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We give a very simple probabilistic argument which shows that every
group of n elements contains a proper k-basis of size O((nlogn)'/*).

For a subset A of a multiplicative group G and natural k > 2 let
Ak:{al...ak:al,...,ak € A}
and
AAk:{al...ak:al,...,ak € Aand a; # aj for 1 <i<j<k}.

A subset A for which A¥ = @ is called a k-basis for G; if furthermore
AN = G we say that the k-basis A is proper. Nathanson [2] proved that for
a given k > 2 and € > 0 there exists ng such that each group of n > ng ele-
ments admits a k-basis of size at most (k +¢)(nlogn)'/*. We show that for
k > 3 this fact follows immediately from an elementary probabilistic argu-
ment. Although, unlike Nathanson’s proof, our method is non-constructive,
it implies the existence of a proper basis, and gives a slightly better value
of the constant.

THEOREM. For each k > 3 and ¢ > 0 there exists ng such that
each group of size n > ng has a proper k-basis which consists of at most
(1+¢)(k!'nlogn)t/* elements.

For an element b of a group G let .Sy be the family of all k£ element subsets
a={a1,...,ax} such that for some permutation o of elements of a we have
Ao (1) - - - Ao (k) = b. In our argument we employ the following simple fact.

CLAIM. Let G be a group of n elements and let b € G. Then
() 19| > £ (") — K32,
(ii) for every l, where 1 <1 < k — 1, the number of pairs a,a’ € Sy such
that |a N a'| =1 is bounded from above by kk!2kn2k=1=2

Proof. Choose k—1 different elements ay,...,ax—1 in one of n(n—1)
...(n —k+2) possible ways. Then there is a unique element a;, for which
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aj ...ar = b. Thus, there exist at least (n)g_1/k! sets {a1,...,ax} such that
ay...ar = b and all of their elements, except at most two, are different.
On the other hand, to build a sequence (ay,...,ax) such that ay ...ar = b,

in which one of the terms appears twice, one needs to choose a repeated
element (there are n ways of doing so), pick k — 3 remaining terms (here we
have (Z:;) possibilities), decide in which order they appear in the product
((k—1)!/2 choices) and add to it the last factor at one of k possible positions
in such a way that the product of all elements is b. Thus, the number of such

sequences is bounded from above by

_ — |
" n—1\ (k—1)! k< Fnk-?
k-3 2

and (i) follows.

In order to show (ii) note that a can be chosen in |Sy| < kn¥~1 ways.
Furthermore, given a, to choose a’ such that [aNa’| = we need to pick in a
a subset aNa’ in one of (’;) possible ways, then add to aNa’ another k—1—1
elements (at most (, '} ) possibilities), order it in one of (k — 1)! possible
ways, and finally add the last element of a’ at one of k possible positions.
Consequently, the number of choices for a,a’ € Sy, where |[a Nd/| = I, is

crudely bounded by

ken® ! (I;) (k — 1)!<k _7;_ 1>k < kk207F 2

Proof of Theorem. Let G be a group of n elements and A, C G be a
random subset of GG, where an element a belongs to A, with probability

1/k
)

(k!'nlogn)

1+4+¢/2
p= /
n

independently for every a € G. For given b € G and a € Sy, let X, denote
the random variable such that X, = 1 whenever ¢ C A,, and X, = 0
otherwise. Then, for the probability P(b ¢ ANF) = P(3- X, =0),a
large deviation inequality from [1] gives

() P(Y Xa=0)< exp(— EXGJF;ZZIEXGXQ/).
S

a€sSy a€Sy a,a’ €Sy,
ana'#0

a€Sy

However, for n large enough, the Claim gives

> EX, =[Syl = (1+¢/3)logn
a€Sy



SMALL BASES FOR FINITE GROUPS 37

and
k—1
DY EX Xy <Y kkI2MnTI2pel < p 1 R (logn)?,
a,a’ €Sy I=1

ana’#0
Thus, for large n, (%) becomes
IF’( Z X, = 0) < exp(—(1+¢/3)logn +n"1*(logn)?) < n=17/4,
acSy

and, consequently,

PG # ApY) < nP( Y Xa = 0) <04,

a€Sy

i.e. with probability 1 — o(1) > 2/3 the set A, is a proper k-basis for G.
Notice also that with probability 1 —o(1) > 2/3,

A, < (1+¢/3)np < (14 ¢)(k!nlogn)t/k.

Thus, for large n, with probability at least 1/3, A, is a small proper basis
we are looking for and the assertion follows. m
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