-maps go with C N Im(ry) = 0.

LEMMA 5.6. Let Y ~3 Z ~3 U. Then

(1) C NnIm(ry) # 0 if and only if eyz(C) NIm(rz) # 0, for every
CeCy),

(2) ey z(C) = C for every C € C(Y),

(3) evu = ezveyz,

(4) ezyveyz is the identity of C(Y),

(5) if f € End(Y) is an rh-map and C € C(Y), then C C Im(f) if and
only Zf 8yz(C) - Im(!pyz(f))

Proof. Assume first that C N Im(ry) # (). Lemma 5.4 gives ¢y zry =
rzdyz, and hence ey z(C) = ¢yz(C) intersects Im(rz). But then C is
a component of Im(ry), and ¢yz(C) is a component of Im(rz) because
¢yz : Im(ry) — Im(rz) is an isomorphism. This proves (2) for any C' with
C'NIm(ge) # 0, and one implication in (1). From Lemma 5.4 it also follows
that (3) and (4) hold for any C' with C NIm(ry) # 0.

Secondly, assume that C' N Im(gc) = 0. Then there is a C-block G in
Y containing both [ry] and [gc] # [ry]. The block ¥y z(G) then contains
Wy z(g9c)] # [rz], and Im(Yy z(g9¢)) \ Im(rz) = C because of Lemma 5.5.
This completes the proof of (1) and (2). The remainder of (3) and (4) follows
from (C1), (C2) and the definition of ey z.

Finally, (5) follows from Lemma 4.4 and the fact that the isomorphism
Uy z preserves rh-maps, 2rh-maps and blocks. m

Let S3 be a class of the third equivalence. Select and fix some dh-space
X € 83. Let C € C(X) be such that C NIm(rx) = (). Then, as we already
know, there is a C-block G¢ such that [rx], [g] € G¢ for an rh-map g
with Im(g¢) \ Im(rx) = C.
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To continue the argument, we need a more specific choice of rh-maps
respectively equivalent to rx and g;. By Theorem 2.2, for every C' € C(X)
with C NIm(ryx) = 0, there exist rh-maps go with Im(g¢) \ Im(rx) = C
and he € [rx] such that goche = go and hege = he. For any C € C(X)
contained in Im(rx), we select go = h¢ = rx.

For any Y € S3 and any component D € C(Y) define C' = ey x (D)
and gp = ¥Yxvy(g9c), hp = ¥xy(hc). Clearly, gphp = gp, hpgp = hp,
hp € [Ty], and [gD] eGpinY.

For any Y ~3 Z we now define a mapping oyz : Y — Z by

oy 2 (z) = oy z(x) if x € Im(ry),
vZ Uy z2(9K () Py 2P (2)(z) if 2 € Y \Im(ry).
Since go = hg = ry for any C € C(Y) contained in Im(ry ), and because
Uy z(ry) = rz, we may simply write

oyz(x) = Yy z(9K (1)) Py zhK(z)(x) forallz €Y.
STATEMENT 5.7. Let Y ~3 Z ~3 U. Then

(1) oyz : Y — Z is a bijection,

(2) oyz preserves order and has the dh-property,

(3) oyu = ozuoyz,

(4) ozyoyz is the identity map of Y,

(5) oyz(Im(f))=U{evz(C) | C€C(Y) and C CIm(f)} =Im(Pyz(f))
for every rh-map f € End(Y).

Proof. First, the restriction oy 7| Im(ry) = ¢y satisfies the first four
claims because ¢y z : Im(ry) — Im(ry) is a dh-isomorphism for which the
second and the third claims of Lemma 5.4 hold.

Let DeC(Y) be such that DNIm(ry )=0. Then oy z(D) is a component
of C(Z) disjoint from Im(rz), by Lemma 5.6 and the definition of oy z. Also,
the restriction of oy z to any such D is a dh-isomorphism, so that (2) holds.
The composition properties (3) and (4) hold on Y \ Im(ry) because of the
definition of oy z and similar composition properties of ey z and ¢y z; see
Lemmas 5.4 and 5.6. The fact that eyz : C(Y) — C(Z) is a bijection, and
(1), follow from what was already noted.

Finally, (5) is a consequence of the definition of oy z and Lemma 5.6(5). =

LEMMA 5.8. Let Y ~3 Z. If f € End(Y) is an rh-map or a 2rh-map,
then

(e) oyzf =%z (f)oyz.
Proof. Our proof has three steps.

STEP 1. Suppose that f € End(Y) is such that Im(f) C Im(ry). Since
this assumption is equivalent to ry f = f and because Wy z(ry) = rz, we
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also have Im(W¥y z(f)) C Im(rz). Thus for every y € Im(ry ) we obtain, using

Lemma 5.4, Wy z(f)oyz(y) = rz¥y z(f)dyz(y) = ¢vzry f(y) = oyzf(y).
If y € Y\Im(ry ), then for C' = K (y) we have gc(y) = y and hc(y) € Im(ry).
Therefore
By z(foyz(y) = Py z(f)Pyz(g9c) by zhe(y)
=rz¥y z(f)¥yz(9c)pyzhc(y)
=rz¥yz(ry f9c)py zhc(y) = ¢y zry fgche(y)
=ovzfoc(y) = dvzf(y),
using the definition of oy z and Lemma 5.4. This shows that (e) holds for
any f € End(Y) with Im(f) C Im(ry).

STEP 2. Let f be any rh-map of Y. Let go € [ry] and g1 €[f] be rh-maps
satisfying gog1 = go and g1g9 = g1. First we show that

(a) Uy z(g1)oyz(y) =oyzg1(y) for every y € Im(ry).
Using gog1 = go and Step 1, we obtain
(b) Uy z(90)¥vz(91)0yvz = Wy z(90)ovz = 0y z9o
=0y z4gog1 = WYZ(QO)UYZQL
Since g1(Im(ry)) = Im(g1) and Im(Pyz(91)) = Yyz(g1)(Im(rz)) =
Uy z(g91)oyz(Im(ry)), from Statement 5.7(5) applied to g1 it now follows
that oy zg1(Im(ry)) =0y z(Im(g1)) =Im(Py 2(91)) =¥y z(g1)oy z(Im(ry)).
For every y € Im(ry) we thus have
(c) Py z(90)¥y z(91)0y z(y) = ¥y z(90)oy 291 (y)-
But ¥y z(go) is injective on Im(¥yz(g1)) because Wy z(g1)¥yz(g0) =
Uy z(g1), and (a) follows from (b) and (c).
Since g1g0f = f and go € [ry], from Step 1 and (a) we now deduce that,
for any z € Y,
oyzf(z) =ovyzgi190f (%) = Yy z(g1)ovzgof ()
=Wy z(91)¥y z(g90f)oy z(x)
=Wy z(g190f)oyz(x) =Yy z(f)oyz(r).
Hence (e) holds for any rh-map f € End(Y").

STEP 3. Suppose that f € End(Y) is a 2rh-map. Select and fix some
y € Y. Then there exists a plot W of Y containing K (y), whose all other
components are contained in Im(f), and which contains K(f(y)) in case
when K (f(y)) 2 K(y). Let g1 be an rh-map with Im(g,) = W.

Then Im(fg1) C Im(gz2) for some rh-map go. We may assume that gs is
one-to-one on Im(ry); see Theorem 2.2. Then there exists some g3 € [ry]
so that gsga = g3 and g2g3 = g2. Set h = g3fg1. Then Im(h) C Im(ry) and
92h = g2fg1 = fg1. Since g1(y) = y, using Steps 1 and 2, we then obtain
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oyzf(y) =ovzfa(y) = oyzg2h(y) = Yy z(g2)oy zh(y)
=Wy z(92)¥vz(h)oyz(y) =Yy z(f)¥vz(91)ovz(y)
=Wy z(f)ovzo(y) =¥Yyz(f)ovz(y).
Therefore (e) holds also for any 2rh-map. =
STATEMENT 5.9. If Y ~3 Z, then oy z is a dh-isomorphism.

Proof. In view of Statement 5.7, we need only prove that oy z is con-
tinuous.
First we note that, for any compact 0-dimensional space (X, 7),

(A) any collection U of T-clopen subsets that separates points of X is a
subbase of 7.

Indeed, if o is the coarsest topology on X for which every U € U is
o-clopen, then (X, o) is Hausdorff, and idx : (X,7) — (X, o) is continu-
ous. Since (X, 7) is compact, both (X, 7) and (X, o) are compact Hausdorff
spaces, and hence o = 7.

Clearly, for any two topological spaces (X, 7) and (Y, o),

(B) amap f : X — Y is continuous whenever f~1(U) is 7-open for every
U € U from some subbase U of o.

Now, by Theorem 3.4 and (A), the collection
U={f2}|zeIm(f), f €End(Z) is an rh-map or a 2rh-map}

is a subbase of the topology on Z. By Statement 3.3, an endomorphism f
of Z is an rh-map (or a 2rh-map) if and only if ¥y (f) is an rh-map (or
a 2rh-map, respectively). By Lemma 5.8, we have ozy f = Wy (f)ozy for
any f € End(Z) which is an rh-map or a 2rh-map. Since oy 7 is a bijection
and 07y = 0y, for any such f and each z € Tm(f) we have oy, (f~1{z}) =
Ury () Hoyy{z}) = Yzy (f)"*(ozv{z}). Thus oy, (f~{z}) is clopen in
Y, and hence oy 7 is continuous, by (B). =

Now we are ready to complete the proof of our result.

Proof of Main Theorem. The first claim follows from Lemmas 5.1, 5.2,
5.4, 5.5, and from Statement 5.9.

Turning to the second claim, for any integer n > 0 we consider the dh-
space P, on the set {0,1,...,2n + 1} whose order is given by 2i < 2i +1 >
2i+2fori=0,1,...,n—1and 2n < 2n + 1.

We claim that the double Heyting algebra D(P,) dual to any such P,
has only the trivial endomorphism. Since P, is order connected, the algebra
D(P,) is simple (see Proposition 1.4) and hence every f € End(P,) is
invertible. If a, b€ P, then |[a)| = 2 for a = 0 alone, and |(b]| =2 only for b=
2n+1. Since the unique order path connecting 0 to 2n+ 1 passes through all
other elements of P,, the identity map is the only dh-endomorphism of P,.
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The duals D(P;) of the posets P; with 0 < i < n generate a finitely
generated variety V, of double Heyting algebras that has more than n
non-isomorphic members with isomorphic endomorphism monoids. =

COROLLARY 5.10. For any finitely generated variety V of double Heyting
algebras there is an integer

n < 3n1(V)na(V)nsg(V)!

for which V is n-determined. m
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