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A STRUCTURE THEOREM FOR SETS OF LENGTHS

BY

ALFRED GEROLDINGER (GRAZ)

1. Introduction. Let R be a noetherian domain. Then every non-zero
element ¢ € R has a factorization a = wuj...u, into irreducible elements
of R. The number of factors, k, is called the length of the factorization,
and the set of lengths L(a) is defined as the set of all possible k. Sets of
lengths play a central role in factorization theory of integral domains (cf.
the survey articles in [An]). If all sets L(a) consist of exactly one element,
then the domain is called half-factorial. By definition, factorial domains are
half-factorial. Suppose that R is not half-factorial. Since R is noetherian, all
sets of lengths are finite. However, for every N € N there exists some a € R
such that #L(a) > N. If R is a ring of integers in a number field, then even
equality holds (observed by J. Sliwa 1982 in [S]]) and the sets L(a) have a
well-defined structure: in essence they are unions of arithmetical progressions
(proved in [Gel], 1988). In the meantime this result was extended to more
general monoids and domains (cf. [Ge3] and the literature cited there).

In this paper we present a new approach to a Structure Theorem for Sets
of Lengths, which unifies, strengthens and extends all hitherto known results.
This is made possible by extracting its combinatorial kernel. In Section 2
we start with a result from additive number theory, which will be used to
derive a Structure Theorem for Sets of Lengths in a very general setting
(Theorem 3.2). All therein described phenomena appear already in rings of
algebraic integers (Realization Theorem 3.5).

Theorem 3.2 will be applied to arithmetically relevant monoids and the
associated integral domains including certain weakly Krull domains, in par-
ticular orders in global fields (Theorems 8.3 and 9.3). The significance of the
assumptions in the Structure Theorem may be seen in Theorem 8.5, which
provides simple Krull monoids not satisfying the assertion of the Structure
Theorem.

All this needs a lot of monoid-theoretical preparations, done in Sections
4 to 7. Along the way we introduce new and generalize well-known concepts
from factorization theory. Apart from being used for the Structure Theorem
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226 A. GEROLDINGER

these concepts seem to be of their own interest (cf. Theorem 7.4). Notations
and terminology are consistent with those in the survey articles [Ch-Ge],
[HK2] by Chapman, Halter-Koch and myself in [An].

2. A combinatorial result on sumsets. In this section we study
finite subsets of the integers. Let N denote the non-negative integers and
N, the positive integers. For convenience we set min ) = max () = 0. For a
set X let Pg,(X) denote the set of all finite subsets of X. If a,b € Z, then
[a,b] = {x € Z | a < x < b} is the closed interval and (a,b], [a,b), (a,b)
have their usual meaning. For a finite subset L = {a1,...,ar} C Z with
a < ...<ag, we call

A(L):{CLZ—CLZ_1’2§Z§]€}§N+

the set of differences of L; by definition, A(L) = 0 if and only if #L < 1.
Furthermore, L is an arithmetical progression with difference d if and only

if A(L) = {d}. For a family £ of finite subsets of Z we set
AlL) =] AL) C Ny
Lel
For a subset L' C Z,
L+L ={a+blacL, bel’}
denotes the sumset of L and L'. For every b € Z we set
L+b=b+L=L+{b}.

We are mainly interested in the inner structure of finite subsets of Z and
give the following definition.

DEFINITION 2.1. A finite subset L C Z is called an

1. arithmetical multiprogression (of period (61,...,6,) with 0 = g <
91 <...< 9, =d, distance d € N; and period length p € N ) if

L={m+d +kod,m+6 +kid,...,m+ 9,1+ k,—1d | k; € N such that
m+0; + kid <max L for 0 <i < p—1}

where m = min L,

2. almost arithmetical (multi)progression (of given period) bounded by
M e Ny if L =L UL*U Ly where L* is an arithmetical (multi)progression,
max L1 < min L*, max L* < min Lo and #L; < M for every 1 <7 < 2.

If L is an arithmetical multiprogression with period (d1,...,d,), then
L is the union of p arithmetical progressions with difference d = 4, and
A(L) ={6; — di—1 | 1 <i < p} where 6y = 0.



SETS OF LENGTHS 227

Next we define the key invariant for our investigations of finite sets of
integers. For every d € N, set
ka(L) = max{#(L N (m,m+d]) | m € L}.

Clearly,
d

ra(L) < min A(L)”

We now present the main result of this section. Its proof will be done in
a series of lemmata.

PROPOSITION 2.2. Let L C Z be a finite set, d € Ny and k = kq(L).
Suppose there are sets Ly, Lo C Z with L1 + Ly C L, min(Ly + L) = min L,
max(L; + Ly) = max L, min A(Lg) + max A(L2) < d and L1 = {a,a +
d,...,a+0d.} where 0 =y < ... <6, <d. Then L =Ly + Ly and L is an

arithmetical multiprogression of period (01,...,6,) for some p € {1,...,K}.
Furthermore, if A(Ly) # 0, then 6, € A(Ls).

LEMMA 2.3. L = L1 + Ls.

Proof. Let c € L be given. We have to show that ¢ € L1+ Lo. Set Ly =
{b1,...,br} with by < ... < bg. Then by + a = min(L; + L) = min L < c.
If by + a = ¢, we are done. Otherwise, let i € {1,...,k} be maximal with
b; +a < c. If i =k, then

bi+a+d>b;+a+ 9, =max(L; + L) =max L > c.
Let i < k; since b;+1 — b; < max A(Ly) < d and by the maximality of i, it

follows that
bi+a+d2bi+1+azc.

Hence, in both cases we have
{c,bi+a+51,...,bi+a+(5,€}gLﬁ(bi—l—a,bﬁ—a—l—d].
Since
#(LN(bi+a,b; +a+d]) < kq(L) =k,
we infer that
ce{bi—i—a—i—él,...,bi—i—a—l—&,@}ng—i—Lg. ]
LEMMA 2.4. Let b,b+ 6 € Ly with0 <6 <d. Then 6 € {61,...,0.}. In
particular, A(La) C {61,...,0,}-

Proof. Since max A(Ls) < d, the second statement is an immediate
consequence of the first. Since

{b+a+0d1,....0+a+d,b+a+6} CLN(b+a,b+a+d
and since

#(LN(b+ab+a+d) <k,
it follows that b+a+d € {b+a+J; | 1 <i <k}, whence 0 € {d1,...,0.}. m
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LEMMA 2.5. Suppose 0,, € A(Ls) for some pp € {1,...,k}. Then d,p4; =
ko, + 65 for all 0 < j < p and all k > 0 with pk + j < k.

Proof. Suppose that b,b+d, € Lo. Then

{a+(b+6u),a+01+(b+6u),...,a+6+(b+,)}U
fa+d,+ba+0d,+ (bugy1 —0u) +b,...,a+ 0, + (6 —6,) + b}
CLNla+b+d,,a+b+6,+d.

Since k = kq(L), it follows that
(*) {51—5M],u+1§z§/<;}§{61,,6,€}

Now we shall prove that d, — J, < dx—pu4+1. Assume to the contrary that
Ou+dk—ps1 < 0. Thenb+a+61,...,b+a+0d,, b+, +a+061,...,b+d,+
a+0x—p41 are £+ 1 pairwise distinct elements lying in LN (b+a, b+ a+d],
a contradiction. Therefore, 6, — d,, < 6,.—,+1 and hence (x) gives

{51_5ﬂ | M+1 SZS K,} g {51""’5“—11}7
which implies
(**) 5,u+j == (5“ + (5]'

foralll1 <j<k—pu.
Finally, we verify the assertion of the lemma by induction on k. Clearly,
it holds true for k£ = 0. Suppose k > 1 and pass from k — 1 to k using (x*):

Opk+j = 5u(k—1)+u+j =0u+ 6#(k—1)+j
:5u+(k_1)5ﬂ+5j :k($u+(5j. ]

Proof of Proposition 2.2. Lemma 2.3 states that L = L; + Lo, and
it remains to verify that L is an arithmetical multiprogression. Set Lo =
{b1,...,bx} with by < ... <bg. If k=1, then L = by + L, and the assertion
holds with © = k. Suppose k > 2; then A(Lg) # () and hence by Lemma 2.4
we have min A(Ly) = 6, for some p € {1,...,k}. For 1 <r <k set

LW ={b;+a+d;|1<i<r, 0<j<r}
Then L*®) = L, + Ly = L and hence it is sufficient to verify that

L) = {m+ koS, m+ 61 +ki6,,...,m+08,_1+ku_16, | ki € N such that
m+ 0; + ki, < max L") for every 0 <i<pu—1}

with m = a + b;. We proceed by induction on 7.
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Using Lemma 2.5 we infer that
LW ={by+a+6;|0<i<r}
={b1+a+kd,+0; |0<j<pu—1, k>0 with pk+j <k}
={m+kody,m+ 01+ ki0,,...,m+ 0,1+ k,6, | ki > 0 such that
m+6; + kid, <m+0, = maxL(l)}.
Let » > 2 and suppose the assertion is true for r — 1. We have
LW =L Du{b, +a+6]0<i<k}
={m+kody,m+0 +kid,,...,m+ 3,1+ Fku,_16, | k; > 0 such that
m+ 6; + ki, < max LY = b1 +a+ O}
U{b, +a+kod,,...,br +a+9d,-1+k,—16, | ki > 0 such that
by +a+ 6; + kid, < b, 4+ a+d, = max LN}

Therefore, it is sufficient to show that, for every 0 <¢ < u—1,¢; = b, +a+
6; € L=V, Let i € {0,...,u — 1}. Since d > max A(Ly) + min A(Lz) and
d; < 0, = min A(Ly) it follows that

br —br—1 4+ 6; <max A(Ls2) + 9; < d,
whence
ci=b_1+a+ (b —b_1+6)e LN(b_1+ab_1+a+d.
On the other hand, we have

{br_1+a+61,....bp_14+a+6. CL VN (b1 +abr_1+a+d
CLN(byr—1+a,bp—1+a+d].

Because #(L N (b.—1 + a,b,—1 +a+d]) < k, the three sets are equal, which
implies that ¢; € L1 o

3. A structure theorem for sets of lengths. Throughout this paper,
monoids are assumed to be commutative and cancellative. If not stated
otherwise, we shall use multiplicative notation. Let H be a monoid. Then
H* denotes the group of invertible elements, and H is called reduced if H* =
{1}. The monoid H,.q = H/H* is the associated reduced monoid of H. The
irreducible elements of H are called atoms and A(H) is the set of atoms.
For a subset H' C H we denote by [H'] the submonoid of H generated by
H', and we say that H' C H is divisor closed if a € H, b € H' and a|b
implies that a € H'. The monoid H is called atomic if H = [A(H) U H*].

Suppose that H is atomic and let a € H. If a = uy ... ug with uq,...,ux
€ A(H), we say that k is the length of the factorization. The set L(a) C N of
all possible k is called the set of lengths of a. If a € H* | then set L(a) = {0},
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and L(a) = {1} if a € A(H). Define
L(H) ={L(a) | a € H}

as the system of sets of lengths. H is called a BF-monoid (bounded factor-
ization monoid) if all L € £(H) are finite and in this case we set

A(H) = A(C(H)) C Ny
Let H be a BF-monoid with finite, non-empty set of differences A(H).
Let r >1and d = (dy,...,d,) € A(H)"; set
®q(H) = {a € H | there exist mg, ..., m, with m; —m;_1 = d;
for 1 <4 <r such that {mg,...,m,.} C L(a)}.
Clearly, ®4(H) is an ideal in H.
For a € ®4(H) let paq(a) € N be defined as the minimum of all N € N
such that there exists some a* € ®q(H) with a = a*b satisfying
max L(a*b) — min L(a*) — max L(b) < N
and
min L(b) + max L(a™) — min L(a"b) < N.
Further, set
pa(H) = sup{pa(a) | a € Pa(H)} € NU {oo}
and
p(H) = max{gpd(H) ’ de AH)", 1<r< ZW}
LEMMA 3.1. Let H be an atomic monoid and S C H a divisor closed
submonotd.

1. A(S)=SNA(H) and S is atomic. For everya € S, Ly(a) = Lg(a),
A(S) C A(H) and if H is a BF-monoid, then so is S.

2. p(5) < p(H).

Proof. 1. Obvious.

2. It is sufficient to show that pq(S) < @a(H) for every d € A(S)" with
S) max A(H)
min A(H)

Fix such ad. Since 4(5) = @a(H)NS, it follows from the very definition
that a(S) < pa(H). »

THEOREM 3.2 (Structure Theorem for Sets of Lengths). Let H be a BF-
monoid with finite, non-empty set A(H) and with ¢(H) < co. Let a € H.

<2

1. The set of lengths L(a) is an almost arithmetical multiprogression of
some distance 6 € A(H) bounded by p(H).
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2. If L(a) contains an arithmetical progression with difference min A(H )

and of length 2%, then the sets of lengths of multiples of a are almost
arithmetical progressions with difference min A(H) bounded by o(H).

3. There exists some 1(a) € Ny such that for allb € H with a¥® | b| a”
for some k > 1(a) the sets L(b) are almost arithmetical progressions with

the same difference § € A(H) bounded by ¢(H).

Proof. 1. Define d = 2maxA(H), k = kq(L(a)) and let {m,m +
0,...,m+ .} C L(a) with 0 = dp < §1 < ... < d; < d. By definition

of k it follows that d; = 6; — d;—1 € A(H) for every 1 < ¢ < k. Set
d = (dy,...,ds) € A(H)" and recall that r < minAl(L(a))d < mini(H)d.

Choose a* € ®q(H) with a = a*b for some b € H such that
max L(a) — min L(a*) — max L(b) < ¢(H)
and
min L(b) + max L(a™) — min L(a) < ¢(H).
Set Lo = L(b); obviously, there is some n € N, such that
Li={n,n+d,....,n+3d.} C L(a").

If A(Ly) =0, then L = Ly + {n,n+ 41} is an arithmetical progression with
difference 0; € A(H). Suppose A(Ly) # () and define

L = L(a) N [min(Lq + L), max(L; + L2)].

Then Ly + Ly € L, min L = min(L; + L), max L = max(L; + Lo) and
ka(L) = kq(L(a)). Therefore, by Proposition 2.2, L = Ly + Ly is an arith-
metical multiprogression of period (61,...,d,) and distance 6, € A(Ly) C
A(H) for some 1 < < k. In both cases we infer that

max L(a) — max L < max L(a) — min L1 — max L(b) < p(H)
and
min L — min L(a) = min Ly + minL(b) — min L(a) < ¢(H).

2. If L(a) contains such an arithmetical progression, then the same is
true for L(ab) for every b € H. Hence it is sufficient to prove the assertion for
L(a). Using the above notations the assumption gives d; = i min A(H) for
1 <4 < k. Hence L(a) is an almost arithmetical multiprogression of distance
0, = pmin A(H) and period (d1,...,0,), i.e., it is an almost arithmetical
progression with difference min A(H).

3. Clearly, S = {b € H | b divides some power of a} is a divisor closed
submonoid of H. Lemma 3.1 implies that S is a BF-monoid with A(S) C
A(H),¢(S) < o(H) and Lg(b) = Ly (b) for every b € S. Therefore, we may
study factorizations of elements of S in S instead of H and apply part 2 of
the Theorem for the monoid S. Obviously, min A(S) = min A({L(a"™) | n €
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N, }). If A(S) = 0, nothing has to be proved. So, suppose min A(L(a*)) =
min A(S) = 6, and set (a) = 262225 Then L(a*)) contains an arith-

min A(S)
metical progression with difference § and length Qﬁ;‘ij((g)). Thus, part 2

implies the assertion. m

In Section 8 we are going to discuss how this abstract Structure Theorem
can be applied to monoids of arithmetical relevance. These will include Krull
monoids with finite divisor class group, such as rings of integers in algebraic
number fields. Apart from factorial monoids the arithmetic of such Krull
monoids is best understood and is considered to be simplest.

Our next aim in this section is to prove a Realization Theorem. We
show that for every period and every M € N, there exists a Krull monoid
with finite class group G which has arbitrarily long sets of lengths being
almost arithmetical multiprogressions of given period and with bound not
less than M.

It is sufficient to prove such a result for the classical block monoid B(G)
which was introduced by W. Narkiewicz in [Nal]. We use standard notations
(cf. [HK2; Section 5]). In particular, we have B(G) C F(G), where F(G) is
the free abelian monoid with basis G, and we write £(G) instead of L(B(G)).

LEMMA 3.3. Let aj,as € Ny with ged(ay,az) = d and k € Ny with
k> ay1. Then

L = {mya; + maas | 0 < my,mg <k}
={x1,..., %0y, y+d,...,y+1ld, z1,...,23}

where 0 = 21 < ... < Tq, 21 < ...< 28, Y —Tq > 2d, 21 — (y+1d) > 2d
and o = = (a1/d —1)(az/d —1)/2.

Proof. Obviously, it is sufficient to consider the case d = 1.

Set A = {a1,as} and consider the linear form f = a; X; + a2 X5. Then
the Frobenius number g(A) is defined as the largest integer g € Ny which
is not represented by f. Let n(A) denote the number of positive integers
which are not represented by f. It is well known that

A)+1
g(A) = (a1 —1)(az—1)—1 and n(A)= g(;-ﬁ-
(cf. [Sc; p. 435]). Therefore, if we set
{m1a1+m2a2 ‘ my,mo GN} :{O:xl)an"wxavyay—’_17y+27"‘}

with z1 < ... <Zq, Yy — 24 >2,then g(A)=y—1,n(A)=y—1—(a—1),
whence a =y —n(A) = (g(A) +1)/2. In other words, a — 1 is the number
of positive integers below g(A) + 1 which are represented by f.
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Obviously, k > a; implies that y = g(4) + 1 € L and we may set
L={0==x1,...,20,y,y+1,...,y+1,21,...,28}
with z; < ... < zg and z; — (y +1) > 2. Since
L={(k—mi)as + (k—ma)az | 0 < my,me <k}
= kay + kaz — {mia1 + maaz | 0 < mqy,ms < k}
=z23—L={0,2—2p-1,...,28 — 21,28 — (y+1),...}
and
=W+l —(—2)=2—-(y+1) =22
it follows that z, = 23 — 21, whence a = 3. n
The following result was achieved by F. Kainrath in [Ka].

PROPOSITION 3.4. 1. Let G be an infinite abelian group. Then every
L C Ny \ {1} lies in L(G). Thus, L(G) = Pa, (N4 \ {1}) U {{0},{1}}.

2. For every finite set L C N1 \ {1} there exists some N € N such that
L € L(G) for every cyclic group G with #G > N.

Proof. 1. See Theorem 1 in [Ka.
2. This is a consequence of part 1 in the case G = Z. For details see
[Ka; part 2 of the proof of the Theorem]|. m

THEOREM 3.5 (A Realization Theorem). Let p € Ny, (61,...,6,) € N¥
with 0 = dp < 61 < ... < 0, =d and M € N. Then there exists a finite
abelian group G having the following property: for every sufficiently large
k € Ny there is some Ly, € L(G) with #Lj > k such that

Ly={z1,....20, vy, ..., y+0,_1,
y+d, ey y+5ﬂ_1+d,

y+ld, ...,y +0u—1+1d, z1,...,28},
where 1 < ... < Za, 21 < ... < 28, Y — Toq > 2d —0py—1, 21 — (y +1d+
du—1) > 2d—90,—1 and M < o, < uM, i.e., Ly is an almost arithmeti-
cal multiprogression of given period (61,...,9,) bounded by puM but not by
(M —-1).

Proof. 1. We prove the assertion in the case u = 1. Suppose M > 1.
There are integers n; > no > 4 such that

_1 n1—2 712—2
et ) ()

and d = ged(ny —2,n9—2) (e.g. choose ny = (2M +1)d+2 and ny = 2d+2).
For 1 <i<2let g; € Cp, with ord(g;) = ni, B; = (—g;)™g;" and obviously

L(BF) = {2k, 2k 4+ (n; — 2),...,2k + k(n; — 2)}
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for every k > 1. Set G' = C,,, ® C,,, and Ay = B¥BES. Then L), = L(Ay) €
B(G") and
L, = L(BY) 4+ L(BY) = 4k 4+ {m1(n1 — 2) + ma(ny —2) | 0 < mq,my < k}.
By Lemma 3.3 it follows that, for sufficiently large k,

—4k + Ly, = {u1, ..., up, v, v+ ldywe, .. wy )

with 0 =up < ... < tup, w1 < ... < Wp, ¥V — U > 2d, w1 — (v+1d) > 2d,
r =M and #L) > k.

If M =0, set ny =d+2,G'=C,,, By as above and A}, = BY. Then
L) = L(A},) has the required form.

2. Suppose i1 > 2. By Proposition 3.4 there is some ng € N, and a block
Bs € B(C,,) such that

L(Bs) =1{2,2+61,...,2+ 6,1}
Define G = G' & C,,, and Ly = L(AxBs). Then L, = L(Ay) + L(B3) and
—(4k+2) 4+ Ly =LY U L@y L®
where
LW ={u;+6;[1<i<r, 0<j<p—1}
L ={v+id+6;|0<i<l, 0<j<pu—1},
L® ={w;+6; |[1<i<r, 0<j<p—1}.
Write Ly, as in the formulation of the theorem and define
To = (4k +2) +max LW, y = (4k+2) + v,
21 = (4k +2) + min L®),
Then
M=r<#LW=a<pM, M=r<#L® =3<uM,
Y—To =0V — max L) =y — (Ur 4+ 0p—1) > 2d — 0,1
and
21— (y+1d+6,1) =min L&) — (v +1d +5,_1)
=w — (v+1ld)—64-1>2d—5,-1. =
REMARKS. Let G be the group in Theorem 3.5.

1. Admitting weaker bounds for a and 8 we may choose G to be either
cyclic or a p-group for any given prime p.

2. Let H be a Krull monoid with class group G such that each class
contains a prime divisor. Then by [Gel; Proposition 1] we have L(H) =
L(G), whence the above result holds for H.

3. Class field theory shows that there exists a cyclic algebraic number
field K with ring of integers oy whose ideal class group contains G (cf.
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[Wa; Corollary 3.9]). Thus £(G) C L(ok) and the above sets Lj, stem from
algebraic integers ax € 0.

4. Tamely generated subsets. We introduce the notion of tamely gen-
erated subsets. BF-monoids H with finite sets A(H) and for which the sets
&q(H) are tamely generated satisfy ¢(H) < oo and thus the Structure The-
orem for Sets of Lengths holds (Proposition 4.8). This will be the key result
for applying the abstract Theorem 3.2 to concrete monoids (cf. Section 8).
We start with some monoid-theoretical preparations.

For a set P let F(P) denote the free abelian monoid with basis P. Every
element a € F(P) will be written in the form

a= H p"r € F(P)
peP

with n, = v,(a) € N and n, = 0 for all but finitely many p € P. We set

o(a) = ¥ep vpla) € N.
Let H be an atomic monoid. The free abelian monoid

Z(H) = F(A(Hrea))

with basis A(H,eq) is called the factorization monoid of H. Let m = 7y :
Z(H) — H;eq denote the canonical homomorphism. Since H is atomic, 7
is surjective. For an element a € H the elements of

Zy(a) = Z(a) = 7 HaH*) C Z(H)

are called factorizations of a. H is said to be an FF-monoid (finite factoriza-
tion monoid) if for every a € H the set Z(a) is finite. The distance function
d:Z(H)x Z(H) — N is defined by

for two factorizations z, 2z’ € Z(H). It has all expected properties of a dis-
tance function (cf. [Ge3; Lemma 3.1]). In particular, we shall use the fact
that

o(2) = o(2)] < d(z,2)
for every z,2' € Z(H).
DEFINITION 4.1. Let H be an atomic monoid and H’ C H a subset.

1. The tame degree ty(H', X) of H' with respect to a set X C Z(H) is
the minimum of all N € NU {co} having the following property: if a € H’,
z € Z(a) and = € X is a factorization of a divisor of a, then there exists a
factorization 2z’ € Z(a) with z |z’ (in Z(H)) and d(z,z) < N.
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2. We say that H' is locally tame if ty(H', Z(a)) < oo for all a € H; H'
is called tame if the tame degree

t(Hl) = tH(H/,A(Hred)) < 00.

The concept of tameness of factorizations was already used successfully
in [Ge3, Ged]. However, in this paper we have strengthened the notion of
local tameness. It coincides with the old one for FF-monoids; furthermore,
tame FF-monoids are locally tame. This can be easily seen by the following
(trivial) lemma, which will be used without further mention.

LEMMA 4.2. Let H be a reduced atomic monoid.
1. For every H' C H and X C Z(H) we have

ty(H', X) =sup{ty(H',z) | r € X} <sup{sup Ly(a) | a € H'}.
2. If H' C H s divisor closed and x1,...,x, € Z(H), then

T T
t(H'Haz) <> HH @)
i=1 i=1
3. Suppose H = Hy x Hy, M € N., H ={a=ajas € H | max Ly, (as)
< M} and X C Z(Hy) finite. If H is a locally tame monoid, then
ty(H', X 2(Hy)) < oo.
Proof. Parts 1 and 2 follow immediately from the definition.

3. Since X is finite, there is a finite set B C H such that X C (J,.5 Z(b).
Let a = ajay € H' and z = xy € X Z(H3). Then by parts 1 and 2 we have

tu(a,z) =tg, (a1,7) + tu,(az2,y)
<ty (a1, X)+ M <max{ty, (a1, Z(b)) | b€ B} + M < oo,

which implies the assertion. m

Let H be a monoid. We say that H satisfies the ACCP (ascending chain
condition for principal ideals) if every ascending chain of principal ideals
becomes stationary (equivalently, every non-empty set of principal ideals
contains a maximal element with respect to inclusion). Let E C I C H be
subsets. If I C FH, then F is called a generating system of I. F is said to be
a minimal generating system of I if no proper subset is a generating system.
If F is a generating system of I, then it is also a generating system of I H.
We say that [ is finitely generated if it has a finite generating system.

LEMMA 4.3. Let H be a monoid and I C H a subset.

1. For a subset E C I whose elements are pairwise non-associated, the
following conditions are equivalent:

(a) {eH | e € E} is the set of mazimal elements of {aH | a € I} with
respect to inclusion.
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(b) E is a minimal generating system of I.

2. If E and E' are minimal generating systems of I, then EH* = E'H*.
3. If H satisfies the ACCP, then every generating system of I contains
a minimal generating system.

Proof. 1. Straightforward.

2. In a minimal generating system elements are pairwise non-associated.
Therefore, 1 implies that {eH | e € E} = {¢’H | ¢ € E'}, whence the
assertion follows.

3. Let E C I be a generating system of I. It is sufficient to find a minimal
generating system for E. Since H satisfies ACCP, the set {¢H | e € H}
contains maximal elements which implies the assertion by 1. m

DEFINITION 4.5. Let H be an atomic monoid and I C H a subset. A
generating system E C [ is said to be

(a) of bounded length if sup{sup L(e) | e € E} < 0.

(b) tame in H, or a tame generating system (for I and with bound
N € N), if for every a € I there exists some e € E dividing a such that
tu(a,Z(e)) < N.

We say that I is tamely generated if it has a tame generating system.
LEMMA 4.6. Let H be an atomic monoid and I C H a subset.

1. I C H is tamely generated if and only if lIeq C Hyeq s tamely gener-
ated.

2. Let E' C E C I be two generating systems. If E is a tame generating
system, then so is E’.

3. If H satisfies the ACCP and I H is tamely generated, then so is I.

Proof. 1. This follows immediately from the definition.

2. Suppose that FE is a tame generating system for I with bound N € N, .
Let a € H; then there is some e € E dividing a such that t(a, Z(e)) < N.
Since E’ is a generating system, there is some e’ € E’ dividing e. Therefore,
we infer that €’ | e|a and clearly

t(a, Z(e")) < t(a, Z(e)) < N.

3. By part 1 we may suppose that H is reduced. Let F be a tame gener-
ating system for I H. By Lemma 4.3.2, I H has a unique minimal generating
system E* and by 4.3.3 it follows that £* C F and E* C I. From part 2 we
infer that £* is a tame generating system for /H and hence for I. m

PROPOSITION 4.7. Let H be a locally tame monoid.

1. Every finitely generated subset is tamely generated.
2. If H 1is finitely generated, then every subset is tamely generated.
3. If H is tame, then every generating system of bounded length is tame.
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Proof. 1. Let I C H be generated by a finite set £ C I. Then for every
a € I there is some a* € F dividing a such that

t(a, Z(a")) < t(H,Z(a")) < max{t(H, Z(e)) | e € E} < o0,

since H is locally tame.

2. Finitely generated monoids satisfy the ACCP and every ideal is finitely
generated (cf. [Gi; Theorems 5.1 and 7.8]). Hence, by Lemma 4.6 it is suffi-
cient to consider ideals instead of arbitrary subsets and thus 1 implies the
assertion.

3. Let I C H be a subset, £ C I a generating system, a € [ and e €
dividing a. Then, by Lemma 4.2.2,

t(a, Z(e)) < t(H, Z(e))
< sup{sup L(e) | e € E} - sup{t(H,u) | u € A(Hyea)}
=sup{supL(e) |e € E} - t(H). m

Our interest in tamely generated subsets is motivated by the following
result.

PROPOSITION 4.8. Let H be a BF-monoid with finite, non-empty set
A(H). If for every 1 <r < QTH?;(TA((II;)) and every d € A(H)" the set Pq(H)
is tamely generated, then p(H) < oco. Thus the Structure Theorem for Sets

of Lengths holds.

Proof. Let 1 <r < QmaXTA((g)) and d € A(H)". Suppose that @q(H) is
tamely generated with bound N € N | i.e., there exists a generating system
E C &4(H) such that for every a € H there is some a* € E with a*|a and
t(a, Z(a*)) < N.

Let a € H; we show that for every divisor a* of a with a = a*b the
following two assertions hold:

(i) max L(a) — min L(a*) — max L(b) < t(a, Z(a*)),
(ii) min L(b) + max L(a*) — min L(a) < t(a, Z(a*)).
Hence by the very definition of pq(a) it follows that ¢q(a) < N. Therefore,
we have pq(H) < N and hence ¢(H) < co. It remains to prove (i) and (ii).
(i) Choose some z € Z(a) with (z) = max L(a) and some u € Z(a*)

with o(u) = min L(a*). Then there exists a factorization 2’ = uw € Z(a)
with d(z,2") < t(a,u). Hence,

max L(a) — min L(a*) — max L(b) < 0(z) — o(u) — o(w) = o(z) — o(2)
<d(z, 7 ) < t(a,u) < t(a, Z(a”)).

(ii) Choose some z € Z(a) with o(z) = min L(a) and some v € Z(a*)

with o(v) = max L(a*). Similarly to (i), there exists a factorization 2z’ =
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vw € Z(a) with d(z,2") < t(a,v), which implies that
min L(b) + max L(a*) — min L(a) < o(w) + o(v) — o(2) = o(2') — 0(2)
<d(z,2") <t(a,v) < t(a, Z(a*)). =

5. Strongly primary monoids. Inspired by N. Bourbaki (cf. p. 298
of [Bo]) we define strongly primary ideals in monoids and introduce a new
class of monoids, called strongly primary monoids. The main examples we
have in mind stem from ring theory. They will be discussed in Lemmata 9.1
and 9.2.

Let D be a monoid. A submonoid H C D is said to be saturated if
a,b € H and a|bin D implies that a | b in H. Therefore, H C D is saturated
if and only if Hyeq C Dyeq is saturated. The factor group G of the quotient
groups of D and H is called the class group of H C D. Class groups will be
written additively. For a € D we denote by [a] € G the class of a; obviously,
we have [a] = 0 € G if and only if a € H. Suppose that D is reduced. For
an element z = [[/_; u; € Zp(a) C Z(D) with uy,...,u, € A(D) we set
[z] = [1i—,[w] € F(G). Clearly, we have a € H if and only if [z] € B(G).

Primary ideals and monoids were studied in [Ge5]. We repeat their
definition and point out their relationship with strongly primary ideals and
monoids.

DEFINITION 5.1. Let H be a monoid with H # H* and let m = H\ H*
denote the unique maximal ideal.

1. The monoid H is said to be

(i) primary if for every a,b € H\ H* we have a | b"™ for some n € N4

(ii) strongly primary if H is atomic and for every a € H \ H* there
exists some My (a) = M(a) € Ny such that a|b for every b € H with
sup L(b) > M(a);

(iii) finitely primary (of exponent o € N, ) if H is a submonoid of a
factorial monoid F' with s pairwise non-associated prime elements p, ..., ps,

HCF=[p,...,ps] x F*,
such that the following two conditions are satisfied:
(a) (p1...ps)*F C H,
(b) if ep{*...p%s € H (where ¢ € F* and a; € N) then either oy =
=a,=0,ec H*ora; >1,...,a, > 1.
2. An ideal I C H is said to be

(i) primary if a,b € H, ab € I and a ¢ I implies that b™ € I for some
nc N+,
(ii) strongly primary if there exists some k € N such that m* C I.
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LEMMA 5.2. 1. For an atomic monoid H with ) # m = H \ H* the
following conditions are equivalent:

(a) H is strongly primary.
(b) Ewvery proper ideal is strongly primary.
(¢) Every proper principal ideal is strongly primary.
2. A strongly primary ideal is primary. In particular, a strongly primary
monoid s primary.
3. A saturated atomic submonoid of a strongly primary monoid is strongly
primary.
4. A monoid is strongly primary if and only if its associated reduced
monoid is strongly primary.

Proof. 1. (a)=(b). Let I C H be an ideal with I # H. Choose some
a € I. Then there exists some M(a) € Ny such that a|b for every b € H
with sup L(b) > M(a). This implies that m™(®) C oH C I.

(b)=(c). Obvious.

(¢)=(a). Let a € H\ H*. Then there exists some k € N, such that
mk C aH. Set M(a) = k and take some arbitrary b € H with sup L(b) > k.
Then b € m*F C aH, whence a|b.

2. Let I C H be a strongly primary ideal and a,b € H with ab € I and
a ¢ I. Then there is some k € N such that mF C T C m. Assume to the
contrary that b € m; then b € H* and a = (ab)b™! € I, a contradiction.
Thus b € m and b* € m* C I, whence I is primary. The second assertion
follows from part 1 and from Lemma 1 in [Geb].

3. Let D be a strongly primary monoid and H C D a saturated atomic
submonoid. Let a,b € H such that atb in H. Then a{b in D and hence

sup Ly (b) < sup Lp(b) < Mp(a).
Therefore H is strongly primary with Mg (a) = Mp(a).
4. Obvious. =

LEMMA 5.3. Every finitely primary monoid is a locally tame, strongly
primary BF-monoid.

Proof. Let
HgF: [p17"'7ps] XFX

be a finitely primary monoid of exponent o € N and let all notations be as
in the previous definition. Without restriction we assume that H is reduced.
By [Geb; Proposition 6] it is a BF-monoid.



SETS OF LENGTHS 241

To show that H is strongly primary, let a,b € H\ H* be given with a{b.

Hence there is some i € {1,...,s} such that
max L(b) < min{wvy, (b) | 1 < j < s} < wp, (D)
< vp,(a) + a <max{v,, (a) | 1 < j < s} +a=: M(a).

To show that H is locally tame, we choose some a € H and have to find
an upper bound for ¢t(H, Z(a)). Let b € H with a|b, 2 = uy...u, € Z(b)
and z € Z(a). Then

o(z) < max L(a) < max{v,,(a) |1 < j < s} = M(a) —a
and a divides uy ... u,, for some m < M(a). Set uy...uy, = ac. If s > 2,
then by [Geb; Lemma 6], ¢ has a factorization y € Z(c) with o(y) < 2a.
If s = 1, then every atom w € H satisfies v,, (w) < 2a — 1; thus ¢ has a
factorization y € Z(c) with
o(y) < vp, (U1 ... uma™t) <m(2a — 1) — (M(a) — @) < M(a)(2a — 2) + a.
Setting
2= xyumyr .. up € Z(a)
we obtain
d(z,7") < max{m,o(z) + o(y)} < M(a)(2a — 1) + 1,

whence t(H, Z(a)) < M(a)(2a—1)+1. =

PROPOSITION 5.4. In a locally tame, strongly primary monoid every sub-
set has a tame generating system of bounded length.

Proof. Let H be a locally tame, strongly primary monoid and I C H a
subset. Fix some a* € I and choose an arbitrary b € I. If a* 1b, then

t(b, Z(b)) < max L(b) < M(a™).

If a* divides b, then ¢(b, Z(a*)) < t(H, Z(a*)). Hence I is tamely generated
by E={a*}U{bel|a*tb}. =

LEMMA 5.5. Let H C D = D1 x D5 be a saturated atomic submonoid of an
atomic monoid D with class group G, finite set G1 = {[u] € G | u € A(D)}
and M € Ny. Then Dy = {c € Dy | maxLp(c) < M} allows a finite
partition, say Doy = UL, Ci, with the following property: if a = be € H
with b € Dy, ¢ € Dy ar and if ¢ € Dy pr is in the same class C; as ¢, then
bc € H and Ly (a) = Ly (bc).

Proof. Without restriction we may suppose that H and D are reduced.
1. For every a € D and every z € Zp(a) we study product decomposi-
tions

!
() z:HUAHw)\

A=1 A=1
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where all vy are irreducible in H and no w) is divisible by an irreducible
element of H. Such a decomposition gives rise to the following tuple:

(%) (k, {{[z] € F(G1) |z € Zp(w1)}, ... {[z] € F(Gh) | & € Zp(wi)}}).

For a € D let T'(a) denote the set of all tuples (xx) arising from product
decompositions (x).

2. We show that for all b € D; and ¢ € Dy with bec € H the set Ly (bc)
just depends on T'(b) and T'(c). Hence, in particular, Ly (bc) = Ly (bc") for
all b € Dy and ¢, ¢’ € Dy with T'(¢) = T(¢') and be,bc’ € H.

Let b € Dy and ¢ € Dy be such that bc € H. Then Ly (bc) is the set of
all k + k' + [ for which there exist tuples

(k,{X1,.... X)) € T(b) and (K, {X.,...,X/}) € T(c)

where X;, X! C F(G1), having the following property: there is a permutation
o € & such that forall1 <i <[, all S € X; and all S’ € X,;), the sequence
S8’ is an irreducible block in B(Gq).

3. To verify that 7 = {T'(c) | ¢ € Dy} is finite, let ¢ € Dg 5r be given
and consider a tuple of the form (xx) in T'(c). Clearly,

k+!<maxLp(c) <M
and, for 1 < <1,
#{[z] € F(G1) | v € Zp(w;)} < (#G1 — 1)PEIL
Hence T is finite, say 7 = {T1,...,T,}. Then, for 1 <1i < ¢ we set
Ci={c€ Doy | T(c)="T;}
to obtain the required partition. m

PROPOSITION 5.6. Let H C D x D’ be a saturated atomic submonoid of
the atomic monoid D x D" with class group G, finite set G1 = {[u] € G |u €
A(D x D)} and suppose that D is a finite product of locally tame, strongly
primary BF-monoids. Then every subset I C D of the form

I={aeD|abe H and Ly (ab) € P},

where b € D" and P C Pg,(N4), has a generating system of bounded length,
which is tame in D.

Proof. Suppose D = [] ., D, where every D, is a locally tame,
strongly primary BF-monoid. We proceed by induction on #§2. If #02 =1,
the assertion follows from Proposition 5.4. Suppose #{2 > 2 and let b, P
and I be as above. Choose some a* € I and set M = _, M(a;) and
M' = M + max Lp/(b).



SETS OF LENGTHS 243

Consider a partition 2 = 2; U 2y with 0 # 2, # 2 and set D; =
Huefzi Dl/ for 1 <43 <2. Let

%)
(D2 x D')ap = {w € Dy x D' [ max L(w) < M'} = | Cj

where the partition into the C;’s has the properties of Lemma 5.5. Let
1 < j < ¢; choose some ¢; € C; and define

Ij :{a€D1|acj € H and LH(QCj) EP}ng

By induction hypothesis we infer that I; has a tame generating system
E; C I; with bound N; and with sup{supLp(e) | e € E;} = K;. Let
N resp. K denote the maximum over all N; resp. Kj; and all partitions

Let a € I; we have to find some a’ € I which divides a such that
tp(a,Z(a")) and max Lp(a’) are universally bounded. To begin with, set
O ={ve | maxL(a,) > M(a})}, 25 =02\ 4 and D; =[] D, for
1< <2

If 2, = (2, then a |a, for all v € {2 and hence a*|a. In this case we
set a’ = a*; obviously, tp(a, Z(a*)) < tp(D,Z(a")) and max Lp(a™) are
bounded in a*.

If 2, = 0, we set a’ = a and infer that

tp(a, Z(a’")) <maxLp(a ZmaxLD a,) ZM

ves? ves?

Ve,

From now on suppose that () # 21 # 2 and set a = ajay with a; € D;
for 1 <4< 2. Then

max Lp, (az) Z max Lp, (a,) Z M(a
veER, Ve,
and hence
max Lp,xpr(azb) < M.
Let

®
(_D2 X D/)M/ = U C]
j=1

be as above and suppose that asb and c; are in the same class C; for some
j € {l,...,p}. Since ab = ajazb € H and Ly (ab) € P, it follows that
aic; € H and Ly(aicj) € P, ie., ap € Ij. Therefore, there exists some
a € F; dividing a; such that tp, (a1, Z(a)) < N. Now, we define

a':aag 6D1 XD2 =D.
Clearly, a’ divides a in D,
max Lp(a') = max Lp, (a) + maxLp,(az) < K + M
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and
tp(a, Z(a’)) =tp, (a1, Z(@)) +tp,(az, Z(az)) < N+max Lp,(az) < N+ M.

In order to show that a’ € I we have to verify that a’'b € H and Ly (a’b) € P.
Since a € I, it follows that ac; € H and Lg(ac;) € P. This implies that
aasb € H and Ly (aasb) = Ly (acj) € P,ie.,ad =daz € 1. m

6. Strictly saturated submonoids. Let H, D be atomic monoids and
H C D a saturated submonoid with class group G. Set G; = {[u] € G | u €
A(D)}. Then Davenport’s constant D(G1) is defined as

D(G1) =sup{o(U) | U € B(G) is irreducible} € NU {oo}.

In [Ge3; Lemma 4.4] it was shown that D(G1) is the minimum of all N €
N U {oo} satisfying the following property: for all uy,...,u, € A(D) with
[1;, u; € H there exists a subset @ # J C {1,...,n} with #J < N such
that [[,c;u; € H.

For k € N} we set

pur(H) =sup{supL |minL <k, L € L(H)} € Ny U{oo}.
Then for the elasticity

sup L
o(H) = Sup{milr)lL ‘ Le E(H)} € N; U{oo}
we have ux(H) < ko(H) for every k € Ny (cf. [Ch-Ge; Section 2.2a)).

Let H C D be saturated with D(G1) < oco. Then ui(D) < oo for all
k € Ny (resp. o(D) < oo) implies that pi(H) < oo for all k € Ny (resp.
o(H) < 00) (cf. [G-L; Theorem 1]). However, there are arithmetical finite-
ness properties which do not carry over from D to H (see [Ge2; Proposition
6.5] for an example where D has finite catenary degree but H does not).
We introduce the concept of strictly saturated submonoids H C D, which
makes it possible to carry over arithmetical properties as local tameness or
the finiteness of the catenary degree from D to H (see Theorems 7.4 and
7.5).

DEFINITION 6.1. Let D be an atomic monoid, H C D a saturated sub-
monoid with class group G and G; = {[u] € G | u € A(D)}.

1. Let o(H,D) denote the minimum of all N € N U {oo} having the
following property: for all a € H having a factorization y € Zp(a) with
[y] € B(G) irreducible, there exists a factorization y* € Zpy(a) with o(y*)
< N.

2. We say that H C D is strictly saturated if H is atomic, D(G1) < oo
and o(H, D) < oco.
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Let D be a reduced atomic monoid and H C D a strictly saturated
submonoid. For every factorization = = [[\_, u; € Z(H) with u; € A(H)

we call
Zp(x) = { ITv:
i=1
the set of factorizations induced by x. For X C Z(H) we set

= |J Zp(z) C 2(D).

zeX

vi € Zp(w;) } € Z(D)

For every a € H and every y € Zp(a) with [y] € B(G) irreducible we fix a
factorization y* € Zy(a) with o(y*) < o(H,D). For a € H and y € Zp(a)
we set

Zunly) = { T wi | v = L with 14 y: € Z(D)
=1 =1

such that [y;] € B(G) is irreducible} C Zg(a).

LEMMA 6.2. Let D be a reduced atomic monoid and H C D a strictly
saturated submonoid with class group G and G1 = {[u] € G | uw € A(D)}.
Then for every a € H the following holds:

L. ZH( ) UyGZD(a) ZH( )
2. For every x € Zg(a) and every y € Zp(x) we have

o(x) < o(y) < o(x)D(G).
3. For everyy € Zp(a) and every x € Zy(y) C Zy(a) we have

(
(
(
o(x) < o(y)e(H, D) < o(x)D(G1)e(H, D).
" ;L For every y,y' € Zp(a) there exist x € ZH(y) and ' € Zy(y') such

d(z,2) < (D(G1) +d(y,y"))e(H, D).

Proof. 1. Let z = [[;_, u; € Z(a) be given with u; € A(H). For every
1 < i < r choose some y; € Zp(u;); then [y;] is irreducible in B(G) and
yr € Zu(u;) = {u;}, whence yf = u;. Since y = [[;_; v € Zp(a), it follows

that
I I
v=]Juw=]]v€Zaly
i=1 i=1

The other inclusion is clear by definition.

2. By the very definition of Zp(z) we have o(z)

< o(y). The inequality
o(y) < o(z)D(G1) follows from the definition of D(G).
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3. Let y =[[;_,vi € Zp(a) with 1 #y; € Z(D), [y;] € B(G) irreducible
and z = []._, v/ € Zg(y). Then
r<a(@) =Y oly) < rolH,D) and < oy) = 3 o(y) < rD(GY),
i=1 i=1
which implies the assertion.
4. Suppose

y=yiy2 and y =iy
with y1,y2,v5 € Z(D) such that d(y,y’) = max{o(y2),0(y5)}. There ex-
ists some yo € Z(D) with yo|y1 and o(yo) < D(G1) such that yoy2 and
Yoyh are factorizations of some element b€ H. Choose factorizations z; €
Za(yiyg '), m2 € Zr(yoye) and o € Zg(yoys). Then z = x129 € Zy(y) C
Zy(a) and o’ = z12h € Zy(y'). Using statement 3 we infer that

d(x, ') < max{o(rs), o(ah)} < (D(G1) +d(y,y))o(H, D). w

PROPOSITION 6.3. Let H C D be a saturated submonoid of a reduced
atomic BF-monoid D with class group G,Gy1 = {[u] € G | u € A(D)} and
D(Gl) < 00.

1. o(H,D) < pupie,)(D) < D(Gr)o(D). In particular, H C D is strictly
saturated if D is factorial (i.e., H is a Krull monoid).

2. If D is a coproduct of finitely primary monoids having some common
exponent o € N1 and exp(G) < oo, then H C D is strictly saturated.

Proof. 1. Let a € H and y € Zp(a) be such that [y] € B(G) is
irreducible. Then o(y) < D(G1) and hence max Lp(a) < pup(a,)(D). Since
max Ly (a) < max Lp(a) we infer that o(H, D) < ppa,)(D). The second
inequality follows from the observation at the beginning of this section.

2. By [HK4; Theorem 3|, H is a BF-monoid, whence atomic. Thus it
remains to show that o(H, D) < oo. Suppose D =[], ., D, where each D,
is finitely primary of exponent av € Ny and set = aexp(G). Let a € H
and z € Zp(a) be such that [z] € B(G) is irreducible. Then there is a
subset I C {2 such that a = [[,.; a; with 1 # a; € D; and 2z = [];; 2 with
zi € Zp,(a;). Obviously,

#1 <Y o(z) = 0(z) < D(Gy).

iel

icl

Let ¢ € I; suppose
D; CFi=pig,-- - Pis] X F*

and

Si
_ ki
ai=ei [ [ ni)
=1



SETS OF LENGTHS 247

with e; € F/*. Set
L={iell|k,;>20+aforalll <v<s;}
and let i€ 1. FOI'jE{l, .. .,Si} let k;i,j = 25[1'73‘ +a+r;; with 0 < i < 25

Set
b _ > 2[11]' B d _ i a—i—ri,j .
i = sz',j and ¢ = ginz’,j ;
i=1

7j=1
then b; € H, ¢; € D; and a; = b;c;. For i € I'\ I set ¢; = a;. Next set
b= Hbi and c:Hci.
i€l el
Obviously, we have a = bc with b € H and ¢ € D, whence ¢ € H since

H C D is saturated.
We choose some y € Zp(c) and obtain

o(y) <max Ly (c) < max Lp(c)
= ZmaxLDi(ci) < 2(26 +a) <o(2)(26+ a).
il iel
Let i € I; we have to find a suitable factorization z; € Zg(b;). If s, =1,
we choose any z; € Z(b;) and infer that
o(x;) <max Ly(b;) <maxLp,(a;) < o(z)o(D;) < oo

since D; has finite elasticity (cf. [HK2; Proposition 4.1]). Suppose s; > 2;
set

S; 8 Sq Jé]
251 211
bi1 = (pi,l Di;”’ ) and b, 2 = (pi,fl HPM) :
j=2 j=2

Then b;1,b;2 € H and b; = b; 1b; 2. For 1 < j < 2 we choose a factorization
x;j € Zm(b; ;), infer that
O'(.CEZ‘J') S maXLH(bm) S HlaXLD(bZ”j) S ﬁ

and set ; = x; 1252 € Zy(b;). Then x = [[;c; z; € Zx(b) and

o(x) =Y olw:) <D o(z)(e+28) <o(z)(e+26)

icl ich
where o = max{o(D;) | i € I; with s; = 1}.
Summing up we have xy € Zy(bec) with a = be and
o(zy) < o(2)(46 + o+ a),

whence o(H,D) < D(G1)4B+ o0+ ). m

Let H C D be a saturated submonoid of a reduced atomic monoid D.
As a final topic in this section we show that H C D is strictly saturated if
and only if this holds true for the associated block monoid. We briefly recall



248 A. GEROLDINGER

the concept of (general) block monoids. For proofs and detailed information
the reader is referred to [HK2; Section 5] and [Ge2; Section 4].

Let H C D be a saturated atomic submonoid with class group G of the
reduced atomic monoid D. Let D = F(P) x T be the canonical decom-
position of D and Gy = {[p] € G | p € P}. We define a homomorphism
t: F(Go) xT — G by

Wgr- gnt) = g1+ ...+ gn + [t]
(where g1,...,9, € G and t € T)) and set
B=."10)C F(Gy) x T.

Then B C F(Gp) x T is saturated with class group G and B is called the
block monoid of (H C D). The homomorphism

B:F(P)xT— F(Go) xT, a=pi...pnt— B(a)=[p1]...[pn]t,

satisfies B(H) = B and we obtain the following commutative diagram:

H — p=rpP)xT 4 @
sl Bl |

Since B(A(D)) = A(F(Go) x T) and B~ (A(F(Go) x T)) = A(D), it fol-
lows that @ induces an epimorphism 3 : Z(D) — Z(F(Gy) x T) such
that B(Zp(a)) = Zry)xr(B(a)) for every a € D. Similarly, we have
B(A(H)) = A(B) and B8 '(A(B)) = A(H) and hence there is an epimor-
phism B : Z(H) — Z(B) such that B8(Zg(a)) = Z(B(a)) for every a € H.
In particular, Ly (a) = Lg(B(a)).

PROPOSITION 6.4. Let H C D = F(P) x T be a saturated atomic
submonoid of the reduced atomic monoid D with class group G, Gy =
{lp] € G| pe€ P} and B C F(Gy) x T the associated block monoid. Then
o(H,D) = o(B,F(Go) x T) and H C D is strictly saturated if and only if
B C F(Go) x T is strictly saturated.

Proof. This is straightforward from our previous discussion. =

7. The catenary degree and local tameness. For the arithmetical
relevance of the catenary degree the reader is referred to [Ge3, Ge4, Ge2].
Here we show that if H C D is strictly saturated, then ¢(D) < oo implies
that ¢(H) < oo (see Theorem 7.4). Together with Proposition 6.3 this gen-
eralizes former results (cf. [G-L; Theorem 2] and [Ge2; Theorem 5.4]) and
shows the power of the concept of strictly saturated submonoids. A similar
transfer result will be proved for local tameness (see Theorem 7.5).
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DEFINITION 7.1. Let H be an atomic monoid.

1. Let a € H, 2,2 € Z(a) and N € NU {c0}. An N-chain (of factor-
izations) from z to 2 is a finite sequence (z;)¥_ of factorizations z; € Z(a)
such that z = zg, 2z = 2’ and d(z;—1,2;) < N for 1 <i < k.

2. The catenary degree ¢(H') € N U {oo} of a subset H' C H is the
minimal N € N U {oo} such that for all « € H and any two factorizations
z,7z" € Z(a) there is an N-chain of factorizations from z to z’. For brevity,
we write c¢(a) instead of ¢({a}) for every a € H.

Let H be an atomic monoid. Then H is factorial if and only if ¢(H) =
0. If H is not factorial but has finite catenary degree, then as an easy
consequence of the definitions we obtain

max A(H) < c¢(H) — 2,
i.e., the set A(H) is finite.

LEMMA 7.2. Let D be an atomic monoid and H C D a strictly saturated
submonoid with class group G and Gq = {[v] € G |v € A(D)}. Leta € H
and y € Zp(a). Then for any two factorizations x,x’ € Zg(y) there is a
D(G1)o(H, D)-chain of factorizations from x to x’.

Proof. We suppose that H and D are reduced and define a monoid

homomorphism
f:2(D)—G

by f(v) = [v] for every v € A(D) and set S = Ker(f) C Z(D). Then S is
a Krull monoid with class group G and (37 is the set of classes containing
prime divisors (cf. [Ge6; Lemma 3]). Thus S has finite catenary degree
c(S) < D(G1) (see [Ge2; Propositions 4.2 and 4.3)).

Since a € H and y € Zp(a), it follows that y € S. Let z =[] _, 2, €
Zs(y) with z, = [[,c; vi € A(S) and v; € A(D). Then [z,] = [[;¢; [vi] €
B(G) is irreducible in B(G). We obtain a bijection

9:2s(y) = Zu(y), z=][[zr~ak)=]]
v=1 v=1
Any two factorizations z, 2’ € Zg(y) can be concatenated by a D(G)-chain
of factorizations using the canonical distance function d = dg : Z(5)? =
F(A(S))? = N. The function g maps atoms 2, € S to factorizations z* € H
whose lengths (in Z(H)) are bounded by o(H, D). Hence any two factor-
izations z,2’ € Zy(y) can be concatenated by a D(G1)e(H, D)-chain of
factorizations (using the distance function d = dy : Z(H)? — N). =

PropoOSITION 7.3. Every reduced, locally tame, strongly primary BF-
monoid H has finite catenary degree with c(H) < max{t(H,u), M(u)} for
every u € A(H).
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Proof. Let H be as in the hypothesis. Fix some u € A(H) and set
t =t(H,u). We assert that

c(H) < max{t, M(u)}.

For every a € H there exists some k = k(a) € N with £ < max L(a) such
that u* | @ but u**1{a. We proceed by induction on k(a). If a € H with
k(a) = 0, then

c(a) <max L(a) < M(u).

Let a € H and z,z" € Z(a) be given with k = k(a) > 1. Suppose the
assertion holds for all b € H with k(b) < k. Since u divides a, there is
some factorization z € Z(u~'a) such that d(z,ur) < t. Similarly, there is
some 2z’ € Z(u~ta) with d(2',uz’) < t. Clearly, k(u™'a) < k(a). Hence, by
induction hypothesis there exists a max{t, M(u)}-chain from z to 2z, which
gives a max{t, M(u)}-chain from z to z’. m

THEOREM 7.4. Let H C D be a strictly saturated submonoid of an atomic
monoid D.

1. If D has finite catenary degree, then so does H. More precisely, ¢(H) <
(D(G1) + c(D))e(H, D).

2. Suppose D = [],.; D; where all D; are reduced, locally tame, strongly
primary BF-monoids and there are u; € A(D;) such that sup{tp,(D;,u;),
M(u;) | i € I} < oo. Then H has finite catenary degree and A(H) is finite.

Proof 1. Let a € H and z,2’ € Zy(a) be given. We choose factoriza-
tions y € Zp(x) and y' € Zp(2'). Since D has finite catenary degree ¢(D),
there exists a ¢(D)-chain of factorizations y = yo,y1,...,y = ¢’ from y to
y'. By Lemma 6.2.4 there are factorizations

Z; GZH(yl) and %z GZH(Z/H—I), fOl“OSZ'Sl—l,
with d(z;,z;) < (D(G1) 4+ ¢(D))o(H, D). Furthermore, by Lemma 7.2 there

are D(G1)o(H, D)-chains
from = € Zp(y) to xo € Zp(y),
from z;_1 € Zp(y;) to x; € Zp(y;) for 1 <i <[ —1, and
from 7,1 € Zp(yi) to ' € Zp(y).

Putting all together we obtain a (D(G1)+ ¢(D))o(H, D)-chain from x to «’.
2. This follows from part 1 and Proposition 7.3. m

THEOREM 7.5. Let H C D be a strictly saturated submonoid of an atomic
monoid D with class group G and G1 = {[u] € G |u e A(D)}. Let H C H
and X C Z(H) with sup{o(x) |z € X} = M € Ny. Iftp(H',Zp(X)) is
finite, then so is ty(H', X). More precisely,

ty(H', X) < M + o(H, DYD(G1)(MD(Gy) + tp(H', Zp(X))).
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In particular, if D is a (locally) tame BF-monoid, then the same is true
for H.

Proof. Without restriction we may suppose that H and D are reduced.
Let a€ H', 2 =[]/, w; € Zy(a) with u; € A(H) and x € X. We have to
find an upper bound for ¢ty (a, z).

As explained at the beginning of Section 6, z induces a factorization
z=1[1",% € Zp(z) C Zp(a) with z; € Zp(u;), whence o(z;) < D(G1)
for 1 < i < m. Similarly, z induces a factorization € Zp(X) with o(z) <
o(x)D(G1) < MD(Gy).

By definition of tameness in D, there exists a factorization 2z’ € Zp(a)
with z|Zz" and d(z,2") = t < tp(H',Zp(X)). Therefore, after a suitable
renumbering we may write 2’ in the form

i1 = gedz ) ([ 2.7).
i=1

Then there are Ty, 72 € Z(D) such that T = T172 and y' = Zoyo. After a
further renumbering we have, for some 3; € Z(D),

m—t m—t—s

z= [] zaan

i=1 i=1
with s < o(Z1) < 0(Z) and o(y1) < 0(71)(D(G1) — 1). Setting y = 7172 we
get

m—t—s m—t—s
~ ~ o~~~ ~ ~

Z = ZiX1Y1T2Y2 = 2 TY
i=1 i=1
with
o(y) < o(@)(D(G1) — 1) + o(y') < D(G1)(MD(G1) +1).
If y € Zp(b), then b € H and by Lemma 6.2 there is some y € Zy(y) C
Zy(b) with o(y) < o()o(H, D). Setting

m—t—s

— H U; TY
i=1

we obtain
tg(a,z) <d(z,2") <max{s+t,o(x)+0o(y)}
< M + o(H,D)D(G1)(MD(G1) +tp(H', Zp(X))).
Hence, ty(H', X) is restricted by the above bound. m
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COROLLARY 7.6. Let H C D be a strictly saturated submonoid of an
atomic monoid D and I C H a subset. Then every generating system E C I
of bounded length, which is tame in D, is tame in H.

Proof. Suppose E C I is a generating system, tame in D, with bound
N and sup{supLy(e) | e € E} = M. Let a € I; then there is some e € E
with tp(a, Zp(e)) < N. By Theorem 7.5 it follows that

tr(a, Zg(e)) < M+ o(H, DYD(G1)(MD(G4) + N),

which implies the assertion. m

8. The Structure Theorem revisited. In this section we use the re-
sults from our monoid-theoretical investigations (in particular, Propositions
4.7, 4.8 and Corollary 7.6) to apply the abstract Structure Theorem 3.2 to
concrete monoids.

Let H be a BF-monoid with finite, non-empty set A(H) and with p(H) <
oo. Let a € H; then by Theorem 3.2.3 there exists some ¢ € N satisfying
the following property (P):

(P) forall b€ H with a¥ |b|a* for some k > 1, the sets L(b) are almost
arithmetical progressions with the same difference § € A(H) bounded

by o(H).
Obviously, if ¢ € N satisfies (P), then so does every ¢’ € N with ¢)" > 1).
Let 1(a) € N denote the minimum of all ¢) € N satisfying (P) and define

$(H) = sup{e(a) | a € H} € NU {oo}.

Obviously, ¥(H) < oo if and only if there exists some 1 € N satisfying
property (P) for every a € H.

Suppose that A(H) = (). Then all sets of lengths contain exactly one ele-
ment. In order to simplify formulations, we say that H satisfies the Structure
Theorem for Sets of Lengths and set ¢(H) =0 and ¢(H) = 1.

PRrROPOSITION 8.1. Let H be a finitely generated monoid. Then H is a
tame FF-monoid with finite catenary degree, finite set A(H) and p(H) < oo.
Thus the Structure Theorem for Sets of Lengths holds and ¢¥(H) < oo.

Proof. By [HK4; Theorem 2] and [Ge4; Proposition 3.4], H is a tame
FF-monoid. Hence it has finite catenary degree and A(H) is finite (cf. [Ge4;
Proposition 3.3]). If A(H)=0, then nothing more has to be proved. Suppose
A(H) # (. By Proposition 4.7 all subsets are tamely generated, whence
Proposition 4.8 implies that (H) < co and that the Structure Theorem for
Sets of Lengths holds.

Suppose H is generated by uy,...,us € A(H). For 0 #1 C {1,...,s}
set ur = [[;c; us and define

Y =max{¢(ur) |0 £T C{l,...,s}} e N.
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Let a = Hielufi € H be given with ) # I C {1,...,s} and k; € N,.
We show that ¢ (a) < v, which implies that ¢ (H) < 1. Let b € H with
a¥ | b|a* for some k > 1. Then

ul[l)(’u,[) ’aw ’ b ‘ ak; ‘ u’;max{ki‘iel}.

Therefore, by definition of ¢ (uy) the set L(b) is an almost arithmetical
progression bounded by ¢(H). =

PROPOSITION 8.2. Let H C D = [[\"; D; be a strictly saturated sub-
monoid with class group G. Suppose that G1 = {[u] € G | u € A(D)} is
finite and that all D; are locally tame, strongly primary BF-monoids. Then
H is a locally tame BF-monoid with finite catenary degree, finite set A(H)
and p(H) < 0o. Thus the Structure Theorem for Sets of Lengths holds and
Y(H) < oo.

Proof. H is a BF-monoid, since it is a saturated submonoid of a BF-
monoid (cf. [HK4; Theorem 3]). From Theorem 7.5 it follows that H is locally
tame. By Theorem 7.4, c(H) and A(H) are finite. If A(H) = () we are done;
hence suppose that A(H) # (). For every d € A(H)" the set ®q(H) has a
generating system of bounded length which is tame in H (cf. Proposition
5.6 and Corollary 7.6). Therefore, Proposition 4.8 implies that o(H) < co.

Without restriction we may assume that H and D are reduced. For every
subset ) £ I C {1,...,n} for which

Hn][D:i\{1}) #0
i€l

we fix some ¢y = [[,o;¢; € H with 1 # ¢; € D;. Define

iel
)= max{./\/l(czb(c’)) |ieTand ) #1 C{l,...,n} as above} € N.
We show that ¢(a) < for every a € H, which implies that ¢ (H) < .
Let 1 # a = [[;c;a: € H be given with 1 # a; € Dy, 0 #1 C {1,...,n}
and let b € H such that a¥ |b|a”* for some k > 1. Since
M(C?(CI))

(2

max Lp, (a¥) > max Lp, (a

) = M)
it follows that c?(” ) |a? in D; for every i € I. Therefore c}p(cl ) divides a¥
in D and hence in H. Since D; is primary, there is some [; € N such that
a; | ci in D;. Thus there is some [ € N such that a*| ¢} in H. Summing up
we obtain

e/ a” |bla* | ],
whence the assertion follows from the definition of ¥(cy). m

THEOREM 8.3. Let H C D = F(P) x [[_, D; be a strictly saturated
submonoid with class group G. Suppose that G1 = {[u] € G | u € A(D)} is
finite and that all D; are locally tame, strongly primary BF-monoids. Then



254 A. GEROLDINGER

H is a locally tame BF-monoid with finite catenary degree, finite set A(H)
and p(H) < 0o. Thus the Structure Theorem for Sets of Lengths holds and
Y(H) < 0.

Proof. By Theorem 7.5, H is locally tame and, by Theorem 7.4, it has
finite catenary degree. All assertions on lengths of factorizations hold for H
if and only if they hold for the associated block monoid B (cf. [Ge2; Section
4] and [HK2; Section 5]). By Proposition 6.4, B C F(Go) x [[/_, D; is a
strictly saturated submonoid with Gy = {[p] € G | p € P} C G;. Since G
is finite, F(Go) x [[;=; Di = [ eq, F({g}) x [[;=; Di is a finite product
of locally tame, strongly primary BF-monoids. Therefore, Proposition 8.2
implies the assertion. m

The main example for the above class of monoids are weakly Krull
monoids H with weak divisor theory ¢ : H — D = [],.; D; such that
the following holds: the weak divisor class group is finite, all primary com-
ponents D; are finitely primary and for almost all D; we have D; ~ (N, +).
If all D; are isomorphic to (N, +), then H is a Krull monoid and the weak
divisor theory ¢ : H — D ~ F(P) is a divisor theory.

Under stronger assumptions main parts of the above theorem were al-
ready proved in [Gel; Satz 1] and [Ge3; Theorem 6.2]; for geometric versions
of this result the reader is referred to [HK1] and [HK2; Section 3]. However,
the finiteness of 1)(H) is new even for Krull monoids.

In the rest of this section we show that there exists a locally tame Krull
monoid H with finite catenary degree and finite set A(H) but which does
not satisfy the Structure Theorem for Sets of Lengths (see Theorem 8.5). In
particular, we show that every finite set L € Ny \ {1} can be realized as a
set of lengths in a Krull monoid. This already follows from Proposition 3.4.
However, if G is an infinite abelian group, then B(G) is not locally tame,
nor does it have finite catenary degree. Recall that Krull monoids are FF-
and hence BF-monoids.

PROPOSITION 8.4. For every finite subset L C Ny \ {1} there exists
a finitely generated reduced Krull monoid H with L € L(H) and ¢(H) <
max A(L) + 2.

Proof. We proceed by induction on the number of elements of L. For this
we show that there is some element a € H having the following properties:

(i) L(a) = L,
(ii) a has exactly one factorization z* with o(z*) = minL and this
factorization is squarefree,
(iii) @ has an irreducible divisor u € A(H) such that w € Z(a) and u|w
implies w = z*.
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Suppose L = {k} for some k € Ny. Then let H be the free abelian

monoid with basis uq,...,u; and set a = Hle u;. Obviously, all required

properties are satisfied.

To do the induction step let L C Ny \ {1} be a finite set with #L > 2
and suppose that the monoid H', «’ € H’/, 2/ = H}p:l uj € Zy(a’) and
u = u;y satisfy the properties for the set L' = L\ {min L}. Define

H=[H vw COH)xI=G

and a = @/, where Z ~ I' = Q(F({v})) and w = v (uy ... uq) with d =
min I/ — min L + 2. Clearly, H is a finitely generated reduced monoid with
Q(H) = G. By properties (i)—(iii) for H’ we infer that

p
Zy(a) = Zy(a) U {z* = vw H Uj}7
j=d+1

which implies

LH(&) = LH/(CL) U {O'(Z*)} =L'U {2 + minL' — d} = L.
Obviously, z* is squarefree in Z(H) and z* is the only factorization of a in
H with 0(z*) = min L. Furthermore, we have v € A(H), v |a and v appears
only in the factorization z*. Thus properties (i)—(iii) are satisfied by H, a,
z* and v. We proceed in two steps to verify the remaining assertions.

1. To prove that H is a Krull monoid it remains to show that H is root
closed (cf. [HK3; Theorem 5]). Let y = zv¥ € G with v € Q(H') and ¢ € Z
such that y™ = b € H for some m € N,. Since vw € H’, the element b has
a factorization which is not divisible by vw.

CASE 1: b= cv® = 2™v¥"™ with ¢ € H' and s € N. Then
cx™™m =" e Q(H' YN T = {1}.

This implies that 2™ = ¢ € H’, whence z € H’, since H' is root closed.
Furthermore, ¢ = s/m € N and thus y = zv¥ € H.

CASE 2: b= cw® = 2™v%™ with ¢ € H and s € N. Then
cx ™ (uy .. oug)® = 0¥ € {1},
This implies that —¢p = s/m € N and
((ug...uq)?x)™ =ce H'.
Since H' is root closed, it follows that (u;...uq)?z € H', whence
y=av? =x(uy...uq)?w ¥ € H.

2. To verify the assertion on the catenary degree, let b € H and z =
vwz, 2 = v" w® 2’ € Zy(b) be given with r, 7', s, s’ € Nand z, 2’ € Z(H').
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Since vw = u ... uq there is a d-chain of factorizations from z to
Z=0"" T
with ¢ = min{r, s} and = € Z(H’). Similarly, there is a d-chain from 2z’ to

~ ’_ 4t Iyl
z :UT tws tlJ

with ¢/ = min{r’, s’} and 2’ € Z(H’). By comparing the associated product
decompositions in G it follows that r — ¢t = ' — ¢ and s — ¢t = s — t'.
By induction hypothesis there is a ¢(H’)-chain of factorizations from z to z’
with ¢(H') < max A(L’')+2. Putting all this together we obtain an N-chain
from z to a’ with
N < max{min L' — min L + 2, max A(L") + 2} = max A(L) + 2. =

THEOREM 8.5. 1. For every system L of finite sets L C N, \ {1} there
exists a locally tame Krull monoid H with L C L(H) and ¢(H) < sup A(L)
+ 2.

2. There exists a locally tame Krull monoid H with finite catenary degree
and finite set A(H) which does not satisfy the Structure Theorem for Sets
of Lengths.

Proof. 1. For every L € L let Hy have the properties of Proposition
8.4. Then we define
H= ] He.

LeLl
Since finitely generated monoids are locally tame, each Hp, is a locally tame
Krull monoid, whence H is a locally tame Krull monoid. Furthermore,

£C | LH) CLH)
LeLl
and
c(H) = suppepc(Hr) < suppc,{max A(L) + 2}.

2. By part 1 it is sufficient to find a system £ with finite set A(L) such
that the sets L € L are not almost arithmetical multiprogressions bounded
by some fixed M € N,.

For this choose some d € N with d > 2 and set

L,={n+kd|0<k<2n}U{n+nd+1}
for every n € Ny. Then
L= {Ln | n c N+}

has the required properties. m

9. Applications to integral domains. Let R be an integral domain.
Then R* = R\ {0} denotes its multiplicative monoid, R* = R** its group
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of units and R# = R®/R* the reduced multiplicative monoid. Obviously,
R# is isomorphic to H(R), the monoid of principal ideals. We say that R is
a local domain if it has just one maximal ideal. The proof of the following
lemma may be found in [Geb; Theorem 2].

LEMMA 9.1. Let R be an integral domain.

1. R® s primary if and only if R is a one-dimensional, local domain.

2. R® is finitely primary if and only if R is a one-dimensional, local
domain, the complete integral closure R is a semilocal principal ideal domain
and the conductor E/R S non-zero.

LEMMA 9.2. Let R be a noetherian domain. Then R® is a BF-monoid
and the following conditions are equivalent:

(a) R is a one-dimensional, local domain,
(b) R® is primary,
(¢) R® is strongly primary,

If the integral closure R is a finite R-module, then there are further
equivalent conditions:

(d) R® is a locally tame, strongly primary BF-monoid,
(e) R® is finitely primary.

Proof. R®is a BF-monoid by [HK4; Theorem 7|. By Lemma 9.1 condi-
tions (a) and (b) are equivalent. Lemmata 5.2 and 5.3 show that (e)=(d)=
(¢)=(b).

(a)=-(c). Let R be a one-dimensional local domain with maximal ideal
m = R\ R* and let a € R*\ R*. Then vaR = m and there is some n € N,
such that m™ C aR C m. Thus aR is strongly primary and the assertion
follows from Lemma 5.2.

(a)=-(e). Suppose that R is one-dimensional, local, noetherian and R is
a finite R-module. Then R* is finitely primary by [HK6; Proposition 6]. m

An integral domain R is said to be weakly Krull (cf. [A-M-Z]) if
R= () R
peX(R)
where X(R) denotes the set of height-one prime ideals and the intersection
is of finite character. Let R be weakly Krull. Then the canonical homomor-
phism
p:R*— D= H Rf
pEX(R)

is a weak divisor theory. The monoid Z;(R) of t-invertible t-ideals (equipped
with ¢-multiplication) is isomorphic to D and the t-class group C;(R) =
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Z:(R)/H(R) is isomorphic to the weak divisor class group (cf. [HK5; Sec-
tion 4]). If R is one-dimensional, then Z;(R) coincides with the monoid of
invertible ideals (equipped with usual ideal multiplication) and C(R) =
Pic(R).

A weakly Krull domain R is said to be of finite type (cf. [HK2; Sec-
tion 6]) if its integral closure R is a Krull domain and a finitely generated
R-module. Krull domains and noetherian weakly Krull domains R whose
integral closures R are finite R-modules (including orders in global fields)
are the most important examples of weakly Krull domains of finite type.

THEOREM 9.3. Let R be a weakly Krull domain of finite type.

1. The monoid Z;(R) is a locally tame BF-monoid with finite catenary
degree, finite set A(Z,(R)) and o(Zi(R)) < co. Thus the Structure Theorem
for Sets of Lengths holds and ¥(Z;(R)) < 00.

2. If the number of classes in the t-class group C¢(R) containing multi-
plicative irreducible ideals is finite, then all assertions above hold for R®.

Proof. As discussed above we have

R*~HR)CL,(R)~ [[ R§.
pEX(R)

All Rf are finitely primary and hence locally tame, strongly primary BF-
monoids. For almost all p € X(R) the localization R, = R, is a discrete
valuation ring and hence Rf is isomorphic to (N, +) (cf. [HK2; Lemma
6.3]). Therefore, Theorem 8.3 implies the assertion with H = D = 7,(R).

Because of the above finiteness condition Theorem 8.3 implies the asser-
tion with H = H(R) and D = Z;(R). =
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