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A COUNTEREXAMPLE TO A CONJECTURE OF BASS,
CONNELL AND WRIGHT

BY

PIOTR OSSOWSKI (TORUN)

Let F =X —H : k™ — k™ be a polynomial map with H homogeneous
of degree 3 and nilpotent Jacobian matrix J(H). Let G = (G1,...,Gy)
be the formal inverse of F. Bass, Connell and Wright proved in [1] that
the homogeneous component of G; of degree 2d + 1 can be expressed as
ng) =Y, a(T) 'o;(T), where T varies over rooted trees with d vertices,
a(T) = Card Aut(7T') and 04(T") is a polynomial defined by (1) below. The
Jacobian Conjecture states that, in our situation, F' is an automorphism or,
equivalently, ng) is zero for sufficiently large d. Bass, Connell and Wright

conjecture that not only ng) but also the polynomials o;(T) are zero for
large d.

The aim of the paper is to show that for the polynomial automorphism
(4) and rooted trees (3), the polynomial o2(7T%) is non-zero for any index
s (Proposition 4), yielding a counterexample to the above conjecture (see
Theorem 5).

1. Preliminaries. Throughout the paper k is a field of characteristic
zero. A polynomial map from k™ to k™ is called a polynomial automor-
phism if it has an inverse that is also a polynomial map. The sequence
X = (X1,...,X,) denotes the identity automorphism and J(F') denotes
the Jacobian matrix of F.

CONJECTURE 1 (Jacobian Conjecture). If F = (F,...,F,) : k" = k™ is
a polynomial map and det J(F') € k\ {0}, then F' is a polynomial automor-
phism.

For a historical survey and detailed introduction to the subject see [1].
The Jacobian Conjecture is still open for all n > 2.

Yagzhev [4] and Bass, Connell and Wright in [1] proved that it suffices
to prove the Jacobian Conjecture for all n > 2 and polynomial maps of the
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form F; = X;— H;, where for i = 1,...,n the polynomial H; is homogeneous
of degree 3.

Note that if F = X — H, where Hy,..., H, are homogeneous of degree
> 2, then the condition det J(F') € k\ {0} is equivalent to the nilpotency of
J(H) ([1, Lemma 4.1]).

2. The tree expansion of the formal inverse. We recall some defi-
nitions and facts from [1] (see also [3]).

Let F' : k™ — k™ be a polynomial map of the form F; = X; — H;,
where each H; is homogeneous of degree § > 2 (i = 1,...,n). It is well
known ([1, Chapter III]) that for F' there exist unique formal power series
G1,...,G, € k[[X1,...,X,]] defined by the conditions G;(F1, ..., F,) =X,
fori=1,...,n. We call G = (Gy,...,G,) the formal inverse of F.

One can write G; =) ;- ng), where the component ng) is a homoge-
neous polynomial of degree d(0 — 1) + 1.

It is obvious that the Jacobian Conjecture is true if and only if G; is a
polynomial for ¢t =1,...,n.

If T is a non-directed tree, then V(T") denotes its set of vertices and (the
symmetric subset) E(V) C V(T') x V(T) is the set of edges. A rooted tree
T is defined as a tree with a distinguished vertex rty € V(T') called a root.
We define, by induction on j, the sets V;(T') of vertices of height j. Let
Vo(T) = {rtr} and for j > 0 let v € V;(T) iff there exists w € V;_;1(T) such
that (w,v) € E(T) and v & V;(T) for i < j.

For v € V;(T) we set

vt ={w e V1 (T): (w,v) € E(T)}.
Rooted trees form a category in which a morphism 7" — T” is a map [ :
V(T) — V(T') such that f(rty) =rtp and (f x f)(E(T)) € E(T'). For a
rooted tree T we denote by Aut(7') the group of all automorphisms of T,
and a(T") = Card Aut(T"). Moreover, T, denotes the set of representatives
of isomorphism classes of rooted trees with d vertices.

Suppose now that H = (Hy,...,H,) and Hy,...,H, € k[Xy,...,X,]
are homogeneous of degree § > 2. For a particular ¢ € {1,...,n}, a rooted
tree T and an i-rooted labeling f of T (that is, by definition, a function
f:V(T)—{1,...,n} such that f(rtr) = i) we define polynomials

Pry= ] <( 11 Df(w)>Hf(v)>

veV(T) wevt

and

(1) o;(T) = ZPT,f
f

(f varies over all i-rooted labelings of T').
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Using the above assumptions and definitions we can quote the following
theorem ([1, Ch. III, Theorem 4.1], [3, Theorem 4.3]).

THEOREM 2 (Bass, Connell, Wright). If the matriz J(H) is nilpotent,
then GEO) = X;, and for d > 1,

e A = 3 L

TGTd

Let [J(H)¢] denote the differential ideal of k[X7, ..., X,] generated by
all entries of J(H)®, that is, the ideal generated by elements of the form
DY ... DP~ f for any (pi,...,p,) € N™ and any entry f of J(H)®.

Let us formulate the following conjecture which is the main object of
interest in our paper ([1, Ch. III, Conjecture 5.1], [4, 5.2]).

CONJECTURE 3 (Bass, Connell, Wright). If e >1, then there is an integer
d(e) such that for all d > d(e), T € Ty and i = 1,...,n we have 0;(T) €
[J(H)<].

If Conjecture 3 is true for § = 3, then the Jacobian Conjecture is also
true. Indeed, if F=X —H : k" — k™, det J(H) = 1 and H; are homogeneous
of degree 3, then the matrix J(H) is nilpotent. Hence J(H)™ = 0 and, by
Conjecture 3, for all T'€ Ty, d > d(n) and i = 1,...,n, we have 0;(T) = 0.
Substituting this into (2) we get ng) = 0for d > d(n), so G; are polynomials
and F' is an automorphism.

3. A counterexample. Let us define the following sequence of rooted

trees:
To = W e Ty

3) >>V
Yoo
T, = = \/ € Tog4qa fors>1,

where always the lowest vertex is a root.
PROPOSITION 4. For the polynomial endomorphism F : k* — k* defined
by
(4) F=(X1+ X4(X1 X3+ X2Xy),
Xo — X5(X1 X3 + XoX4), X5 + X3, Xy)
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and rooted trees Ts, s > 0, defined by (3), we have

Ul(TS) :0, 0'2( )
Ug(TS) :0, O'4(T)

D56 XX X3 + X0 Xy),

(—
0.
Proof. The endomorphism F has the form X — H, where

Hi = — X1 X3Xy — XoX;, Hy=X1X]+ XoX3Xu,

5
®) Hy = — X3, H,=0.

We proceed by induction on s.
Let s = 0. Let V(Tp) = {rtr, = 0,1,2,3}. Then, for : =1,2,3,4,

oi(Tp) = > 11 (( 11 Df(w))Hf(v)>

FiV(To)—{1,2,3,4} veV(Typ) wevt
f(rtTo ):7’

= > DyyDy2)DyyHi - Hyry - Hyz) - Hys)-
f:{1,2,3}~>{1,2,3,4}

It is obvious that Dy, D,,D,, Xy, X3, Xp, can be non-zero only if the
sequences (a1, az,a3) and (b1, bs, b3) have the same elements up to order.
Hence, by (5), we have

o1(To
o2(To

=6-DyD3sDyH, - HHHsHy +3- DyDyDyH, - HyHE =0,
—=3-D1D3D3Hy - H{H2 4+ 6 - DyD3sDyH, - HyHsH,y

= —6- X4 (X1 X3+ XoXy) - (—X3)2

= (=)' 6- X](X1X3 + XoXy),

03(Th) = DyDyDyHs - Hi =0,

04(Tph) = 0.

)=
)=

Let s > 0 and assume that the statement of the proposition holds for s.
Then (it is a particular case of “tree surgery”; see [1] or [3])

4

Tn) = (i D;DoH; - Hj> 0u(T)).

a=1 j=1

By assumption, o,(Ts) = 0 for a # 2. Therefore

0i(Ts11) = <ZD DyH; - H) 2(T5)

=1
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and hence, by (5) and the assumption,
0'1(T5+1) = D4D2H1 . H4 . O'Q(TS) = 0,
02(Tsq1) = (D3D2Hy - H3 + DyDyHy - Hy) - 02(T5)
= Xy (=X3) - (=1)*T" 6 X{"F(X1 X5 + X2 Xy)
_ (_1)(5+1)+1 G- Xz(5+1)+7(X1X3 + X2X4),
0-3(TS+1) =0,
0-4(TS+1) = 0’
which completes the proof. m

REMARK. A. van den Essen [2] proved that the endomorphism F : C* —
C* defined by (4) is a counterexample to a conjecture of Meisters.

THEOREM 5. Conjecture 3 is false for § =3 and e > 4.

Proof. Let F' be the endomorphism defined by (4). Then F = X — H,
where H is homogeneous of degree § = 3. One can verify that F' is an
automorphism and its inverse is

F'=G=X+H+G% +G¥,
where
G? = (X1 X} —X3(2X,1 X5 + X5X4),0,0), G® =(0,X,X5,0,0).

Therefore G4 = 0 for d > 4.

Moreover, J(H)? # 0 and J(H)* = 0. Hence [J(H)¢] = 0 for e > 4.

On the other hand, by Proposition 4, we have o9(Ts) # 0 for s > 0.
Therefore o2(T) ¢ [J(H)] for s > 0 and e > 4.

Since Ty € Tost4 and limg_,oo (25 +4) = oo, for e > 4 there is no d(e) as
in Conjecture 3. =m

4.Final remarks. In [1, Proposition 5.3] it was shown that Conjecture 3
is true for e=1 with d(1)=1 and for e=2 with d(2)=2. We have proved in
Theorem 5 that Conjecture 3 is false for e > 4. The case e = 3 remains open
but the author’s computer calculations show that the following conjecture
is plausible.

CONJECTURE 6. There is an integer d(3) with the following property. If
H = (Hy,...,H,), the polynomials Hy,...,H, € k[X1,...,X,] are homo-
geneous of degree 3, and J(H)? = 0, then for d > d(3), a rooted tree T € Ty
and all i = 1,...,n, the polynomial o;(T") equals zero.

It is evident that for e = 3 Conjecture 3 implies Conjecture 6.
Computer calculations show that d(3) > 19.
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