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DISCONTINUOUS QUASILINEAR ELLIPTIC PROBLEMS
AT RESONANCE

BY
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In this paper we study a quasilinear resonant problem with discontinuous
right hand side. To develop an existence theory we pass to a multivalued
version of the problem, by filling in the gaps at the discontinuity points.
We prove the existence of a nontrivial solution using a variational approach
based on the critical point theory of nonsmooth locally Lipschitz functionals.

1. Introduction. Let Z C RY be a bounded domain with C'-boundary
I'. In this paper we consider the following quasilinear Dirichlet problem at
resonance with discontinuities:
— div(|| Dz (2)[[P~* D(2))
(1) = M|2(2)|P22(2) + f(2,2(2)) ae. on Z,
zr=0, 2<p<oo.
Here A\; denotes the first eigenvalue of the p-Laplacian
—Ayr = —div(|| Dz||P~2Dx)

with Dirichlet boundary conditions (i.e. of (—A,, W, *(Z))). In this work
we deal with the case where f(z,x) has nonzero limits as * — +oo. This
implies that the potential F'(z,z) = Sg f(z,7)dr goes to infinity as x — +o00.
This case was studied by Ahmad-Lazer—Paul [1] and Rabinowitz [9]. The
case of finite limits as * — 00 was examined by Thews [10], Ward [11] and
Benci-Bartolo-Fortunato [3]. In the last paper, this kind of problems were
called “strongly resonant”. All these works deal with semilinear equations
which have a continuous term f(z,x).
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In our work we do not make any continuity hypotheses on the function
f(z,2z). So problem (1) need not have a solution. In order to develop a
reasonable existence theory, we need to pass to a multivalued version of (1)
by, roughly speaking, filling in the gaps at the discontinuity points of f(z,-).
So we introduce the following two functions:

filz2) = Im f(z,0") = lim essinf_f(z,2"),
et 510 |2/ —x|<6

fa(z,z) = lim f(z,2') = lim esssup f(z,z').
' —z 640 |/ —z| <8
Evidently, fi < fo and we set f(z,7) = [fi1(2,2), fa(2,2)] = {y € R :
fi(z,x) <y < fa(z,2)}. Then instead of (1) we study the following multi-
valued problem:

— div(|De(2) [P~ Da(2))
(2) € M|z(2)[P%z(2) + f(z,2(2)) ae. on Z,
zir=0, 2<p<oo.

DEFINITION. By a solution of (2) we mean a function = € Wy?(Z)
such that || Dz|[P~?Dxz € W4(Z,RY) and there exists g € L(Z) such that
g(z) € f(z,2(2)) a.e. on Z and

— div([| D (2) [P~ Da(2)) = M |2 (2) P *x(2) + g(2)
a.e. on Z (here 1/p+1/q=1).

Our approach to obtain a solution of problem (2) is variational, based on
the critical point theory of nonsmooth, locally Lipschitz energy functionals
as developed by Chang [5]. In the next section, for the convenience of the
reader, we recall some basic definitions and facts of this theory.

2. Preliminaries. The nonsmooth critical point theory developed by
Chang [5] is based on the subdifferential theory for locally Lipschitz func-
tionals due to Clarke [6].

Let X be a Banach space and X™* its topological dual. A function f :
X — R is said to be locally Lipschitz if for every x € X there exists a
neighbourhood U of z and a constant k£ > 0 depending on U such that
|f(2) — f(y)| < k||z—y|| for every z,y € U. From convex analysis we know
that a proper, convex and lower semicontinuous g : X — R = RU {400}
is locally Lipschitz in the interior of its effective domain domg = {x €
X : g(x) < oo}. The generalized directional derivative of f(-) at x in the
direction y € X is defined by

oy e S+ Ay) = f)
fo(xa y) - Il,lglr )\ .
AL0
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It is easy to check that fO(z;-) is sublinear and continuous (in fact,
k-Lipschitz). So, by the Hahn—Banach theorem, it is the support function
of the convex set df(x) given by

of (z) = {z* € X* : (z*,y) < fO(a;y) for all y € X}.

The set df(z) is always nonempty, bounded and w*-closed (hence w*-
compact) and it is called the subdifferential of f(-) at x. If f(-) is also convex,
then this subdifferential coincides with the subdifferential in the sense of
convex analysis. Moreover, in this case we also have fO(x;-) = f/(x;-) with
f'(z;-) being the directional derivative at x of the convex function f.

Also, if f(-) is strictly differentiable at x € X (in particular, if f(-) is
continuously Gateaux differentiable at x), then d0f(x) = {f'(z)}. If f,g :
X — R are locally Lipschitz functions then 9(f + g)(z) C 0f(x) + 0g(zx)
and AJf(z) = O(Af)(z) for all z € X and all A € R. Finally, if f(-) has a
local minimum at z € X, then 0 € 9f(x).

If f: X — R is locally Lipschitz, then a point x € X is said to be
a critical point of f(-) if 0 € Of(xz). We say that f(-) satisfies the Palais—
Smale condition ((PS)-condition) if any sequence {x,, },,>1 C X along which
{f(xn)}n>1 is bounded and m(z,) = min{|jz*|| : z* € Of(z,)} — O
as m — 0o has a strongly convergent subsequence. Since for f € C1(X),
Of () = f'(z) for all x € X, we see that when f(-) is smooth we recover the
classical (PS)-condition (see Rabinowitz [9]).

The following theorem is due to Chang [5] and extends to a nonsmooth
setting the well-known “mountain pass theorem” due to Ambrosetti—Rabi-
nowitz [2].

THEOREM 1. If X is a reflexive Banach space, R(-) : X — R is a locally
Lipschitz functional which satisfies the (PS)-condition and for some o > 0
and y € X with ||y|| > o we have

max{R(0), R(y)} < o < < inf[R(z) : |[z]| = o]
then R(-) has a critical point * € X such that R(x*) = ¢ > [ is character-
ized by
c= ir}f max R(v(t))
where I' = {y € C([0,1], X) : v(0) =0, v(1) =y}.

In problem (2) there appears the first eigenvalue A of (—A,, Wy (Z)).
This is the least real number A for which the problem

{ —div(||Dz(2)||P"2Dx(2)) = Mz(2)[P"?z(z)  a.e. on Z,
rr = 0,

has a nontrivial solution. This eigenvalue A; is positive, isolated and simple
(i.e. the associated eigenfunctions are constant multiples of each other). Fur-
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thermore, we have a variational characterization via the Rayleigh quotient,
i.e.
A= min[|| Dz |p/||=]5 : x € WP (2)):

This minimum is realized at the normalized eigenfunction u;. Note that if
u1 minimizes the Rayleigh quotient, then so does |uj| and hence we infer
that the first eigenfuction u; does not change sign on Z. In fact, we can show
that u; # 0 a.e. on Z (usually we take uq(z) > 0 a.e. on Z). For details we
refer to Lindqvist [8].

3. Existence theorems. We start by introducing our hypotheses on
the discontinuous term f(z,z). Recall that a function h : Z x R — R is
said to be N-measurable if for all x : Z — R measurable, z — h(z,x(z)) is
measurable (superpositional measurability). The hypotheses are:

H(f): f:Z xR — R is a Borel measurable function such that

(i) f1, f2 are N-measurable;
(ii) for almost all z € Z and all z € R, we have |f(z,2)| < a(z)
with a € L™>(Z);
(iii) for almost all z € Z, we have fi(z,x), fa(z,2) — f+(2) as
x — 00, fi(z,z), fa(z,2) = f_(2) as z — —oc0 and f_(z) <
0 < f4(2z) with strict inequalities on sets of positive Lebesgue

measure;
(iv) there exists ;1 > A1 such that uniformly for almost all z € Z
we have
— pF
z—0 ’x‘p

Let J: W, ?(Z) — Ry and G : WyP(Z) — R be defined by

1 A
J@) = Ipaly and G@) = el + | Pz a(2) de.

P P )
Clearly, J(-) € CY(W,*(Z)) and is convex (thus locally Lipschitz; see Sec-
tion 2) and G(+) is locally Lipschitz (see Chang [5]). Set R(x) = J(z)—G(x).
Then R : Wy?(Z) — R is locally Lipschitz.

PROPOSITION 2. If hypotheses H(f) hold, then R(-) satisfies the (PS)-

condition.

Proof. Let {z,}n>1 C Wy (Z) be a sequence such that {R(,)}n>1 is
bounded and m(x,) — 0 as n — oco. So for some M; > 0 and all n > 1 we
have |R(z,)| < Mj, hence

1 A
(3) = My < S|IDanlly = Hlealy = | Pz 2(:) dz < M.

Z
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Suppose that {zy},>1 is unbounded. Then we may assume (at least for
a subsequence) that ||z,|1, = 00 as n — oco. Let y,, = z /|| |l1,p, n > 1.
Then, by passing to a subsequence if necessary, we may assume that

Yn Sy in Wy P(Z), y, —yin LP(Z),
yn(2) = y(z) ace. on Z,  |yy(2)| < h(z) a.e. on Z with h € LP(Z).
Divide (3) by [z, |}, to obtain

M, 1 A1 F(z,xn(2)) M,
< S1Dynlly = Hlivnlly - | /1

(4)

el lznllf, 7 laalli,
Note that
‘XF(ZJ%(Z)) dz| = || | f(zr1) drdz‘
lzallf, 7 oo leally,
zn(2)
1
gx m S a(z)dr dz (using hypothesis H(f)(ii))
Ve, )
<S a(z) \ n(2)]dz 1l lally = 0 as n — oo.

lznllY

Thus by passing to the limit as n — oo in (4), we obtain
1., A1

(5) Z—jm‘\Dyan = ?HyHﬁ-

From the weak lower semicontinuity of the norm functional we see that
1 1.,

(6) ];HDyH]’Z < Ehﬁ\\DynHﬁ-

Moreover, from the variational characterization of A\; (see Section 2), we
have

A1 1
7 —ly|E2 < =||Dyl|.
(7) o 19l = 1Pyl

Combining (5), (6) and (7), we infer that

1Dyl = Axllyll-
Since [lynl[{, = 1 for n > 1 and [jy, |} — [[yll} as n — oo, we have
[Dynllh — 1 —ly[|b as n — co. So using the previous relamons we have
lim || Dy, |5 = HDpr and we conclude that ||y[l1, =1, i.e. y # 0. Without
any loss of generality we will assume that y = +uy (the analysis is the same
when y = —uj). So y(z) = ui(z) > 0 a.e. on Z (see Section 2). Let
x} € OR(zy,) such that m(x,) = ||z},||=1,4, » > 1. The existence of such an
element follows from the fact that OR(z,) is a nonempty weakly compact
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subset of W=14(Z) (see Section 2) and from the weak lower semicontinuity
of the norm functional. Let A : Wy'?(Z) — W~14(Z) be defined by

(A(z),y) = | |1 D2(2)|P"2(Dx(2), Dy(2))rw dz  for all z,y € Wy"(2).
Z

Here by (-,-) we denote the duality brackets for the pair (W,?(Z),
W—14(Z7)). Tt is easy to see that the operator A(-) is monotone, demicontin-
uous (i.e. if #, — x in Wy*(Z) as n — oo, then A(x,) = A(x) in W—14(Z)
as n — 00), hence maximal monotone. As such it has the generalized pseu-
domonotone property (see Browder-Hess [4]). We have

x = A(x,) — Mz ||P 22, — v,
with v, € K (z,), where K : W) *(Z) — R is defined by

K(z) = | F(z,2(2)) dz.
Z
Using Theorem 2.2 of Chang [5], we have
0K (x) C {v eLYZ): X v(2)w(z)dz < K°(z;w) for all w € Lp(Z)},
z

where

K%(z;w) = lim l[K(alc—i-h—i—)\w) — K(z+ h)].

h—=0 A
AL0
So we have
1 (z4+h+Aw)(2)
0(re s\ — Tiol &
K (x;w) = }ILILI?B 3 S S flz,r)drdz.

A0 2 (zth)(2)

Performing a change of variables to r(n) = z(z) + h(z) + nAw(z) and
using Fatou’s lemma we obtain
1!
K°%z;w) = lim ~ X Xf(z,x(z) + h(z) + nAw(z))\w(z) dn dz

h—0 A
L0

< | I | £(z,2(2) + h(2) + ndw(2))w(z) dn dz

Z 3o 0
< S fa(z,z(2))w(z) dz + X filz,z(2)w(z) dz.

{w>0} {w<0}

o
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Therefore if v € 0K (x), we have
S v(z)w(z)dz < S fa(z,z(2))w(z) dz
4 {w>0}
+ S filz,x(2)w(z)dz  for all w € LP(Z).
{w<0}

Hence v(z) € [fi(z,2(2)), f2(2,2(2))] a.e. on Z. Thus for every n > 1 we
have fi(z,2(2)) < v,(2) < fa(z,2,(2)) a.e. on Z.
From the choice of the sequence {z,,},>1 we have

|R(x,)] < My, |z, u)| <enllulli, forall ue WyP(Z) with &, | 0.

So, taking u = x,, we have

(8) —Myp < || Danlls = M|zl —p | F(z,20(2) dz < Mip
Z
and
9) —enllznlliy < —(Alzn), zn) + )‘1H$n”§ + S U (2)25(2) dz < enl|znll1,p-
Z

Note that (A(z,,),rn) = || Dz, |[5. Then adding (8) and (9), we obtain

—pMi = epl@nllip < (0n(2)2n(2) = PF (2,20 (2))) dz < pMy + enl|za1p-
z

Divide by ||z ||1,,- We have

M S (vn(z)yn(z) B pF(z,xn(z))> gr< PM

(10) <
[0l p [0l [2nl1,p

Recalling that y,,(2) = y(z) = u1(z) > 0 as n — oo for almost all z € Z,
we deduce that z,(z) — +o0o0 as n — oo. Thus by hypothesis H(f)(iii)
we have §, v, (2)yn(2)dz — §, f+(2)ui(z) dz. On the other hand, if we fix
z € Z\ N, |N| =0 (here | - | denotes the Lebesgue measure on Z and N is
the Lebesgue-null set outside of which we have f(z,z,(z)) = fi(z)), then
given € > 0 we can find ng(z) > 1 such that for all n > ng(z) we have
Tn(2) > xpy(2) >0 and | f(z,2,(2)) — f+(2)] < e.

So we see that

pF(z,2,(2))  p o) o) dr
,In(Z) - ,In(Z) (S) f( ) )d
aC"O(z) zn(2)
= P z,T T P z,T T
_,In(Z) (S) f( ’ )d +ﬂjn(2) S f( ’ )d

ZTng (2)
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implies
P D P (an(2) — @ (2 z)—¢€
@l + 25 (00(2) a2 - o)

< PEE) « B lall + R 00) = n A +

(@) 1l ()

Since € > 0 was arbitrary, from the above inequalities we infer that

PF(2,2n(2)) nsoo

pfi(z) forall ze€ Z\ N, |[N|=0.

Zn(z)
Therefore
SpF(z y T (2 Sp (z xn Zn(2) &
Z Hxnulp 7 T ( HanLp
Z xn n—o0o
:Sp yn(z) dz ;pr (2)u1(z) dz.

Z

So if we pass to the limit as n — oo in (10), we obtain

(1-p) S f+(z)ui(z)dz =0, hence S f+(z)ur(z)dz = 0.
z z

But u1(2) >0 a.e. on Z and fi(z) >0 a.e. on Z with strict inequality on
a set of positive Lebesgue measure. Thus §, f1 (z)u;(z) dz >0, a contradic-

tion.

Therefore {zy, }n,>1 C Wl’p (Z) is bounded. Hence, by passing to a sub-
"(2),
x, — x in LP(Z) (from the compact embedding of WyP(Z) in LP(Z))7
Tn(2) = x(2) a.e. on Z and |z,(z)| < k(2) a.e. on Z, where k € LP(Z).
Recall that |(z}, u)| < epllull1,, for all u € Wol’p(Z). Now set u = z, —x.

sequence if necessary, we may assume that as n — oo, xn B zin W

We have
A

—enllzn — zllip < (Alzn), 20 — ) — ; S |0 (2) [P 220 (2) (20 — 2)(2) d2

Z

- S U (2) (2 — x)(2) dz
z

<eénllzn — xHLp'
Note that
)\ n o0
Z N ()P 220 (2) (20 — 2)(2) dz 50
p Z

and

on(2) (@ — 2)(2) dz 2225 0,
Z

£).
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So we obtain
lim (A(z,), x, —x) =0
As we already mentioned, A is generalized pseudomonotone, so from
the above equality we infer that (A(z,),z,) — (A(z),z) and therefore
| Dz, — || Dz, as n — oo. We also know that Dx,, — Dz in LP(Z,RY).

Since LP(Z,RY) is uniformly convex, we deduce that Dz, — Dz in
LP(Z,RN), hence x,, — = in Wy'P(Z) as n — co. m

PROPOSITION 3. If hypotheses H(f) hold, then there exist (1,82 > 0
such that for all x € Wy'P(Z) we have R(z) > Sullzlf , — Ballllf, with
p<0<p"=Np/(N-p).

Proof. By virtue of hypothesis H(f)(iv), given € > 0 we can find § > 0
such that for almost all z € Z and all |z| < § we have

(11) F(s,2) < ~(—uc+ 2)lal”.

On the other hand, by hypothesis H(f)(iii), for almost all z € Z and all
|z| > 0 we have

(12) |E(2,2)] < [lafloo |-
From (11) and (12) it follows that we can find v > 0, for example

50
such that for almost all z € Z and all z € R we have

1 Iz
7= el + 55”),

1 Np
13 F(z,2) < =(—p+e)|z|P ++|z|?, p<o<p = )
(13) (2, @) p( )| || N
Therefore
1 A1
R(x) = ~||Da||p — = |l2|lp — | F(z,2(2)) dz
p p A
1 A1 1 .
> || Dzl — = [lxllp + = (u = &) |zl =[]l (using (13))
p p p
1 p 1 p 0
> 1—)\\1796!!,) - ];(M = p+e)lzly =zl

Choose € > 0 such that A\; +& < g and use the embedding of W,"*(Z) in
L%(Z) (since § < p* = Np/(N — p)) to obtain

1
(14) R(z) > ];HDmHg — 'ylHDng for some v > 0.

Thus from (14) it follows that there exist 31, 82 > 0 such that
R(z) > pi|l=|l} , — Bellz]|{,, for all z € WyP(Z). m
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Now we are ready to state and prove an existence theorem for prob-
lem (2).
THEOREM 4. If hypotheses H(f) hold, then problem (2) has a nontrivial

solution.

Proof. From Proposition 3 we know that there exist 81,82 > 0 such
that for all = € W,"”(Z) we have

R(z) = Bullzllf , = Ballz] -

Thus we can find ¢ > 0 small enough such that R(xz) > £ > 0 for all
|lz||1,p = 0. Also, R(0) = 0 and for ¢t > 0 we have

tP p A1tP p
R(tw) = —[|Dw | = ==l ||} = | F(z,tui (2)) dz = = | F(z, tua(2)) dz,
p p Z Z
since ||Duy|[h = Ailu ||} (Rayleigh quotient).
From the proof of Proposition 2 we know that
F(Zatul(z)) t—o0
tui(z)

a.e. on Z,

hence

F(z,tuy(2)) 2% 5 ae. on Z.
So for ¢t > 0 large enough we have R(tu;) < 0. Therefore we can apply
Theorem 1 and obtain z € Wy ?(Z) such that R(z) > ¢ > 0 and 0 € OR(z).
Evidently, x # 0. Also, we have

0=A(z) — M|z|P %z —v
with v € K (z), where K : Wy **(Z) — R is defined by
K(x) = SF(z,x(z)) dz
z

(see the proof of Proposition 2). Recall that v(z) € f(z,2(z)) a.e. on Z and
sov € LI(Z). We have A(x) = \|x[P~2x + v, hence
(A(z),0) = M (2P %2, 0)pg + (v,0)pg  for all ¢ € C5°(Z).

Here by (-,-)pq we denote the duality brackets for the pair (LP(Z), L9(Z)).
So we have

VIID2(2)|[P~2(D(2), D(2))a dz

z

= {(Mlz(2)P22(2) + v(2))p(2) dz  for all ¢ € C§°(2).
z
From the definition of the distributional derivative we conclude that

—div(||Dz(2)|P"2Dx(2)) = M|z(2) [P 22(2) + v(z) a.e. on Z,
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hence

—div(||Dx(2)||P~2Dx(2)) € M|z(2)[P~22(2) + f(2,2(2))  ae. on Z,

i.e. z € WyP(Z) is a nontrivial solution of problem (2). m
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