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For non-empty topological spaces X and Y and arbitrary families A C
P(X)and BC P(Y) weput Cap = {f € Y* : (VA € A)(f[A] € B)}. We
examine which classes of functions F C Y can be represented as C4 g.
We are mainly interested in the case when F = C(X,Y) is the class of
all continuous functions from X into Y. We prove that for a non-discrete
Tikhonov space X the class F = C(X,R) is not equal to C4 5 for any
ACP(X)and BC P(R). Thus, C(X,R) cannot be characterized by images
of sets. We also show that none of the following classes of real functions can
be represented as C 4 g: upper (lower) semicontinuous functions, derivatives,
approximately continuous functions, Baire class 1 functions, Borel functions,
and measurable functions.

1. Basic definitions and facts. Throughout the paper we use the
standard definitions and notation. In particular, the family of all functions
from a set X into Y is denoted by YX. The symbol |X| stands for the
cardinality of X and P(X) for the family of all subsets of X. For a cardinal
number x we write [X]® to denote the family of all subsets Y of X with
|Y| = k. (In particular, [X]! stands for the set of all singletons in X and
[X]? for the family of all doubletons in X.) Similarly we define [X]<*, [X]=*
and [X]Z".
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We use the symbol Const x y for the class of all constant functions from
X into Y, and write just Const when the spaces X and Y are clear from the
context. The identity map from X into X is denoted by idx. For topological
spaces X and Y the class of all continuous functions from X into Y is
denoted by C(X,Y).

Following Engelking [4] we say that a space X is totally disconnected if
all quasi-components of X are singletons. All topological spaces considered
in this paper are at least Tj (distinguish between points) and contain at
least two points.

1.1. Main results. In order to announce our principal results we also
need the following frequently used notation: for non-empty sets X, Y and
families A C P(X), BC P(Y),

Can={feY™: (VA c A(f[A] € B)}.

Some basic properties of C 4 5 are outlined below in Facts 1.2 and 1.3.

This work is motivated by a paper of Velleman [8] in which it is proved
that the class F = C(R,R) is not equal to C4 s for any A, B C P(R). Thus,
C(R,R) cannot be characterized by images of sets. This stays in contrast
with the fact that, by definition, the family C(X,Y") can be characterized
by preimages of sets for every pair of topological spaces X, Y:

C(X,Y)={feY®:f1(V)isopen in X for every open V C Y}.
This phenomenon justifies the following terminology.

DEFINITION 1.1. Let X and Y be topological spaces. We say that:

e the pair (X,Y) of spaces has the V-property if there exist A C P(X)
and B C P(Y) such that C(X,Y) = Cu 5;
e X is a V-space if (X, X) has the V-property.

In these terms Velleman’s theorem says that R is not a V-space. Our
aim is to generalize this result to a large class of pairs (X,Y") of topological
spaces. In Section 3 we characterize the spaces X such that the pair (X, R)
has the V-property. These are the spaces X such that every connected com-
ponent of X is open and admits only constant real-valued functions (The-
orem 3.1). In particular, for a non-discrete functionally Hausdorff space (in
particular, Tikhonov space) X the pair (X, R) does not have the V-property
(Corollary 3.6). The proof is, roughly speaking, based on:

(i) a reduction technique which permits us to consider only connected
spaces X (Theorem 2.1);

(ii) a construction, for X such that (X,R) has the V-property and
C(X,R) # Const, of functions h € C(X,R) that “detect non-closed sets”,
i.e., such that h~! is not closed for some nowhere dense S C R (Lemma 3.8);
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(iii) a construction, for X such that C(X,R) # Const, of an appropriate
discontinuous function g € C4 5 (Lemma 3.9).

Step (iii) also permits showing in Section 4 that no class of functions
from R to R between C(R,R) and the class of measurable functions can be
represented as C4 g (Corollary 4.2).

Properties of C 4 g are given in Section 1.2. In Section 1.3 we give the first
examples of non-trivial V-spaces (Cook’s continuum) and their permanence
properties. More precisely, if the pair (X,Y) has the V-property, then so
does every pair (X', Y’) where X' is a retract of X and Y’ is a subspace of
Y (Proposition 1.8 and Corollary 1.10). In Section 5.1 step (i) is elaborated
further in Theorem 5.1 which permits one to describe the behavior of V-
spaces under topological sums (Corollary 5.2). This gives new examples of
V-spaces (Corollary 5.6 and Proposition 5.7).

In our main result, Corollary 3.6, R can be replaced by Sierpiniski’s dyad
S: for a Ty-space X the pair (X, S) has the V-property if and only if X is
discrete. (See also open question 5.16.) Consequently, if a pair (X, Y) has the
V-property for Ty-spaces X and Y with C(X,Y) # YX, then Y is necessarily
T1. Hence among Ty-spaces the finite V-spaces are precisely the discrete ones
(Example 5.8(I)). Here we discuss also another class of V-spaces—the spaces
with the co-finite (more generally, co-ar) topology (Example 5.8(II)).

In Section 5.2 we study stability of the V-property under cartesian prod-
ucts (Proposition 5.9, Corollaries 5.10 and 5.11). We also show that all fi-
nite powers of a Cook continuum are V-spaces (Corollary 5.12). We finish
Section 5.2 with further examples of V-spaces based on another natural
topological construction carried out on Cook’s continuum (Example 5.17,
Remark 5.18).

1.2. Properties of C p. First, note that C4 5 can be the empty family.
This happens, for example, if ) € A and () € B. Since this is a trivial case,
in what follows we always assume that all classes of functions we consider
are non-empty.

Now, if C4 5 # () it is easy to see that C4 g = Ca\{0},8\{0}- Thus, for the
remainder of this paper we assume that () & A.

Note also that if A =) then C4 5 = Y. However, we also have YX =
Cpx),P(y) = Cpx)\{0},P(v)\{0}- Thus, we always assume that A contains
a non-empty set.

With this agreement in place we can state the first basic observation
that is similar in flavor to that from [2, Thm. 1].

Fact 1.2. (i) If A* = {f[A] : A€ A& f € Cap} C B then Cap =

Ca,ax-
(ii) Const C Ca 5 if and only if [Y]' C B.
(111) If [Y]l g B then CA7B == C.A\[X]I,B == C.AU[X]l,B'



214 K. CIESIELSKI ET AL.

(iv) If [Y]! C B and there exists B € BN [Y]? then BX C C4 .

(v) If X =Y thenidx € Cap if and only if A C B.

(vi) If X =Y then Ca forms a semigroup with respect to composition
iff Cax = = Ca,B, where A* is as in (i).

Proof. The properties (i)—(v) are obvious, as is the implication “<”
in (vi). To see the other implication of (vi) notice that, by (i), Ca4+ 4+ C
Ca a+ = Cap, since, by (v), A C A*. On the other hand, C4 4+ C Ca~ a4+,
as C4,4+ = Ca p is closed under composition. m

In the case when a pair (X,Y) has the V-property we can extend the
remarks of Fact 1.2 as follows. Note first that if X is discrete (or Y is
indiscrete) then C(X,Y) = Y, and so (X,Y) has the V-property. In fact,
any discrete space (and any indiscrete space) is a V-space. Thus, to avoid
this trivial case we will try to stay away from the situation when X is
discrete.

FAcT 1.3. Let X be a non-discrete topological space and C4p =C(X,Y).
Then

i) Const C Cq 5 and [Y]' C B;

(i) BN[Y]* = 0;

(i) A CPW)UP(X \ W) for every clopen subset W of X;

(iv) each A € A is contained in some quasi-component of X;

(v) X is not a totally disconnected space;

(Vi) Caa» =C(X,Y) with A* ={f[A] : Ac A& feC(X,Y)} CB;
(vii) if X =Y then Cax 4~ = C(X, X) where A* is as in (vi).

Proof. (i) follows from Fact 1.2(ii).

(ii) follows from (i) and Fact 1.2(iv) since X is not discrete and Y is Tjp.

(iii) follows from (ii) since for every A € A\ (P(W)UP(X \ W)) and
any distinct bg, by € Y the characteristic function f : X — Y equal to b; on
W and by on X \ W belongs to C(X,Y) = Ca g, and so {by, b1} = f[A] € B.

(iv) follows immediately from (iii).

To see (v) note that if X were totally disconnected then, by (iv), A C
[X]' and, by Fact 1.2(iii), Caz = Cp g = Y, implying that X is discrete.
(vi) and (vii) follow immediately from Fact 1.2(i) and (vi), respectively. m

Note that by Facts 1.2(ii) and 1.3(i) we can assume that [X]! C A and

(1) x=JA
when considering the problem whether (X,Y) has the V-property. No-
tice also that Fact 1.3(v) implies, in particular, that no non-discrete zero-
dimensional space is a V-space.

According to Fact 1.3(vi) if (X, Y) is a pair with the V-property for some
A and B, then it is so for A and A*, where A* consists of all continuous
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images of sets of A. In other words, the class B is not relevant once we
know that the V-property is available. In particular, for a V-space X we
have C(X, X) = C4-» a- for some family A* C P(X).

1.3. When the V -property is available. Below we give some easy examples

of pairs with the V-property. The case C(X,Y) = Y was already discussed
above. Now we consider the opposite case, i.e., when C(X,Y) = Const.

LEMMA 1.4. If C(X,Y)=Const, then the pair (X,Y) has the V -property.
Proof. It suffices to note that C(X,Y) = Cyxy [yr- =

A large number of examples of pairs (X,Y) with the V-property can
be found with the help of the above proposition. We recall that a space
X is irreducible if every non-empty open subset of X is dense in X (or,
equivalently, every open subspace of X is connected).

COROLLARY 1.5. The pair (X,Y) has the V-property in either of the
following cases.

e X is arcwise connected and Y does not contain any arc.
e X is connected and Y is totally disconnected.
e X is irreducible and Y is Hausdorff.

Proof. This follows from the fact that in all these cases C(X,Y) =
Const. m

This idea cannot help to get non-trivial V-spaces X as idx € C(X, X).
To this end we have to take larger C(X, X).

PropoOSITION 1.6. If X is a compact topological space such that every
continuous function f : X — X is either constant or a homeomorphism
then X 1is a V -space.

Proof. Let A be the family of all closed subsets of X that do not have
precisely two elements. We claim that C(X, X) =C4, 4.

Clearly C(X, X)) CCa, 4. To see the other inclusion take f€C4 4\ Const.
Then f is one-to-one, since otherwise there is a three-element set A (which
belongs to A) such that f[A] has two elements, i.e., does not belong to
A. Thus, f is continuous, being a closed mapping which is one-to-one and
defined on a compact space. m

In [3] Cook constructed a continuum K such that C(K, K) = ConstU
{idg }.

COROLLARY 1.7. There exists a continuum K (Cook’s continuum) which
1s a V-space.

Proof. Follows from Proposition 1.6. =

We finish this section with the following easy but fundamental facts.
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PROPOSITION 1.8. If (X, Z) has the V-property and Y is a subspace of
Z then (X,Y) also has the V -property.

Proof. Let A CP(X) and B C P(Z) be such that C(X,Z) = C4 5 and
let B =BNP(Y). It is enough to notice that C(X,Y) =Cap .

To see this, let f : X = Y. If f € C(X,Y) C C(X,Z) = Ca then
f[A] € BNP(Y) = B for every A € A, ie., f € Cap. Conversely, if
fe€Cap CCan=C(X,Z) then feC(X,Y). n

Notice that the domain counterpart of Proposition 1.8 strongly fails,
in the sense that the V-property of a pair (X,Y’) is not necessarily inher-
ited even by closed compact subsets of X. (Compare with Corollaries 1.10
and 1.11.) To see this, let K be a continuum which is a V-space (e.g., a Cook
continuum) and let S be a converging sequence in K together with its limit
point. Then (K, K) has the V-property. However, by Fact 1.3(v), (S, K)
does not have the V-property since .S is non-discrete totally disconnected.

Note also that the pair (K, S) has the V-property since K is connected
and S is totally disconnected (Corollary 1.5). In particular, the property
“(X,Y) has the V-property” is not symmetric in the sense that there are
examples of pairs (X,Y) with the V-property such that (YY) does not
have the V-property. Another example of a “non-symmetric pair” is given
by the pairs (R, K) and (K,R). The pair (R, K') has the V-property again
by Corollary 1.5 (Cook’s continuum K does not contain any arc), while the
second pair does not have the V-property by Theorem 3.1.

LEMMA 1.9. If (X, Y') has the V-property and f : X — Z is a continuous
quotient map, then (Z,Y) has the V -property.

Proof. Let C(X,Y) = Cap with A C P(X) and B C P(Y). Then
C(Z,Y) = Cya,8 with f[A] = {f[A] : A € A}. The inclusion C(Z,Y) C
Cy4),8 is obvious. The other inclusion follows easily from our assumption
that f is a quotient map. m

Note that in this lemma f being just “continuous surjective” does not
suffice. To see this, take any pair (Z,Y) that does not have the V-property
and take as X the underlying set of Z equipped with the discrete topology.
Then (X,Y’) has the V-property and idz : X — Z is a continuous bijection.

The above lemma gives a partial domain counterpart of Proposition 1.8.

COROLLARY 1.10. If (X,Y) has the V-property and Z is a retract of X,
then also (Z,Y') has the V -property. In particular, any retract of a V -space
s again a V -space. m

For further use we also give the following particular cases.
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COROLLARY 1.11. If (X,Y") has the V-property and Z is a clopen subset
of X then (Z,Y) also has the V -property. In particular, a clopen subset of
a V-space is a V -space.

Proof. Every clopen subset of a space is its retract. m

COROLLARY 1.12. If (X X Z,Y') has the V -property, then (Z,Y) also has
the V -property. In particular, if X xXZ is a V -space then so are X and Z. m

2. A reduction theorem. The main goal of this section is to prove the
next theorem which partially reduces the question of when the pair (X,Y")
has the V-property to the case when X is connected. It is a particular case
of Theorem 5.1.

THEOREM 2.1. The pair (X,Y) has the V-property if and only if there
exists B C P(Y') such that for every component C' of X,

(a) C is open in X;
(b) there exists Ac € P(C) such that C(C,Y) = Ca. B-

In particular, all pairs (C,Y') have the V -property.
In the proof we use the following easy fact.

LEMMA 2.2. If (X,Y) has the V-property then every quasi-component of
X is open and connected.

Proof. Let C(X,Y) =Ca g and @ be a quasi-component of X. Choose
a # b inY and consider the characteristic function f : X — {a,b} C Y of
Q. By Fact 1.3(iii) each A € A is either contained in @ or disjoint from
Q. In either case f[A] is a singleton, so f[A] € Band f € Cap =C(X,Y).
This yields that @ is clopen. In particular, () cannot contain proper clopen
subsets, hence () is connected. m

Proof of Theorem 2.1. Let C(X,Y) = Ca 5. The necessity of (a) follows
from Lemma 2.2. To see (b) let C' be a component of X and Ac = ANP(C).
We claim that C(C,Y) = Ca, 5.

The inclusion C(C,Y) C Ca, g follows from the fact that, by (a), any
continuous f : C'— Y can be extended to a continuous function fv: X =Y
and any such function sends sets from Az = ANP(C) into B.

To see the other inclusion take f : C' = Y from C4. 5 and extend it
to f: X — Y assigning a constant value on X \ C. Then, by (a) and
Fact 1.3(iii), any A € A is either in A¢ or is disjoint from C. In any case
fl[Al € B, ie., feCap=C(X,Y). So feC(C,Y).

To see that the conditions (a) and (b) are sufficient, for every component
C of X let Ac C P(C) be such that C(C,Y) = Ca,, g and define A as the
union of all families Ac. We claim that C(X,Y) = C4 5.
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Let f € C(X,Y) and A € A. Then there exists a component C' of X such
that A € Ac. So, f[A] = f|c[A] € B, since f|c € C(C,Y) = Ca. 5. Thus,
fe€Cas.

To see the other inclusion take f € C4 5. Then for every component C
of X we have f € Ca, 5 and f|c € Ca,.8 = C(C,Y). But all sets C are
clopen. So, f is continuous. m

Note that according to Theorem 2.1(a), for every connected space C' and
every space Y the pair (Q x C,Y) fails to have the V-property. (Here, as
elsewhere in the paper, we assume that Y is not indiscrete and Q denotes
the rationals.)

Theorem 2.1 also gives a new proof of Corollary 1.11: if (X, Y) has the V-
property and Z is a clopen subset of X then (Z,Y") also has the V-property.
Indeed, let B C P(Y) be a family satisfying (a) and (b) of Theorem 2.1 for
(X,Y). Then B and the same families A satisfy (a) and (b) for (Z,Y)
since Z is clopen in X.

3. When the pair (X,R) has the V-property. The main goal of this
section is to prove the following generalization of Velleman’s theorem.

THEOREM 3.1. Let X be a topological space. The pair (X,R) has the
V -property if and only if for every component C of X,

(i) C is open in X; and

(ii) C(C,R) = Const.

Before we prove it, let us notice the following corollaries.

COROLLARY 3.2. Let X be a topological space for which there exists a
component C of X such that either C is not open or C(C,R) # Const. If Y
contains an arc then (X,Y) does not have the V-property.

Proof. Follows from Theorem 3.1 and Proposition 1.8. m

COROLLARY 3.3. Let C' be a connected topological space. Then the pair
(C,R) has the V-property if and only if C(C,R) = Const. =

Before we give further corollaries let us see that one can have regular
connected topological spaces with the property (ii).

EXAMPLE 3.4. There exists a regular topological space X with C(X,R) =
Const. (See [4, Sect. 1.5 and Exerc. 2.R] or [5].) In particular, such an X is
connected and (X, R) has the V-property.

A topological space X is functionally Hausdorff if the functions f €
C(X,R) separate the points of X. Note that every completely regular space
is functionally Hausdorff.
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COROLLARY 3.5. Let X be a non-discrete functionally Hausdorff space.
If Y contains an arc then (X,Y) does not have the V -property. m

COROLLARY 3.6. Let X be a functionally Hausdorff space. The pair
(X,R) has the V-property if and only if X is discrete. m
We split the proof of Theorem 3.1 into a sequence of steps. The first one,

based on the reduction theorem, reduces the proof to the case of a connected
space, i.e., to Corollary 3.3.

Proof of Theorem 3.1. Assume that (i) and (ii) are fulfilled. Then C(C,R)
= Cp(c),rp for every component C of X. So, by Theorem 2.1, the pair
(X,R) has the V-property.

On the other hand, assume that (X,R) has the V-property. By The-
orem 2.1 every component C' of X is open in X, and (C,R) has the V-
property. So, Corollary 3.3 yields C(C,R) = Const. =

The proof of Corollary 3.3 is split into the following two steps.

ProposITION 3.7. If X s a topological space for which there exists a
continuous function h : X — R such that

(2) h=Y(S) is not closed in X for some nowhere dense S C R
then (X,R) does not have the V -property.

The next lemma ensures the validity of (2) for connected topological
spaces with non-constant continuous real-valued functions. The proof of
Proposition 3.7 will be given later in this section.

LEMMA 3.8. Let X be a connected topological space with C(X,R) #
Const. Then there ezists a function as in (2).

Proof. Let f : X =R be a non-constant continuous function. We prove
first that

there exists 7' C R such that f=1(7T) is not closed in X.

Assume otherwise. Since f is non-constant there exists a € R such that
both T = [a,00) and R \ T intersect f[X]. This produces a non-trivial
partition f~1(T)U f~}(R\ T) of X into closed sets, a contradiction. This
proves our claim.

Now fix a T' C R such that f~!(T) is not closed in X. Pick an = €
c(f~HT))\f~YT) and define T+ = TN[f(z),0) and T~ = TN(—o0, f(x)].
Since obviously at least one of the two possibilities

z€c(fTHTNNSTHTT) or wed(fTHT))\FTHTT)

occurs, we can assume without loss of generality that 7= T~. Since f(z) ¢
T, we have T =T~ C (—o0, f(z)). Next we note that it is not restrictive to

assume T = (oo, f(x)) as @ € cl(f~1(—o0, £(2))) | f~L(~o0, £(x)).
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Now fix a strictly increasing sequence {a,}°; in R converging to f(z)
and set

oo o0
A= U f~Hazn, a2ns1], B= U f (az2nt1, agn 2]
n=0 n=0

with ag = —oo. Clearly f~}(T) = f~'(AU B), so either z € cl(f~(A)) or
x € cl(f~1(B)). Since the proof is similar in both cases assume the first of
these. Now define a continuous map j : R — R such that j(f(z)) = 0 and
Jl(azn, azn41]] = 1/(n +1). Consider the continuous map h = jo f and let
S be the set {1/n :n € w}. Note that h=1(S) contains f~1(A) which has z
in its closure but x ¢ h=1(S) since h(x) = j(f(z)) = 0. So, h and S satisfy
(2). m

In the proof of Proposition 3.7 we will use the following lemma. (The
“moreover” part will also be used in the next section.)

LEMMA 3.9. Let X, h and S be as in Proposition 3.7, [R]* C B C P(X),
B € B be infinite, and A C P(X) be such that

(3) cl(h[A]) is an interval for every A € A.

Assume that there exists a family J of pairwise disjoint closed subsets of
R\ cl(S) with the property that for every x < y,

(4) either [z,y] C J for some J € J or {JeJ:JC(z,y)} >|B]
and
(5)  h[AINT #0  for every A€ A and J € J with J C cl(h[A]).

Then there exists g : R — B such that f = goh € C45\C(X,R). Moreover,
if c1(S) has positive Lebesque measure, then g can be chosen non-measurable.

Proof. Let Z be the family of all non-empty open intervals with rational
endpoints and let ((I¢,be) : & < |B|) be an enumeration of Z x B. By
induction on £ < |B| choose a one-to-one sequence (Je € J : ¢ < |B|) such
that
(6) Je C I provided |{JeJ:JC I} >|B|.

Fix distinct a,c € B and define g : R — B by
be if x € Jg¢ for some & < |B|,
g(z) = {a ifxes,
¢ otherwise.

To see that f = g o h belongs to C4 5 take A € A. We now show that
714] = g[n[A]] € [R]" U {B} C B.

If cl(h[A]) is a singleton, then so are h[A] and f[A] = g[h[A]]. In partic-
ular, f[A] € [R]'! C B. So, assume that cl(h[A]) is not a singleton. Then, by
(3), there are z < y such that (z,y) C cl(h[A]) C [z,y]. Consider two cases.
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CASE 1: There exists I € Z such that I C (z,y)and |{J € T : J C I}| >
|B|. Take b € B. Then there exists £ < |B| such that (I,b) = (I¢, be) and,
by (6), Je C I =1 C (x,y) C cl(h[A]). In particular, by (5), h[A] N Je # 0
and so 0 # g[h[A] N J¢] C g[Je] = {be} = {b}. Thus, b € g[h[A]]. Since
b € B was arbitrary, we conclude that B C g[h[A]]. So, g[h[A]] = B € B.

CASE 2: For every [ € Zif I C (x,y) then |{J € J : J C I}| < |B].
Then, by (4), for every I € Z with I C (z,y) there exists J; € J such
that I C J;. Since elements of J are pairwise disjoint, all J; must be
equal to the same Jy € J and (z,y) = J{L € Z:1 C (x,y)} C Jy. So,
h[A] C [z,y] C cl(Jy) = Jo. But g is constant on every J € J. Thus, g[Jo]
is a singleton, implying that g[h[A]] € [R]! C B.

To see that f ¢ C(X,R) let V = h™1(S) and z € cl(V) \ V, existing by
(2). Then h(z) € hlcl(V)] C cl(h[V]) C cl(S), while z ¢ V = h=1(S), i.e.,
h(z) € cl(S)\ S. So,

¢ =g(h(z)) = f(z) € flel(V)]
while ¢ & {a} = cl(g[S]) = cl(g[h[V]]) = cl(f[V]), proving that f is discon-

tinuous.
To prove the “moreover” part, take a non-measurable set E C cl(5), fix
distinct a,a’, ¢, ¢ € B and redefine g : R — B by

be if z € Jg for some & < |B,
a ifxreSNE,
g(z) =< da ifreS\E,
c ifxeFE\S,
¢’ otherwise.
Then g=1({a,c}) = FE is non-measurable, so g is not measurable. It is easy

to see that for this modification of our original g we still have f = goh €
Ca\C(X,R). m

Proof of Proposition 3.7. By way of contradiction assume that there
exist A C P(X) \ {0} and B C P(R) such that C(X,R) =C4 5.

Note that, by (2), X is not discrete. So, by Fact 1.3, B contains all

singletons and does not contain any doubleton. Moreover, we can assume
that

B=A"={f[A]:Ac A& feC(X,R)}.
Next notice that
(7) cl(f[A]) is an interval for every A € A and f € C(X,R).

Indeed, otherwise cl(f[A]) is disconnected, so there are two disjoint non-
empty closed subsets Fyy and Fy of cl(f[A]). Then, by normality of R, there
exists a continuous function g : R — [0, 1] with g[Fp] = {0} and g[F}] = {1}.
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Therefore f = go f € C(X,R) =Ca 5 and {0,1} = f[A] € B, contradicting
BN [R]? = 0.
Now, B Z [R]!, since h € C(X,R) = C4 5 is not constant. Hence, by (7),

(8) B contains an infinite set.
Next note that
(9) B does not contain any infinite countable set.

We apply Lemma 3.9 to show this. So, by way of contradiction assume
that there exists a countable infinite B € B. Note that (7) implies (3). Let
J be a family of non-trivial pairwise disjoint closed subintervals of R\ cl(.5)
with the property that between any two distinct intervals from J there is
another interval J € J, and |JJ is dense in R. It is easy to see that such
a J satisfies (4) and (5). So, Lemma 3.9 leads to a contradiction with our
assumption that C(X,R) = C4 z.

Next note that for every A € A,

(10) h[A]NP # 0 for every perfect set P C cl(h[A]).

Indeed, otherwise there is a continuous “Cantor-like” function g from R
onto [0, 1] with g[cl(h[4]) \ P] being countable infinite. Now goh : X — R
is continuous and (g o h)[A] C g[cl(h[A]) \ P] is infinite countable, contra-
dicting (9).

To finish the proof, take an arbitrary infinite B € B, which exists by
(8), and let J be a family of pairwise disjoint perfect subsets of R\ cl(5)
such that continuum many of them lie inside any non-degenerate subinterval
of R. Then conditions (3)—(5) of Lemma 3.9 are satisfied, implying that
C(X,R)#Cap. =

4. Families of real functions. Notice that there are non-trivial classes
of real functions that are equal to C4 4 for some A C P(R). For example
the class D of all Darboux functions is defined as the class of functions for
which the images of connected sets are connected. Thus, D = C4 4, where
A is the family of all connected subsets of R.

The next theorem is a generalization of Theorem 3.1 in the case X =R
and it implies that many classes of real functions cannot be represented as
Can.

THEOREM 4.1. If A,B C P(R) are such that C(R,R) C C4 g then there
is a non-measurable function f € C4 3.

Proof. The proof is very similar to that of Theorem 3.1. We will use
here the identity function id as an A for which any non-closed nowhere dense
S C R will satisfy (2). We will choose such an S with cl(S) having positive
Lebesgue measure.
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Take A, B C P(R) \ {0} such that C(R,R) C C4 5. By Fact 1.2(ii) the
family B contains all singletons. Also, by Fact 1.2(iv), if B contains a dou-
bleton B then C4 3 contains the characteristic function A : R — B of a
non-measurable set, i.e., a non-measurable function. So, without loss of gen-
erality we can assume that B does not contain any doubleton. By Fact 1.2(i)
we can also assume that

B=A"={f[A]:Ac A& feC(R,R)}.
Next note that
(11) cl(f[A]) is an interval for every A € A and f € C(R,R),

the argument being identical to that for the condition (7) of Theorem 3.1.
Now, B € [R], since id € C(R,R) C C4 5. Hence, by (11),

(12) B contains an infinite set.

If B contains a countable infinite set B then we can apply Lemma 3.9
to the family J of intervals used to prove the condition (9) of Theorem 3.1,
and conclude that there exists a non-measurable function in C4 5. So assume
that B does not contain a countable infinite subset. Then, as in the case of
the proof of condition (10) of Theorem 3.1, we see that

ANP#D for every A € A and every perfect set P C cl(A).

To finish the proof, it is enough to apply Lemma 3.9 to the family J of
pairwise disjoint perfect subsets of R\ cl(S) such that continuum many of
them lie inside any non-degenerate subinterval of R. m

COROLLARY 4.2. Neither of the following classes of functions from R to
R can be represented as Ca g for any A,B C P(R):

the class of upper or lower semicontinuous functions;
the class of derivatives;

the class of approximately continuous functions;

the class of Baire class 1 functions;

the class of Borel functions;

the class of measurable functions.

Proof. If F is any of the above classes then C(R,R) C F and every
function in F is measurable. m

PrOBLEM 4.3. Can the class of all functions f : R — R with the Baire
property be represented as C4 57

As far as smaller classes of functions are concerned we have the following
questions.

PRrROBLEM 4.4. Can any of the following classes of real functions be rep-
resented as C4,57
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e The class of all linear functions f(z) = az + b.

e The class of all polynomials.

e The class of all real-analytic functions.

e The class C* of infinitely many times differentiable functions.

e The class D" of n-times differentiable functions, with 1 <n < w.

5. Further remarks and examples

5.1. Second reduction theorem. The next theorem can be considered as
a generalization of Theorem 2.1.

THEOREM 5.1. Let X = J,er Ca and Y = U, ; Ky be the partitions
of the topological spaces X andY into connected components. Then (X,Y)
has the V -property if and only if

(A) each Cy, is clopen in X; and
(B) for every o € I and v € J there exist families A, C P(Cy) and
B, C P(K,) with the property that

C(Ca,Ky)=Ca,p, foreveryaclandyecJ.

Proof. Assume first that C(X,Y) = C4 g with B = A*. Then condition
(A) follows from Lemma 2.2.

To see (B) define A, = ANP(C,) and B, = BNP(K,). First notice
that A = J,cr Aq follows from Fact 1.3(iv). Also B ={J,; B, since con-
tinuous functions send connected sets to connected sets. In order to prove
that C(Cq, Ky) = Ca, 5, take a continuous map f : C, — K. Extend f
to a continuous map ]?: X — Y by choosing an arbitrary point b € Y and
assigning value b to any v € X \ C,. Then f € C(X,Y) = C4 5. Hence
for every A € A, we have f[A] = f[A] € B and f[A] € B, as f[A] C K,.
Thus f € C4,,B,. The proof of the other inclusion is similar to that for
Theorem 2.1.

To prove the other implication first notice that it is true for Y being
discrete since we can take A = {C, : @ € I} and B = [Y]'. Thus we assume
that Y is not discrete.

Define A = (J,¢; Aa and B =
CaB-

First note that each function f : X — Y which is either continuous or
in C4 5 defines a map 6 : I — J such that

(13) FlCal € Ko(a)-

For continuous f this is obvious. So, let f € C4 5 and fix o € I and = €
Cq. Let St¥(z, A) = ,, St"(z, A), where St"(x, A) denotes the nth iterated
star of the point = with respect to the cover A of X. (See (1).) It is easy to see
that St“(x, A) CC,, and f[St¥(z, A)] is a subset of precisely one K. Thus,

e By. We now prove that C(X,Y) =
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it is enough to show that St*(x,.A4) = C,. To this end take a component
K., of Y with more than one point and consider the characteristic function
f:Cq — K, of St“(z, A). It belongs to Ca, 5, = C(Cq, K,), so f is con-
tinuous. Hence St“(z,.A) is clopen in C,. As C, is connected we conclude
St (z, A) = Cy.

Now to prove C(X,Y)CC4 5 notice that if f : X =Y is continuous and
0 is as in (13) then f[A]€By(q) for every acl and A€ A,. So, f € Ca 5.

To see the other inclusion let f € C4 5 and let § be as in (13). Since
the components of X are clopen, it suffices to prove that each restriction
fa = flc,, is continuous. By the formula (13) we can factorize f,, as the com-
position of g, : Co — Ky(q) and the inclusion Ky(,) < Y, so that the con-
tinuity of f, follows from the continuity of go € Ca,, 55, = C(Ca, Ko(a))- ®

COROLLARY 5.2. Let X = @, X be the topological direct sum of the
spaces Xo. Then (X,Y) has the V-property if and only if all pairs (X,,Y)
have the V -property witnessed by the same B C P(Y). m

COROLLARY 5.3. Let X = |J,c; Ca be the partition of X into connected
components. Then X is a V-space if and only if

(A) each Cy, is clopen in X; and
(B) for each o € I there exists a family Ay, C P(Cq) such that C(Cq, Cs)
=Ca,,A, for every a,v € I.

Proof. From the formulation of Theorem 5.1 it follows immediately that
for each o € I there exist families A, B, C P(Cy) such that C(Cy,C,) =
Ca, .5, for every a,y € I. To see that the families A, and B, can be chosen
equal it is enough to notice that for a V-space X we can choose B = A, and
then check the definition of A, and B, in the proof of Theorem 5.1. m

COROLLARY 5.4. Let D be a discrete space. Then (X, D) has the V-
property if and only if each connected component of X is clopen in X. m

COROLLARY 5.5. Let D be a discrete space. Then X x D is a V-space if
and only if X is a V-space.

Proof. The product X x D is a topological direct sum of |D|-many
copies of the space X. m

COROLLARY 5.6. If K is a Cook’s continuum and D is a discrete space
then X x D is a V-space. m

A family (possibly a proper class) {X,}q of spaces is strongly rigid if
the only non-constant maps X, — Xz are the identities X, — X,. A space
X is strongly rigid if the family {X} is strongly rigid. (See [1], [6], [7] for
the existence of strongly rigid spaces and families.) Obviously every strongly
rigid pair {X, Y’} of distinct spaces gives rise to two pairs (X,Y’) and (Y, X)
having the V-property.
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PROPOSITION 5.7. Let {Cq}acr be a strongly rigid family of continua.
Then the topological direct sum X = @, ; Ca is a V-space.

Proof. For every a € I let A, be the family of closed subsets of C,
which are not doubletons. Set A={],.; Aa. We prove that C(X, X)=Cx, 4
by using Corollary 5.3. To this end we must check that C(C,Cp) = Ca,,, 4,
for every o, 8 € I.

The case o = 8 was already established in Proposition 1.6. So, assume
that o # 3. Then C(Cy, Cg) has only constant maps. Suppose f € Ca,, 4,
is non-constant. By the choice of A, and Ag the map f is injective. Since
Cy € A,, it follows that Z = f[C,] is a closed, hence compact, subset of Cj.
Moreover, every closed subset of C,, is mapped onto a closed subset of Z.
Therefore f:C,— Cp is a non-constant continuous map, a contradiction. m

EXAMPLE 5.8. (I) In analogy with our main result in Section 3 we discuss
here when the pair (X, S) has the V-property, where S denotes the Sierpinski
dyad. It is easy to see (using Fact 1.2) that for a Ty-space X the pair (X, S)
has the V-property if and only if X is discrete. Further, using this fact
and Proposition 1.8 one can conclude that for Ty-spaces X and Y with
C(X,Y) # YX (ie., Y is not indiscrete and X is not discrete) the pair
(X,Y) may have the V-property only if Y is T;. Consequently, a finite
Ty-space is a V-space if and only if it is discrete.

(IT) Now we give examples of V-spaces of arbitrary infinite cardinality
which need not be locally compact. (Note that all examples given above were
locally compact.) These are non-Hausdorff T3-spaces. Let X be a set and
a < |X]| be a regular cardinal. Consider the co-a topology 7, on X (having
as closed sets: X and all subsets Y C X with |Y| < «). It is easy to see
that f € C(X, X)\ Const if and only if f has small fibers (i.e., |f~1(z)] < «
for every x € X). Now with A = [X]' U [X]Z* we have C(X,X) =C4 4, s0
that X is a V-space. Note that X is always connected, while 7, is (locally)
compact precisely for a = w.

5.2. Behavior under products. Next we examine when the V-property of
a pair (X,Y") is preserved under product operations.
Now we prove the counterpart of Corollary 5.2 in the case of products.

PROPOSITION 5.9. Let X be a space, let {Yy}acr be a family of spaces
and let Y = [[,c; Yo Then (X,Y) has the V-property if and only if all
pairs (X,Y,) have the V-property witnessed by the same family A C P(X).

Proof. The necessity follows from Proposition 1.8. Now assume that all
pairs (X,Y,) have the V-property witnessed by the same family A C P(X).
According to Fact 1.3(vi),

C(X,Y,)=Cap, forallael,
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where B, = {fo[A] 1 A€ A& fo € C(X,Y,)}. For a family {f, : X —
Yo taer of functions, we denote by (f,) the diagonal map X — Y. We
will use the fact that every continuous function f : X — Y has the form
f = (fa), where each f, : X — Y, is continuous. Let B = {(fa)[4] : A €
A& (fa) € C(X,Y)}. We now show that C(X,Y) =Ca 5.

So, let f = (fa) € Cap. To prove that f € C(X,Y) it is enough to
show that f, € Cap, = C(X,Y,) for every a € I. So, take A € A. Then
fl4] € B, ie., f[A] = g[A'] for some g € C(X,Y) and A" € A. Applying
the canonical projection p, : Y — Y, to both sides of this equality we get
falA]l = ga[A'] € Ba. So, f[A] € Cas, .

The inclusion C(X,Y) C C4 p is a trivial consequence of the definition
of B. m

COROLLARY 5.10. Let {Y, }aer be a family of spaces. ThenY =[], c; Ya
is a V-space if and only if all pairs (Y,Y,) have the V-property witnessed
by the same family AC P(Y). m

In particular, according to Corollary 1.12 every Y, is a V-space when
[I.c; Yo is a V-space.

COROLLARY 5.11. Let X be a topological space and let o be a cardinal.

(i) X is a V-space if and only if (X, X“) has the V-property.
(ii) (X, X) has the V-property if and only if X is a V-space. m

Note that by Corollary 1.12 if X* is a V-space then X is a V-space.

COROLLARY 5.12. Let K be a Cook continuum and let n > 0 be a natural
number. Then K" is a V -space.

Proof. According to the above corollary it suffices to check that (K", K)
has the V-property.

Let pr : K™ — K, 1 < k < n, denote the kth projection. We prove by
induction on n the following claim:

(I)  every non-constant continuous map f : K™ — K coincides with some
projection py.

The case n = 1 is trivial. Assume that n > 1 and that the statement is
true for n — 1. Fix a € K™~ ! and consider a continuous function f: K" =
K x K" ! — K. Then the function h, : K — X defined by h,(z) = f(z,a)
is continuous. Hence, either h, = idg, or h, € Const. Let g(a) € K be the
value of that constant function in the second case. Put F = {a € K"~ ! :
he = g(a)} and G = {a € K™ : h, = idg}. These are disjoint closed
subsets of K"~ with K"~! = F UG. By the connectedness of K"~ ! we
have either F = K"~ !, or K"~ ! = G.

In the first case we have h, = g(a) for all @ € K™ 1. The function
g : K" ! — K obtained in this way is continuous. So, by our inductive
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hypothesis, g is a projection. (Note that g cannot be constant since f is
non-constant and each h, is constant.) In the second case h, = idx for
every a, hence f = p; is again a projection. This proves our claim.

For a non-empty subset D C F' = {1,...,n} denote by Ap : K — KP
the diagonal map defined by Ap(z) = (z,...,z) € KP. Then it is easy to
see that for every continuous map ¢ : K — K™ ¢ # Ap, there exists a
subset D C F = {1,...,n} and an element a € K\P such that ¢ : K —
K" = KP x KF\P coincides with the map (Ap, ga), where g, € Const is
the constant map with value a. Since ¢ is completely determined by the
pair (D, a) € P(F) x KF\P we denote this map by ¢p ..

Now fix A to be the family of all closed subsets of K which are not
doubletons. It follows from the proof of Proposition 1.6 that C4 4 = Cx x =
Const U {idx}. Set B={p[A]: p € C(K,K™) & A € A}.

We show that C(K"™,K) = Cp 4. The inclusion C(K",K) C Cg 4 is
obvious. Assume f € Cp, 4. Note that for every a € K the composition

(14) ha = f °¥{1,...,n—1},a
belongs to C4 4, hence
(15) hy, € Const or h, =idg

by virtue of the equation C4,4 = Cx x and (I). Consider the restriction
d, = foAp of f to the diagonal of K", i.e., d,(x) = f(z,...,z). The proof
of the corollary follows immediately from the next claim which we prove by
induction on n.

Cram. (1,) If d, € Const then f € Const.
(2,) If d,, = idi then f =p; for somei € {1,...,n}.

Proof. The case n = 1 trivially follows from the equalities Ap = idg
and d,, = f, which are valid for n = 1. Assume that n > 1 and that the
claim is true for n — 1.

CAsE 1: Let d,(x) = b € K for every x € K. Fix an arbitrary a € K\ {b}
and consider h, as in (14). Then h,(a) # idk since hy(a) = b # a. Now (15)
yields h, € Const. Consider the function f, : K"~! — K defined by

(16) falz1, .. xn_1) = f(x1, ..., Tp_1,a).

Then fo0Ay . -1} = ha € Const, so that the inductive hypothesis (1,-1)
holds for f,. Hence f(x1,...,2n_1,a) = b for every (xy1,...,2,_1) € K" 1
and a€ K\ {b}. Assume f ¢ Const. Then there exists {c1,...,c,_1) € K" !
such that f(c1,...,¢p-1,0) #b. Now B = {{c1,...,¢p—1)} x K € B and
|f[B]| = 2, so that f[B] € A, a contradiction. This proves that f € Const.

CASE 2: Let d,, = idg. For a € K consider the functions h, : K — K as
n (14). According to (15) we have two cases.
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CASE 2.1: There exists a € K such that h, € Const. From hg(a) =
dp(a) = idg(a) = a we get hy(x) = a for every x € K. For the function
fa defined as in (16) we have f, o Agy . ,_1} = he € Const, so that the
inductive hypothesis (1,_1) holds for f,. Hence f, € Const. This yields
f = Pn-

CASE 2.2: h, = idg for all @ € K. Now for every a € K the function
fa defined as in (16) satisfies the inductive hypothesis (2,,_1), hence there
exists i, € {1,...,n — 1} such that f, = p;,. The proof will be finished
if we show that the function K — {1,...,n — 1} defined by a +— i, is
constant. Assume the contrary. Then i, # i, for some a # o from K.
Fix (z1,...,7,_1) € K" ! such that z;, # z;, and xp € {x;,,2;,} for
k e {1,...,n—1}. (This is possible since our assumption entails n > 2.)
Then for the set B = {(x1,...,2,-1)} X K € B we have |f[B]| = 2, so that
f[B] € A, a contradiction. m

We do not know if this result can be extended to all V-spaces:
PROBLEM 5.13. Are finite powers of V-spaces again V-spaces?

In particular, we do not know whether finite powers of the V-spaces de-
fined in Example 5.8(II) are V-spaces. On the other hand, note that infinite
powers of a V-space need not be V-spaces. (For example, take any finite
discrete non-singleton space.)

In analogy with Proposition 5.7, one could try to extend the validity of
Corollary 5.12 to the product of any (finite) strongly rigid family of continua.
We offer a partial result here.

PROPOSITION 5.14. Let { X4 }acr be a strongly rigid family of continua.
Then all pairs <H,8€I Xpg,Xa) have the V -property.

Proof. Let X=][]zc; X3. We prove first that C(X, X,)=Const U{p, }
where p, : X — X, is the canonical projection for o € I.

Fix o € I and let X' = [[{Xp: 8 € I, B # a}. We identify X with
X, x X'.

We show first that C(X’, X,,) = Const. Fix y = (yg) € X’ and let

X" ={x = (xp) € X' : 3 # yp for only finitely many 3 € I'}.

Now fix f € C(X',X,) and set b = f(y). It is easy to see that f takes
constant value b on X”. (For x = (zg) € X" argue by induction on the
number of 5 € I with zg # yg.) Since X, is Hausdorff and X" is dense in
X’ we conclude that f is constant on X'.

Now take f € C(X, X,) and for every x € X, consider the restriction of

fon Z ={z} x X'. By the above claim f has a constant value f(x) € X,
on Z. The mapping x — f(z) is a continuous function from X, into X,.
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Hence it is either constant or the identity. Thus f is either constant or equal
to pq.-

Let B be the family of all closed subsets of X, that are not doubletons
andlet A={BxDCX:BeB& De[X']?}. Then C(X,X,)=Cyp =

We do not know if it is possible to find a single A witnessing the prop-
erty V for all pairs ([[5c; X, Xo) simultaneously. If this were true, then
applying Corollary 5.10 we could conclude that X =[], .; X is a V-space.

The above results also leave open the following question regarding sub-
spaces of products. Putting the comment following Corollary 5.11 in negative
form we get: if X is not a V -space, then none of the powers X< is a V -space.
Hence, by Corollary 5.11, the pair (X%, X') does not have the V-property.

PROBLEM 5.15. Suppose X is not a V-space. Is it true that no pair (Y, X)
has the V-property where Y is a non-discrete subspace of X< for some a7

This is true for X equal to R, the Sierpinski dyad S, and the discrete
doubleton {0,1}. Actually, in these cases the V-property fails for all pairs
(Y, X) where Y belongs to the larger class S(X) of spaces that admit a
continuous injection into a power of X. (See Corollary 3.5, Example 5.8(I),
and Fact 1.3(v). Note that S(R) are the functionally Hausdorff spaces, S(.5)
are the Ty-spaces and S({0,1}) are the totally disconnected spaces.) We
propose the question also in its stronger form:

PROBLEM 5.16. Suppose X is not a V-space. Is it true that for a space
Y € S(X) the pair (Y, X) has the V-property if and only if Y is discrete?

In the semigroup C(X, X) the largest subgroup H(X) of all autohomeo-
morphisms of X has as its smallest natural extension the subsemigroup
H(X) U Const. Most of the examples of Hausdorff connected V-spaces we
have seen till this point have the property C(X, X) = H(X) U Const. This
suggests the question: does there exist a Hausdorff connected V-space X
such that C(X, X) has non-constant non-injective maps? The powers of
Cook’s continuum have this property by Corollary 5.12. Here is another
example of a V-space with this property.

ExampPLE 5.17. Let K be a strongly rigid continuum and a € K. Then
a is not a cut point of C' [6, Theorem 2.2.1]. Let X = K V, K be the
adjunction space obtained by gluing two copies of K along the set {a}. Let
ji - K — X, i=1,2, be the canonical embeddings of K into X. Then every
point of X has the form j;(x) for some x € K and i = 1,2. The canonical
projection p : X — K is defined by po j; = po jo = idg. The symmetry
s : X — X is defined by so j; = js and so jo = j;. We also have the
map hy : X — X with hy o j; = idg and hy o jo : K — K the constant
function with value a. The map ho is defined analogously. It is easy to see
that C(X, X) = Const U{1x,s, h1,ha}.
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Let A be the family of closed subsets of K which are not doubletons
and A = {j;[A] : A € A;i =1,2}. Then C(X,X) = Cj4 4. The inclusion
C(X,X)C C4 4 1s obvious. If f€C 4 4, then for i = 1,2 the restriction of f
on j;[K] is continuous, so that f is continuous as well since j1[K] and j2[K]
are closed in X.

An alternative proof that X = K Vv, K is a V-space is given in the
following remark.

REMARK 5.18. The above example hides several more general facts which
we isolate now. For a space Y and a subspace M of Y the adjunction space
X =Y Vn Y is obtained as above by gluing two copies of Y along M. The
maps j; : Y = X,i=1,2,s: X - X and p: X — Y are defined as above.
A family A C P(X) is symmetric if s(A) € A for every A € A.

(a) If (Y, Z) has the V-property, then also (X, Z) has the V-property
witnessed by a symmetric family ACP(X). In particular, if Y is a V-space,
then (X,Y) has the V-property. (If C(Y,Z) = Cap, then A defined as in
Example 5.17 is symmetric and C(X, Z) = C4 5.)

(b) If (X, Z) has the V-property, then it can be witnessed by a symmetric
family A C P(X). (Exploit the symmetry s of X.)

(c) If (X, Z) has the V-property witnessed by a symmetric family A C
P(X) then also (Y, Z) has the V-property. In particular, Y is a V-space if
and only if (X,Y) has the V-property. (Note that Y can be considered as
a retract of X via the embeddings j;.)

(d) If Y is a strongly rigid V-space and M does not cut Y (i.e., Y\ M is
connected), then X is also a V-space. (It suffices to see that (/, X) has the V-
property. If C(Y,Y)=C4 4 define A as before. To see that C(Y, X) C Cai
it suffices to note that every f € C(X,Z) factorizes either through j; or
through jo. For the inverse inclusion one has to prove first that C(Y,Y) =
Ca,4 yields that for the family A and every x € Y, Y = St“(z, A) as in the
proof of Theorem 5.1. This forces the functions of C 4 4 to factorize through
either j; or js.)
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