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1. Introduction. LetV be a finite-dimensional representation of a com-
plex reductive connected algebraic group G and let X be the closure of an
orbit of G in V . We will always assume that the group G contains a one-
dimensional torus acting on X by multiplication. Then the coordinate ring
C[X] has a natural grading coming from that action. We investigate the
category C(X) of graded finitely generated modules over C[X] with ratio-
nal G-action compatible with the module structure. Denote by K ′0(X) the
Grothendieck group of the category C(X). We are interested in the structure
of K ′0(X).

In the case when V is the space of m × n matrices with natural action
of GL(m) × GL(n), the structure of K ′0(X) was described in [W]. In this
case the orbit closures Xr consist of matrices with rank less than or equal
to r. There exist three families of natural desingularizations of Xr. For any
such family a set of free generators of K ′0(Xr) was constructed. It turns out
that the proofs of the results of [W] depend only on a few formal properties
of desingularizations. We extract these properties defining the notion of
coherent desingularization and show how to derive the generating result in
a quite general set up. Then using the classification by Kac [K], we show
how to construct suitable families of desingularizations for orbit closures in
irreducible multiplicity free actions. In effect we obtain a description of the
Grothendieck groups in that case.

Let G, V and X be as above. We fix a Borel subgroup B of G and a
maximal torus T ⊂ B. Declare the roots of B to be positive and denote the
set of them by R+.

Definition. We say that X admits a coherent desingularization if for
every G-orbit O in X there exist a parabolic subgroup PO ⊃ B and a
PO-submodule WO ⊂ V such that the following conditions are satisfied.

1991 Mathematics Subject Classification: 16E20, 20G05.
Research of the third author partially supported by NSF, grant DMS 9403703.

[105]



106 J. KLIMEK ET AL.

(i) The collapsing map qO from ZO = G×PO WO to V is a desingular-
ization of the orbit closure O.

(ii) Whenever O1 ⊂ O2 then WO1
⊂WO2

.

Assume that X admits a coherent desingularization. In particular, X =
O and we have a parabolic subgroup P = PO and a P -submodule W = WO
of V satisfying the condition (i) of the above definition. Then the fiber
product Z = G×P W is a vector bundle over the homogeneous space G/P .
Let p : Z → G/P be the canonical projection and denote by q the collapsing
map from Z to X.

For every character λ ∈ X(T ) we denote by LP/B(λ) the linear bundle
on P/B generated by λ. The space of global sections of LP/B(λ) has
a natural structure of P -module, hence it induces a vector bundle G ×P
H0(P/B,LP/B(λ)) on G/P . We define a (graded) sheaf

(1) EP (λ) = p∗(G×P H0(P/B,LP/B(λ)))⊗OZ
on Z. Then the cohomology groups of EP (λ) have a natural structure of a
C[X]-module. Let χW (λ) be the Euler character of EP (λ) in the Grothen-
dieck group K ′0(X):

(2) χW (λ) = χ(Z, EP (λ)) =
∑
i≥0

(−1)i[Hi(Z, EP (λ))].

Let L be the Levi factor of P . The intersection L∩B is a Borel subgroup
of L. Let R+

L be the set of positive roots for it. Denote by wL0 the longest
element in the Weyl group of L. It follows from Bott’s theorem that the line
bundle LP/B(λ) has nonzero global sections if and only if wL0 λ is a dominant
weight for L.

Theorem 1. If X admits a coherent desingularization then the Grothen-
dieck group K ′0(X) is generated by the shifts in grading of the Euler charac-
ters χW (wL0 λ) where λ runs over the dominant weights for L.

When a coherent desingularization satisfies some additional technical
conditions (see Section 3 for details) we prove that we can assume λ to run
over the set of dominant weights for G. If the action of G on V is irreducible
and multiplicity free we can construct a coherent desingulariztion of every
orbit closure X ⊂ V satisfying this additional condition. As a consequence
we obtain the following result.

Theorem 2. If V is an irreducible representation of a reductive group G
and the action of G on V is multiplicity free then for every orbit closure X ⊂
V the Grothendieck group K ′0(X) is isomorphic to the additive group of the
polynomial ring Z[eω1 , . . . , eωr ][q, q−1] where ω1, . . . , ωr are the fundamental
weights for G.
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2. Some cohomology calculations. Assume that G,V andX are as in
the introduction and that X admits a coherent desingularization. In order to
prove Theorem 1 we have to calculate the cohomology groups H·(Z, EP (λ)).
Our method is, generally speaking, to replace a calculation on Z by a calcu-
lation on G/P and then use Bott’s theorem ([D]). To simplify the notation
we will identify a P -module M with the vector bundle G×P M on G/P .

Lemma 3. For every character λ ∈ X(T ),

Hi(Z, EP (λ)) = Hi(G/P,H0(P/B,LP/B(λ))⊗ Sym(W ∗)).

P r o o f. The canonical projection p : Z → G/P is affine, hence Rip∗OZ
= 0 for i > 0. Since p∗OZ = Sym(W ∗) by definition of Z, the result follows
from the Grothendieck spectral sequence of composition.

Let L be the Levi factor of P . Denote by R+
L the set of those positive

roots of G which are the roots for P and let WL be the Weyl group of L
with wL0 ∈ WL being the element of maximal length. Let %L be half the
sum of the positive roots of L. According to Bott’s theorem the cohomology
group H0(P/B,LP/B(λ)) is nonzero if and only if wL0 λ is a dominant weight
for L and in that case it is irreducible as an L-module with highest weight
wL0 λ (with respect to P ). More generally, the group Hi(P/B,LP/B(λ)) is
nonzero for at most one i: if there exists an element w ∈ WL with length
`(w) such that λ′ = w(wL0 λ + %L) − %L is a dominant weight of L then
H`(w)(P/B,LP/B(λ)) = H0(P/B,LP/B(wL0 λ

′)).

Lemma 4. Assume that S is a graded P -module and that λ is a character
of T . If w ∈WL and λ′ are as above then

Hi(G/B,LG/B(λ)⊗ S) = Hi−`(w)(G/P,H0(P/B,LP/B(λ′)⊗ S)).

P r o o f. Let v : G/P → G/B and u : G/B → {∗} be the natural
projections. We have a spectral sequence of the composition of functors
u∗v∗ = (uv)∗ with E2

i,j-term

(3) Hi(G/P,Hj(P/B,LP/B(λ)⊗ S)),

which by the projection formula is equal to

(4) Hi(G/P,Hj(P/B,LP/B(λ))⊗ S).

Since Hj(P/B,LP/B(λ)) is nonzero for at most one j, the sequence degen-
erates and this gives the formula stated in the lemma.

Denote by K the subgroup of K ′0(X) generated by the Euler characters
of the sheaves EP (wL0 λ) with λ a dominant weight for the Levi factor L of P .

Let X ′ be the closure of a G-orbit properly contained in X. We identify
the elements of K ′0(X ′) with their images in K ′0(X). Let P ′, W ′, Z ′ =
G ×P ′ W ′, p′ : Z ′ → G/P ′ and q : Z ′ → X ′ be the data describing the
desingularization of X ′.
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Proposition 5. If wL
′

0 λ is a dominant weight for L′ then the Euler
character χ(Z ′, EP ′(λ)) is contained in K.

P r o o f. According to the definition we have

(5) χ(Z ′, EP ′(λ)) = χ(Z ′, (p′)∗H0(P ′/B,LP ′/Bλ)⊗OZ′).

By Lemma 3 the right hand side of (5) equals

(6) χ(G/P ′, H0(P ′/B, λ)⊗ Sym(W ′)∗).

Since Sym(W ′)∗ is a P ′-module and the higher cohomology groups of the
sheaf LP ′/B(λ) vanish, by Lemma 4 we have

(7) Hi(G/P ′, H0(P ′/B,LP ′/B(λ)⊗ Sym(W ′)∗))

= Hi(G/B,LG/B(λ)⊗ Sym(W ′)∗).

Hence we can replace the character calculation on Z ′ by the calculation on
G/B:

(8) χ(Z ′, EP ′(λ)) = χ(G/B,LG/B(λ)⊗ Sym(W ′)∗).

The inclusion of W ′ in W gives us the following short exact sequence of
B-modules (or vector bundles on G/B):

0→ (W/W ′)∗ →W ∗ → (W ′)∗ → 0.

Therefore, the symmetric algebra Sym(W ′)∗, as a module over SymW ∗, has
a Koszul resolution. Applying this to (8) we obtain

(9) χ(Z ′, EP ′(λ)) =
∑
i

(−1)iχ(G/B,LG/B(λ)⊗
∧i

(W/W ′)∗ ⊗ SymW ∗).

Every B-module
∧i

(W/W ′)∗ admits a filtration with the associated graded
object isomorphic to the direct sum of 1-dimensional B-modules and the
right hand side of (9) becomes a sum of characters χ(G/B,LG/B(λ)⊗ α ⊗
Sym(W ∗)) were α is a weight of

∧·
(W/W ′)∗. Once again from Lemma 4

the cohomology groups of H·(G/B,LG/B(λ) ⊗ α ⊗ SymW ∗) are equal, up
to some shift, to the cohomology groups

(10) H·(G/P,H0(P/B,LP/B(λα))⊗ SymW ∗)

for some characters λα. This expresses the character χ(Z ′, EP ′/B(λ)) as a
combination of the characters χ(Z, EP/B(λα)) with integer coefficients, and
the proposition follows.

To formulate the following proposition let us note that the category C(X)
of graded finitely generated C[X]-modules is equivalent to the category of
coherent graded sheaves on X and the equivalence is given by the global
sections functor.
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Proposition 6. For any graded G-equivariant sheaf M on Z the class
of q∗M in K ′0(X) is contained in K.

P r o o f. We want to prove that the class of H0(X, q∗M) = H0(Z,M) is
in K. But the higher cohomology groups Hi(Z,M), i > 0, are supported on
a G-invariant subset strictly contained in X, so they belong to K by Propo-
sition 5. Hence it is enough to prove that the class of the Euler character
χ(Z,M) is in K. Since Z is nonsingular, the sheafM has a finite resolution

(11) 0→ Fs → . . .→ F1 → F0 →M→ 0

of graded vector bundles Fi on Z. Every vector bundle Fi is given by a P -
module Fi with an additional structure of a SymW ∗-module. Therefore, up
to filtration, every Fi is a direct sum of vector bundles EP (λ), and χ(Z,M)
is in K.

Using the above propositions we can prove Theorem 1 by induction on
the dimension of X. If dimX = 0 then X consists of a single point and
K ′0(X) is the group of graded representations of G.

Assume that dimX > 0. Denote by P , W , Z = G×P W and q : Z → X
the data describing a desingularization ofX and letK be as above. LetM be
a graded G-equivariant C[X]-module and letM be the sheaf corresponding
to M . Then the kernel and the cokernel of the natural map

(12) M→ q∗q
∗M

are supported on G-invariant closed subsets properly contained in X. Up to
filtration we can assume that both are supported on some orbit closure X ′

properly contained in X, so their classes are in K by induction. The class
of q∗q

∗M is in K by Proposition 6 and the conclusion follows.

3. Independent generators. Assume once again that X is the closure
of a G-orbit in V and that X admits a coherent desingularization. For any
orbit O let PO andWO be the data describing the desingularization of O and
let LO be the Levi factor ofPO. We will denote the irreducible representation
of LO of highest weight λ by VLO (λ). For dominant weights λ, µ, ν of LO we
will write λ ∈ µ⊗ ν if λ is a highest weight occurring in the decomposition
of the tensor product VLO (µ)⊗ VLO (ν). For any dominant weight µ of the
Levi factor LO we define

(13) sO(λ) = max
λ

max
α
{(λ′ − λ, α) | α ∈ R+ \R+

L ,

λ a dominant weight of LO, λ
′ ∈ λ⊗ µ}.

The coordinate ring of O is equal to H0(G/B, SymW ∗O). We decompose
SymW ∗ into irreducible LO-modules. In terms of LO-decomposition we for-
mulate two postulates for a desingularization of X:

(iii) If µ is a highest weight of W ∗O then sO(µ) ≤ 0.
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(iv) There exists a highest weight µ of SymW ∗ such that w0w
L
0 µ is

dominant and sO(µ) < 0.

If VLO (µ)⊂Sym(W ∗) is such that µ satisfies (iv) then H0(G/PO,VLO (µ))
generates a G-invariant ideal in the coordinate ring C[x]. Its zero set is a
closed G-invariant proper subset of X. If it is the closure of an orbit O′ ⊂ V
we will call VLO (µ) the relative equations of O′ in O.

Example. Let V be any irreducible representation of G and let µ be
the highest weight of V . Denote by W the one-dimensional space of highest
weight vectors and by P the stabilizer of W in G. Then X = GW is
the closure of the orbit O1 of highest weight vectors and the collapsing
map q : G ×P W → X is a desingularization. We will call it the natural
desingularization of the highest weight orbit. Since the variety X consists of
the orbit O1 and one-element orbit O0 = {0}, and we can represent the last
orbit as a zero vector bundle on G/G, it follows that X admits a coherent
desingularization. The coordinate ring of X is H0(G/P,SymW ∗) and as a
G-module it decomposes into a direct sum of irreducible modules V (nµ∗),
where µ∗ = −w0µ is the highest weight of V ∗. The ideal of O0 in C[X] is
generated by V (µ∗) = H0(G/P,W ∗).

If a positive root α is not a root of P then µ − α is a weight of V
and (µ, α) > 0. In order to check that the natural desingularization of the
highest weight orbit satisfies conditions (iii) and (iv), we have to calculate
the scalar products of the form (λ − λ′, α) for λ′ ∈ λ ⊗ (−µ). Since W ∗ is
a one-dimensional irreducible representation of the Levi factor L of P with
highest weight −µ, we have λ− λ′ = −µ for every dominant weight λ of L.
For a root α ∈ R+ \R+

L we have (−µ, α) = −(µ, α) < 0.

Proposition 7. If X admits a coherent desingularization satisfying con-
ditions (iii) and (iv) above, then the Grothendieck group K ′0(X) is generated
by the shifts of the Euler characters χW (w0λ) for all dominant weights λ
of G.

P r o o f. In the sequel we omit the subscript O from all data concerning
O = X. We start with the observation that R+ is the disjoint union of
w0w

L
0R

+
L and −w0w

L
0 (R+ \ R+

L ). In particular, it follows that if λ is a
dominant weight for G then wL0 w0λ is a dominant weight for L. We know
from Theorem 1 that the group K ′0(X) is generated by the shifts of the Euler
characters χW (w0λ) for dominant weights λ of L. Thus we need to express
χW (wL0 λ) as a combination of the characters χW (w0λ

′) with λ′ dominant.
We assume inductively that our proposition is true for all orbit closures X ′

properly contained in X and let

(14) χW (wL0 λ) = χ(G/P,H0(P/B,LP/B(wL0 λ))⊗ SymW ∗)

be a typical generator of K ′0(X). Since every P -module has a filtration with
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factors isomorphic to irreducible L-modules, only the L-module structure
of M = H0(P/B,LP/B(wL0 λ) ⊗ SymW ∗) is important for the calculation
of the Euler character. We decompose M into irreducible L-modules. Let
µ be the highest weight of an irreducible component of M . We want to
measure how far w0w

L
0 µ is from being dominant. We have (w0w

L
0 µ, α) ≥ 0

for α ∈ w0w
L
0R

+
L . Set

(15) s(µ) = −max{(µ, α) | α ∈ R+ \R+
L}.

Then s(µ) is the minimum of the scalar products (w0w
L
0 µ, α) with α ∈

−w0w
L
0 (R+ \ R+

L ), and s(µ) ≥ 0 if and only if w0w
L
0 µ is dominant. Define

M ′ to be the direct sum of all irreducible components VL(µ) of M with
s(µ) > s. By (iii), M ′ is a SymW ∗-submodule of M . Proceeding by reverse
induction on s we can assume that the Euler character of M ′ is an integer
combination of χ(w0λ

′) with λ′ dominant. On the other hand, it follows from
the condition (iv) that the support of the quotient module M/M ′ is strictly
smaller than X and the assertion follows from the induction hypothesis.

Applying Proposition 7 to the example preceding that proposition we
obtain the following fact.

Corollary 8. If X is the closure of the G-orbit of highest weight vectors
in an irreducible representation of G and if P is the stabilizer of a highest
weight vector then the shifts of the Euler characters χP (w0λ), λ a dominant
weight of G, generate the Grothendieck group K ′0(X).

Assume now that X admits a coherent desingularization satisfying (iii)
and (iv). Let ω1, . . . , ωr be the fundamental weights of G. We define a map
Ψ from the additive group of the polynomial ring Z[eω1 , . . . , eωr ][q, q−1] to
K ′0 by

(16) Ψ(eλqi) = χ(w0λ)[i]

where [i] means the corresponding shift in grading. It follows from Propo-
sition 7 that Ψ is onto. Taking graded characters we see that the elements
χ(w0λ)[i] are independent over Z. Hence we get

Corollary 9. If X admits a coherent desingularization satisfying (iii)
and (iv) then the Grothendieck group K ′0(X) is isomorphic to the additive
group of the polynomial ring Z[eω1 , . . . , eωr ][q, q−1].

4. Multiplicity free actions. Multiplicity free irreducible actions of
reductive groups were classified by Kac [K]. The list given below differs
slightly from that of [K] because we always assume that there is a one-
dimensional torus C∗ in G acting on V by multiplication. Our goal is to
prove Theorem 2. Many actions in Kac’s list have only two or three orbits.
In the case of two orbits they are the zero orbit and the highest weight
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orbit. In the case of three orbits we have in addition an open orbit. These
two cases include the natural actions of GL(V ), Sp(V )×C∗, SO(V )×C∗ and
G2×C∗. For an open orbit Theorem 2 follows immediately from Theorem 1
since we can take P = G, while for the highest weight orbit it follows from
Corollary 8.

The natural action of the group GL(U)×GL(T ) was discussed in detail
in [W]. For other multiplicity free actions of a reductive group G on an irre-
ducible G-module V we construct examples of coherent desingularizations of
every orbit closure in V satisfying conditions (iii) and (iv) of Section 3. Again
Theorem 2 follows from the existence of such coherent desingularizations.

4.1. Symmetric forms. Let U be a complex vector space of dimension
n and set G = GL(U), V = S2(U). We can identify V with the space of
symmetric forms on U∗. The G-orbits on V are parameterized by rank:

Oi = {φ ∈ S2(U) | rk(φ) = i}

and Oi ⊂ Oi+1. In U we fix a full flag of subspaces 0 = U0 ⊂ U1 ⊂ . . . ⊂
Un = U . The stabilizer of this flag in G is a Borel subgroup. For every i,
0 ≤ i ≤ n, we define Pi to be the stabilizer of Ui and we write Wi = S2(Ui).
Then Zi = G ×Pi Wi is a desingularization of Oi. In this way we obtain
a coherent desingularization of any orbit closure in V . The Levi factor Li
of Pi is naturally isomorphic to GL(Ui)×GL(U/Ui). Dominant weights of
Li are of the form λ = (λ1, . . . , λi | λi+1, . . . , λn) with λ1 ≥ . . . ≥ λi and
λi+1 ≥ . . . ≥ λn. The set R+ \ R+

Li
consists of the roots εk − εl where

1 ≤ k ≤ i < l ≤ n. The representation W ∗i is an irreducible representation
of Li of highest weight (0, . . . , 0,−2 | 0, . . . , 0) and it follows from the Pieri
formula for representations of GL(Ui) that every irreducible component of
the tensor product VLi(λ)⊗W ∗ has a highest weight of the form (λ′1, . . . , λ

′
i |

λi+1, . . . , λn) with λ′k ≤ λk for 1 ≤ k ≤ i. Therefore condition (iii) is

satisfied. Further, as a relative equation ofOi−1 inOi we can take (
∧i

U∗i )⊗2

contained in Si(W
∗
i ). In matrix notation it corresponds to the i× i minors.

The relative equation is a one-dimensional representation of Li with highest
weight (−2, . . . ,−2 | 0, . . . , 0). Hence VLi

(λ) ⊗ (
∧i

U∗i )⊗2 is an irreducible
Li-module with highest weight λ′ = (λ1−2, λ2−2, . . . , λi−2 | λi+1, . . . , λn).
This proves (iv).

4.2. Antisymmetric forms. Let U and G be as above and let V =
∧2

U .
In this case, we can identify V with the space of antisymmetric forms on
U∗ and the G-orbits are again parameterized by rank. Since the rank of an
antisymmetric form is even we have the orbits

Oi = {φ ∈
∧2

(U) | rk(φ) = i}

for i = 0, 2, . . . , 2[n/2] with the linear inclusion order on the closures. In
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analogy with the previous case Wi =
∧2

Ui provides a desingularization of

Oi and (
∧i

U∗i )⊗2 contained in Si(W
∗
i ) gives the relative equations of Oi−2

in Oi.

4.3. Action of Sp(T )×GL(R). Let R and T be complex vector spaces
of dimensions r and 2t respectively. Assume that T is equipped with a
nondegenerate symplectic form. The group G = Sp(T ) × GL(R) acts in a
natural way on the space V = T ⊗R = T ∗⊗R = Hom(T,R). The action of
G is multiplicity free only in two cases:

Case 1: dimT = 4, dimR ≥ 4.

Case 2: dimT ≥ 4, dimR = 2, 3.

In general the orbits of G in V are parameterized by the rank of a linear
map and the rank of the restriction of the symplectic form to the kernel
of a linear map. For small dimensions the second parameter is essential
only in few cases. We fix maximal flags 0 = R0 ⊂ R1 ⊂ . . . ⊂ Rr = R
of subspaces in R and 0 = T0 ⊂ T1 ⊂ . . . ⊂ Tt of isotropic subspaces
in T . This determines a Borel subgroup in G. We denote by Grass(i, R)
the Grassmannian of i-dimensional subspaces in R and by IGrass(i, T ) the
Grassmanian of isotropic i-dimensional subspaces in T .

Case 1. The structure of the closures of G-orbits is as follows:

O0 ⊂ O1 ⊂ O2′ ⊂ O2 ⊂ O3 ⊂ O4,

where

Oi = {f ∈ Hom(T,R) | dim Im f = i},
O2′ = {f ∈ Hom(T,R) | dim Im f = 2 and Ker f is isotropic}.

In particular, O4 = Hom(T,R) and O0 = {0}. Consider the flag

0 = W0 ⊂W1 ⊂W2′ ⊂W2 ⊂W3 ⊂W4 = V

of linear subspaces in V defined in the following way: W1 =T1⊗R1, W2′ =
T2 ⊗ R2, W2 = T ⊗ R2 and W3 = T ⊗ R3. For i = 0, 1, 2′, 2, 3, 4 we denote
by Pi the stabilizer of Wi in G and we write Zi = G×Pi

Wi. Then Z1 is the
standard desingularization of the highest weight orbit,

Z2′ = {(f, T 2, R2) | f ∈ V, T 2 ∈ IGrass(2, T ), R2 ∈ Grass(2, R),

f(T 2) = 0, Im f ⊂ R2}
and

Zi = {(f,Ri) ∈ V ×Grass(i, R) | Im f ⊂ Ri}
for i = 2, 3, 4, so they form a coherent family of desingularizations of orbits.

For weights µ satisfying (iv) we can take the highest weights of
∧2

T ∗2 ⊗∧2
R∗2 ⊂ S2(W ∗2′), T ⊗

∧3
R∗3 ⊂ S3(W ∗3 ) and C⊗

∧2
R∗2 ⊂ S2(W ∗2 ).
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Case 2. We have two subcases: dimR = 2, and dimR = 3. For
dimR = 2 we have O0 ⊂ O1 ⊂ O2′ ⊂ O2, where

Oi = {f ∈ Hom(T,R) | dim Im f = i},

and O2′ consists of the maps f ∈ Hom(T,R) of rank 2 such that Ker f
contains a maximal isotropic subspace of T . A coherent family of orbit
desingularizations can be obtained from W1 = T1 ⊗ R1, W2′ = T2 ⊗ R2,
W3′ = T3 ⊗R3 and W4 = T ⊗R.

For dimR = 3 we have six orbits with the following structure of closures:
O0 ⊂ O1 ⊂ O′2, O′3 and O2 both contained in O3 and containing O′2. The
desingularization of Oi is given by

Xi = {(f,Ri) ∈ V ×Grass(i, R) | Im f ⊂ Ri}.

The desingularization of O′i is given by

Y ′i = {(f, T 2, R2) | f ∈ X, T i ∈ IGrass(i, T ), Ri ∈ Grass(i, R),

f(T∨i ) = 0, Im f ⊂ Ri}.

4.4. Spinor groups. Let T be a complex vector space of dimension n
with a nondegenerate symmetric form. By a spinor representation of the
group Spin(T ) we mean an irreducible representation V of highest weight
(1/2,. . ., 1/2). For a spinor representation the orbit of highest weight vectors
is called the pure spinor orbit . In fact, we will always assume that the group
G = Spin(T )×C∗ acts on V . This action is multiplicity free for n = 7, 8, 9 or
10 only. For n=7 and 10 there are only three orbits: 0, the pure spinors and
an open orbit. Moreover, the actions for two other values ofn are isomorphic,
so we will work out the case n = 9. In this case there are four orbits with
the following structure of closures: O0 ⊂ O1 ⊂ O2 ⊂ O3, where O0 is the
zero orbit, O1 consists of the pure spinors and O2 is given by the invariant
of degree two.

In order to describe a desingularization of O2 we need a description of the
spinor representation V . Let e0 be a vector in T with (e0, e0) = −1 and let
U and U be two maximal isotropic subspaces in T such that T = U⊕Ce0⊕U
is a Witt decomposition. Let e1, e2, e3, e4 be a basis of U and let e1, e2,
e3, e4 be the dual basis of U . Let C+(T ) be the even part of the Clifford
algebra of T . Let T ′ = U ⊕ U . A map i : T ′ → C+(T ) given by i(w) = we0
induces an isomorphism of the Clifford algebras C(T ′) and C+(T ). The
group Spin(T ) and the representation V can both be realized as subsets of
C(T ′). The representation V can be constructed as a left ideal of C(T ′)
generated by the product f = e1e2e3e4. The space V is isomorphic to the
exterior algebra

∧·
U and the isomorphism is given by multiplication by f .

Hence the products ei1 . . . eikf , 0 ≤ k ≤ 4, i1 < . . . < ik, form a basis of V .
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For a spinor

(18) s = x0f +
∑
i<j

xijeiejf + y0e1e2e3e4f +
∑
i

xieif +
∑
i

yie
∗
i f

we write

(19) g(s) = x0y0 + Pf([xij ]) +
∑
i

xiyi.

Then g is a semiinvariant of G and O2 is given by the equation g(s) = 0.
Let W be the subspace of V spanned by all products containing e1. The
stabilizer P of W is generated by a Borel subgroup B of G and by the
spinor group of the space T ′ spanned by e2, e3, e4, e2, e3, e4 and e0. The
homogeneous space G/P is the Grassmannian of one-dimensional isotropic
subspaces in T . We claim that the vector bundle Z = G×P W over G/P is
a desingularization of O2. To see this we need a more geometric description
of Z. In fact, we have

Z = {(s, L) ∈ C+(T )× IGrass(1, T ) | g(s) = 0, Ls = 0}.
Lemma 10. For every s ∈ O2 there exists a unique isotropic line L ⊂ T

such that Ls = 0 in C(T ).

P r o o f. This follows by direct calculation for s0 = e1f +e1e2e3e4f . The
only line satisfying this condition is L0 = ke1. For arbitrary s in the orbit
we have s = gs0 for some g ∈ Spin(T ) and L = gL0g

−1 is the only line
satisfying Ls = 0.

The lemma gives a birational morphism O2 → F .

4.5. Group of type E6. The following construction of an algebraic group
of type E6 is due to Dickson.

Let V be a complex vector space of triples (x, z, y) where x and y are
vectors in C6 (we prefer to write them as columns) and z = [zij ] is a 6× 6
antisymmetric matrix. It is a 27-dimensional vector space. We fix a basis
ei, 1 ≤ i ≤ 6, gij , 1 ≤ i < j ≤ 6, fi, 1 ≤ i ≤ 6, such that (x, z, y) =∑
i xiei +

∑
i<j zijgij +

∑
i yifi. It is convenient to adopt the convention

that gji = −gij . Let H be the subgroup of GL(V ) consisting of the linear
transformations preserving the cubic form

(20) c(x, z, y) = xtzy + Pf(z).

Then H is a simple algebraic group of type E6. We need a more detailed
description of its structure.

Let d = d(t1, . . . , t6), ti ∈ C∗, be the linear transformation of V given by
the formula

d(ei) = t−11 t−12 . . . t2i . . . t
−1
6 ei,

d(gij) = t1 . . . t
−2
i . . . t−2j . . . t6gij ,

d(fi) = t3i fi.
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The transformations d = d(t1, . . . , t6), di ∈ C∗, form a maximal torus T of
H. Furthermore, we have a collection of one-parameter subgroups of H: L,
L′, Aik, 1 ≤ i, k ≤ 6, i 6= k, Bijk and Cijk, 1 ≤ i < j < k ≤ 6. Elements of
these groups are parameterized by t ∈ C and each of them acts identically
on most basis elements of V . The essential values are as follows:

Lt(fi) = fi + tei, i = 1, . . . , 6,

L′t(ei) = ei + tfi, i = 1, . . . , 6.

For A = Aik,t we have

A(ek) = ek + tei, A(fk) = fk + tfi,

A(gij) = gij − tgkj , j 6= i, k.

If i < j < k we complete the sequence (i, j, k) to an even permutation
(i, j, k, l,m, n) of {1, . . . , 6}. Then for B = Bijk,t and C = Cijk,t we put

B(fl) = fl − tgmn, C(el) = el + tgmn,

B(fm) = fm − tgnl, C(em) = em + tgnl,

B(fn) = fn − tglm, C(en) = en + tglm,

B(gjk) = gjk + tei, C(gjk) = gjk + tfi,

B(gki) = gki + tej , C(gki) = gki + tfj ,

B(gij) = gij + tek, C(gij) = gij + tfk.

The listed subgroups correspond to 72 roots of the root system of H. We can
choose a basis α1, α2, α3, α4, α5, α6 consisting of the roots corresponding
to the subgroups A12, B456, A23, A34, A45 and A56, respectively. Then
the maximal unipotent subgroup U+ corresponding to the positive roots is
generated by the subgroups Aij , 1 ≤ j < i ≤ 6, Bijk, 1 ≤ i < j < k ≤ 6, and
L. We have a Borel subgroup B = TU+. The simple roots αi are identified
with the characters of T in the following way:

α1 = (3,−3, 0, 0, 0, 0), α4 = (0, 0, 3,−3, 0, 0),

α2 = (−2,−2,−2, 1, 1, 1), α5 = (0, 0, 0, 3,−3, 0),

α3 = (0, 3,−3, 0, 0, 0), α6 = (0, 0, 0, 0, 3,−3).

Similarly, the fundamental weights are

ω1 = (2,−1,−1,−1,−1,−1), ω4 = (0, 0, 0,−3,−3,−3),

ω2 = (−1,−1,−1,−1,−1,−1), ω5 = (0, 0, 0, 0,−3,−3),

ω3 = (1, 1,−2,−2,−2,−2), ω6 = (0, 0, 0, 0, 0,−3).

Half of the sum of the positive roots is % = ω1 + . . . + ω6 = (2,−1,−4,−7,
−10,−13). The scalar product invariant under the action of the Weyl group
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is given by the matrix

1

27


4 1 1 1 1 1
1 4 1 1 1 1
1 1 4 1 1 1
1 1 1 4 1 1
1 1 1 1 4 1
1 1 1 1 1 4

 .
The space V is an irreducible representation of H of highest weight ω1. We
want to study the orbits of the action of the group G = H × C∗ on V .
According to the results of [H-U] there are four orbits with the linear order
on the closures: {0} = O0 ⊂ O1 ⊂ O2 ⊂ O3 = V . O1 is the orbit of the
highest weight vector e1. Hence O1 has the standard desingularization and
the ring of regular functions on it is C[O1] =

⊕
n≥0 Vnω6 .

The closure of O2 is the zero place of the form c. Hence dimO2 = 26.
As a representative of the orbit O2 we choose e5 + g56. Let W be the linear
subspace of V spanned by e1, e2, e3, e4, e5 and g56, g46, g36, g26, g16. Then
W is stabilized by the parabolic subgroup P containing the subgroups A21,
A32, A43, A54 and C123. The product Z = G×P W is a vector bundle over
G/P of rank 10 and its collapsing is a resolution of singularities of O2. This
follows from the fact that the line spanned by e5 + g56 is nonsingular in
the sense of [A] and every element in its orbit is contained in exactly one
subspace G-conjugate to W due to (6.7) of [A].

The Levi factor L of P acts on W by linear transformations preserving
the nondegenerate bilinear symmetric form

(ei, gj,6) = δi,j , (ei, ej) = (gi,6, gj,6) = 0

and by the one-dimensional torus d(1, 1, 1, 1, 1, t), t ∈ C∗. Thus W is an
irreducible L-module with highest weight (2,−1,−1,−1,−1,−1) and W ∗

can be identified with VL(λ), where λ = (2,−1,−1,−1,−1, 1). The element∑6
i=1 e

∗
i g
∗
i,6 ∈ S2(W ∗) spans a one-dimensional L-submodule on which L

acts by the character µ′ = (0, 0, 0, 0, 0, 3). Since the positive root α =∑6
i=1 aiαi of H is not a root of L if and only if a6 > 0, condition (iv)

follows from the inequality (µ′, α6) > 0.

4. Remarks. It seems that Theorem 3 should be true in a more general
context.

Conjecture. If X is an affine spherical variety for the group G then the
Grothendieck group K ′0(X) is isomorphic to the additive group of the ring
Z[eω1 , . . . , eωr ][q, q−1] where ω1, . . . , ωr are the fundamental weights for G.

Example. Let U be a vector space of dimension n. Define G = GL(U)

and V = U ⊕
∧2

U . We will identify V with the set of pairs (u, f) where u
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is an element of U and f : U∗ → U is an antisymmetric linear map. Orbits
of G in V are parameterized by the rank of f and the relation of u to the
image of the map f . More precisely, we have three types of orbits:

O0,i = {(0, f) | rk(f) = 2i},
O1,i = {(u, f) | rk(f) = 2i, u ∈ Im(f) \ {0}},
O2,i = {(u, f) | rk(f) = 2i, u 6∈ Im(f)}.

There are 6 different types of minimal degenerations of orbits: O0,i−1 ⊂
O0,i, O1,i−1 ⊂ O1,i, O2,i−1 ⊂ O2,i, O0,i ⊂ O1,i, O1,i ⊂ O2,i and O2,i−1 ⊂
O1,i.

Taking W0,i = 0⊕
∧2

U2i, W1,i = U2i⊕
∧2

U2i and W2,i = U2i+1⊕
∧2

U2i

we obtain a coherent desingularization of orbit closures satisfying (iii). It

also satisfies (iv) since for µ we can take the highest weight of S2i(
∧2

U∗2i) in

S2i(W
∗
k,i) for k = 0, 1, and the highest weight of S2i(

∧2
U∗2i⊗ (U2i+1/U2i)

∗)
in S2i+1(W ∗k,i) for k = 2.
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