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On nonstructure of elementary submodels of
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Abstract. We assume that M is a stable homogeneous model of large cardinality.
We prove a nonstructure theorem for (slightly saturated) elementary submodels of M,
assuming M has dop. We do not assume that th(MM) is stable.

In this paper we study elementary submodels of a stable homogeneous
L-structure M. We use M as a monster model used in “classical” stabil-
ity theory and so as in [HS], we assume that |M]| is strongly inaccessible
(= regular and strong limit) and > |L|, where |L| is the number of L-for-
mulas. We recall that by [Shl], if D is a stable finite diagram, then it has
a monster model like M (assuming, of course, the existence of a strongly
inaccessible cardinal). As in [HS], we can drop the assumption of |M| being
strongly inaccessible if instead of all elementary submodels of M, we study
only suitably small ones.

We assume that the reader is familiar with [HS] and we use conventions,
notions and results of [HS] freely. The machinery in [HS] is an improved
version of that in [Hyl]. Now we modify it so that it comes closer to the
lines of [Hyl].

As mentioned in the abstract, we prove a nonstructure theorem for
(F/{\:[(M)—saturated) elementary submodels of M, assuming M has dop
(= A:(M)-dop). By a nonstructure theorem we mean a theorem which im-
plies, at least, that for most x, the number of models of power k is the
maximal one. Often nonstructure theorems imply also that a “Shelah-style”
structure theorem does not hold for a class of models. See [HT] for further
discussion about nonstructure theorems. In [HS] a structure theorem was
proved for F;\\:I(M)—saturated models assuming M is superstable and does

not have \;,(M)-dop. So in case M is superstable, we have a dichotomy for
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F i\f(M)—saturated models, i.e. we have a simple property which determines

when F/{\:I(M)—saturated models have a structure theorem.

We concentrate on the model theory side of the nonstructure theorem.
There is well-developed combinatorics that gives nonstructure theorems as
soon as certain model-theoretic results are proved.

1. Basic notions and their properties. By a model we mean an
elementary submodel of M of cardinality < |[M]|; we write A, B and so on
for these. Similarly by a set we mean a subset of M of cardinality < |[M| and
we write A, B and so on for these. We will not distinguish elements from
finite sequences, so by a,b, ¢ etc. we mean finite sequences (of elements of
M) and we write aU A and a € A instead of rng(a) U A and rng(a) C A. For
infinite sequences, we will write @, b and so on. By A(M) we mean the least
cardinal in which M is stable. A,(M) is the least regular cardinal > A(IM).
By an automorphism we mean an automorphism of M.

Next we repeat some definitions and results from [Hyl]| and [HS].

We say that a type p(z) over A is complete if for all ¢(x,a), a € A, either
d(x,a) € por ~p(z,a) € p. We say that a type p over M is M-consistent if
it is realized in M. We write S(A) for the set of all complete M-consistent
types over A.

We say that a set A C M is FM-saturated if any M-consistent type over
a subset of A of power < & is realized in A. Notice that if A is FM-saturated,
then it is an elementary submodel of M.

1.1. LEMMA ([Hyl]). Assume that p is a complete type over A. If p is
not M-consistent, then there is a finite set B C A such that p[B is not
M-consistent.

Proof. Immediate by homogeneity of M. =

1.2. DEFINITION. (i) ([Sh2]) We say that p € S(A) splits over B C A if
for some ¢(x,y) and b,c € A with t(b, B) = t(c, B) we have ¢(x,b) € p and
—|¢(.Z‘, C) €p.

(ii) ([Hyl]) We say that A is free from C over B, A | C, if for all (finite
sequences) a € A and ¢ € C there is D C B of power < A(M) such that
t(a, B Uc) does not split over D.

Notice that this independence notion differs from the one defined in [HS],
but as proved there, over F%M)—saturated models they are equivalent. Below
we list some of the basic properties of this independence notion.

1.3. LEMMA ([Hyl]). (i) There are no A;, i < A\(M), and a such that for
all i < j < AXM), A; C Aj and a [ 4, Aj.

(ii) For all a and A, there is B C A of power < A(M) such that t(a, A)
does not split over B. In particular, a | 4 A.
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(iii) If a |lp A, BC B'C A’ C A and B’ — B is finite, then a | A’.
Proof. (i) As [Sh2], I, Lemma 2.7. (ii) Immediate by (i). (iii) Easy. m

1.4. DEFINITION. We say that t(a, A) is stationary if for all C O A and
b, c the following holds: if ¢(b, A) = t(c,A) = t(a,A), b |a C and ¢ |4 C
then t(b,C) = t(c, C).

1.5. LEMMA ([Hyl]). If A is F)l\\f[M)—satumted then t(a,A) is stationary.

Proof. Assume not. Let b,c and C' exemplify this. Choose d € C' and
A C A of power < A(M) such that t(b, AU d) # t(c, AU d) and neither
t(b, AU d) nor t(b, AU d) splits over A. Let d’ € A be such that t(d’, A) =
t(d, A). Then t(b, AUd') # t(c, AUd'), a contradiction. m

1.6. THEOREM ([Hyl]). Assume A is F}\\{IM) -saturated and t(a,A) does

not split over A C A of power < \(M). Then for all B 2O A there is b such
that t(b, A) = t(a,.A) and t(b, B) does not split over A.

Proof. We define a type p over B so that ¢(x,c) € p if there is d € A
such that ¢(d, A) = t(c, A) and M = ¢(a,d). By Lemma 1.1, it is easy to
see that p € S(B). m

1.7. CorROLLARY ([Hyl]). (i) If a |4 B and A is Fi\g[M)—satumted, then
there is C C A of power < A\(M) such that t(a, AUB) does not split over C'.

(ii) Assume A is F}?M)—satumted, AD Aand C |4 A. Then for all
B D A, there is D such that t(D,A) =t(C,A) and D |4 B.

(iii) Assume BC B’ C A’ C A and B is F%M) -saturated. If a | A then
a lB’ Al

(iv) Assume A C B are F/{\g[M) -saturated. Then a |4 B and a |g C iff
alaBUC.

Proof. (i) By Lemma 1.3(ii) and Theorem 1.6, choose b so that t(b, A) =
t(a,.A) and t(b, AU B) does not split over some C' C A of power < A\(M).
By stationarity, t(a, AU B) = t(b, AU B).

(ii) Immediate by (i), Theorem 1.6 and stationarity.

(iii) Immediate by (i).

(iv) From right to left, this follows from (iii). For the other direction,
choose b so that ¢(b, B) = t(a,B) and b | 4 BUC. By (iii), b |z C and so by
stationarity, t(a, BUC) =t(b,BUC). u

1.8. LEMMA ([Hyl]). a |a B and b | aua B iff aUb |4 B.

Proof. From right to left this is easy. We prove the other direction:
Assume not. Choose ¢ € B so that aUb [, ¢. Choose A" C A of power
< A(M) such that

(i) t(a, AU ¢) does not split over A’,
(ii) (b, AU a U ¢) does not split over A’ U a.
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Then we can find e, f € AUc and ¢(x,y, z) such that t(e, A") = ¢(f, A’) and

(*) M |= ¢(a,b,e) A =(a,b, f).
By (i), t(e, A" Ua) =t(f, A’ Ua). But this and (%) contradict (ii). m

1.9. LEMMA. If I = (I,<) is a linear order and {a; | i € I} is infinite
and order indiscernible over A, then it is indiscernible over A.

Proof. Assume not. By Lemma 1.1, we can assume ([, <) is a dense
linear order of power > A\(M) (without endpoints), with a dense subset of
power A(M). As in the classical proof we get a contradiction with \(M)-
stability of M. =

1.10. THEOREM ([Hyl]). Assume A is FM-saturated. Then a |4 b iff
blaa.

Proof. Assume not. Choose a and b so that a |4 b and b f 4 a. For
all i < w, choose a; and b; so that t(a; Ub;, A) =t(aUb, A) and a; Ub; |4
U< a;jUb;. Clearly {a; Ub; | i <w} is infinite. By stationarity, it is easy to
see that {a; Ub; | i < w} is order indiscernible over A. By Lemma 1.9, it is
indiscernible over A. But by stationarity, b; | 4 a; iff j < 4, a contradiction. m

1.11. DEFINITION. We say that (a;);es is A-independent if for all i € I,
ai laWaj|jel, j#i}.

1.12. LEmMA ([Hyl]). (i) If A is F}\\{IM)—satumted and for all i < «,
a; laU{a; | j <i}, then (a;)i<q is A-independent.

(ii) Assume that (a;)ier is A-independent. Then for all J C I,

U ai la U ai.
i€J iel—J
Proof. (i) By Lemma 1.8 and Theorem 1.10, this is an easy induction
on a.
(ii) By Lemmas 1.3(iii) and 1.8, this is an easy induction on [J|. =

We define a set FM as follows (this concept is essentially the same as
(1)-isolation in [Sh1]): (p, A) € FM iff p is M-consistent, A C dom(p) has
cardinality < k and for all b, (b, A) = p[A implies t(b,dom(p)) = p. If
(p, A) € FM then we also write p € FM(A) and say that p] A FM-isolates p.

We define an FM-construction as in [Sh2] the general F-construction is
defined. Also the other concepts are defined as in [Sh2]: A is FM-primary
over A if it is FM-constructible over A and FM-saturated. We say that an
FM_gaturated B is FM-prime over A if for all FM-saturated C O A there
is an elementary embedding from B to C which fixes A pointwise. B O A is
FM_atomic over A if t(b, A) is FM-isolated for all b € B.

In [Sh1] the basic facts about these concepts are proved. In [Hy1] there
is an alternative way to see these results.
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1.13. THEOREM ([Shl]). Assume k > A(M).

(i) For all A there is an FM-primary model over A.
(ii) If A is FM-primary over A then it is F™M-prime over A.
(iii) Assume r is regular. If A is FM-primary over A then it is FM-
atomic over A.
(iv) Assume k is reqular. The FM-primary model over A is unique up
to isomorphism over A.

1.14. LEMMA. Assume x > AM) is regular and A is FM-primary
over A. If B C A is of power < k then A is FM-primary over AU B.

Proof. As in [Hyl] we can see that FM-isolation satisfies the axioms of
general isolation notion in [Sh2]. So this lemma can be proved as [Sh2], IV,
Lemma 3.6. m

We write t(a, A) 4 B if B C A, and for all b and F%M)—saturated COA
ifalaCandb |pC then a ¢ b. We write t(a, A) 4* B if B C A, and for
all b, if b | p A then a |4 b.

1.15. LEmMA ([HS)). If B C A are F/{\fM)—satumted and t(a, A) 4* B
then t(a, A) 4 B.

Proof. This follows easily from [HS], Lemmas 4.6 and 1.9(iv). =

When we say that (a;);cs is indiscernible, we mean that it is also non-
trivial, i.e. for i # j, a; # a;.

1.16. LEMMA. Let I = (a;)i<a, @ > w, be an indiscernible sequence
over A. Then there is an indiscernible J over A such that I C J and
|J| = [M].

Proof. Immediate by Lemma 1.1. m

1.17. LEMMA ([Shl]). Let I = (ai)ica be an indiscernible sequence.
Then for all a and ¢(z,y), either X = {i < «a |FE ¢(a;,a)} or' Y =
{i <a|kE—¢(a;,a)} is of power < \(M).

Proof. By Lemma 1.3(ii), choose Z C « of power < A(M) such that
a lUieZ a; UI. Then clearly either X C Z orY C Z. u

1.18. DEFINITION ([Sh1]). Let I = (a;)i<q be an indiscernible sequence,
a > A(M) and A a set. We define a type Av(I, A) to be the set of formulas
¢(z,a), a € A, such that {i < a | = =¢(a;,a)} is of power < A\(M).

1.19. LEMMA. Let I = (a;)i<a be an indiscernible sequence, o > A\(M)
and A a set.

(i) If (JA] + AX(M))" < «, then there is i < « such that t(a;, A) =
Av(I,A).

(ii) Av(I, A) is M -consistent.
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(iii) If I is indiscernible over A, then a realizes Av(I,1U A) iff 1U{a}
is indiscernible over A.

(iv) If A is Fi\fM) -saturated, I C A and a realizes Av(I, A), then for all
b, a |4 b iff a realizes Av(I,AUD).

Proof. (i) Follows from Lemma 1.17 by the pigeonhole principle.

(ii) Immediate by (i) and Lemma 1.16.

(iii) “=" Immediate by (i) and Lemma 1.16.

“<” Clearly if both I U {a} and I U {b} are indiscernible over A then
t(a,AUI)=1t(b,AUI). So “<” follows from “=".

(iv) By Theorem 1.7(ii) it is enough to prove the claim from left to
right. Assume that this does not hold. Let b exemplify this. For a < i <
B =a+(AM)+|L])T, choose a; so that t(a;, AUaUJ,_; a;) = Av(I, AU
aUlU;.;a5). Let J = (a;)i<p. Then by (iii), J is indiscernible. Let b be
such that ¢(b', A) = t(b, A) and b’ | 4 a U J. By stationarity, we may assume
that b = b'. By Corollary 1.7(i), choose A’ C A of power < A\(M) such that
t(b, AU J Ua) does not split over A" and t(a, A" Ub) # Av(I, A" Ub).

By Lemma 1.17, the choice of 8 and the pigeonhole principle, we can find
X C B of power > (A(M) + |L|)* such that for all i € X, a; realizes t(a, A").
Similarly we can see that there is i € X such that t(a;, A’Ub) = Av(I, A’Ub).
But then clearly ¢(b, A’ U a U a;) splits over A’, a contradiction. m

1.20. LEMMA. Assume I C JNK, [I| = AXM), |K| > |J|* and J and K
are indiscernible sequences over A. Then some ¢ € K realizes Av(J, AU J).

Proof. By Lemma 1.3(ii), for some K’ C K with |K’| < |K]|, for all
finite sequences b of elements of .J, there are sets X € K’ and B C A of
power < A(M) such that t(b, AU K) does not split over B U X. We claim
that any ¢ € K — K’ is as desired.

Assume not. Then we can find a finite sequence b of elements of J — [
and sets X C K’ and B C A of power < A(M) such that t(b, AU K) does
not split over BU X and

(1) t(c, BUbUY) # Av(J,BUbDUY),
where Y = X NI. Let a € I — X. Then

(2) t(a,BUX) =t(c, BUX)
and by Lemma 1.19(iii),

(3) t(a,BUbUY) =Av(J,BUbUY).

Clearly (1)—(3) imply that ¢(b, AU K) splits over BU X, a contradiction. m
The following property was introduced in [Sh2].

1.21. DEFINITION. Assume k > A(M). We say that M has x-dop if there
are FM-saturated A;, i < 4, and a ¢ A3 such that
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(a) Ao C A1 N Ay, Az is FM-primary over A; U A,
(b) A1 la, A2,
(c) t(a, A3) 4 A; and t(a, A3) 4 As.

In the case of stable theories, the following property is equivalent to dop

([Sh2)).

1.22. DEFINITION. Assume xk > A(M). We say that M has k-sdop if
the following holds: there are FM-saturated A;, i < 4, of power x and
I = (a;)i<xm) € As such that

(a) Ao C A1 N Az, As is FM-primary over A; U A,
(b) A1 |4, A2,

(c) I is an indiscernible sequence over A; U As.

The following theorem is proved in [HS]. There we used a different inde-
pendence notion, but since over F/{VIM -saturated models they are equivalent,
it is easy to see that dop and sdop do not depend on which independence
notion is used. The claim (i) in the theorem can be proved as in the case
of stable theories ([Sh2]) by using the properties of | listed above. (ii) is
harder.

1.23. THEOREM ([HS]). Assume k=& > A\ (M) and M is &-stable.

(i) If M has k-sdop then it has k-dop.
(i1) If M has A;(M)-dop then it has k-sdop.

1.24. LEMMA. Assume  is a reqular cardinal > \(M). Let A be FM-
primary over A and (a;)i<a C A be an indiscernible sequence over A. Then
a< kT,

Proof. For a contradiction assume o = . Let Ay be FM-primary over
AUU;<xo @i and Ay be FM-primary over AUJ,_, a;. By Lemma 1.14,
we may assume that A = Ap, and by Theorem 1.13(ii) that there is an
automorphism f that takes A into 4; and fixes AU Ui<>\(M) a; pointwise.

Let I = (a;)i<x. By Lemma 1.20, there is i* < s such that ¢(f(a;),
AUT) = Av(I,AUI). Because A; is F-primary over AU (J,_, a; there
is BC AUlJ,., a; of cardinality < k such that ¢(f(a;), B) F-isolates

t(f(ai), AU, ai), which is impossible, because clearly there is i < r for
which t(a;, B) = Av(I,AUI)[B. u

In the next chapter we will need the following theorem. It is proved in
[HS]. In the case ¢ is regular it is trivial, but for singular £ all the machinery
developed in [HS] is needed.
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1.25. THEOREM ([HS]). Assume M is &-stable.

(i) If ACA |A <& and Ais Fgl\/l—satumted, then there is AC B C A
such that |B| =& and B is FgM—satumted.

(il) Let A;, i < & - &, be an increasing continuous sequence of sets such
that

(a) for all i < &-&, Airq is an FgM—satumted model of power &,
(b) for all i < &-& and a there is b € A; 11 such that t(b, A;) =
t(a,Ai).

Then Ui<§~£ A; is FéM—satumted.

Proof. (i) Choose B C A so that it is FgM—primary over A. By [HS],
Theorem 3.14, B is as desired. (ii) follows from the proof of [HS], Theo-
rem 3.14. m

2. Nonstructure. From now on we assume that A = A\,(M)*, M has

M-sdop, k > A is regular € > k7 is regular and f(”+) = £. We will prove a
nonstructure theorem for FM-saturated elementary submodels of M.

REMARK. A nonstructure thererem for FM-saturated models implies a
nonstructure theorem for F ,i\f[—saturated models for all & < x and also for
elementary submodels of M.

We follow the proofs of the related results in [Sh2]. The main differences
are that we have not created a theory of strong types for M (in [HS] this
is done) and that some types may have no free extensions over some sets.
In fact, the author does not see any reason why ¢(1,.4; U.A3) in the defini-
tion of A-sdop should not be of such type. We overcome these problems by
“replacing t(A, B) L t(C, B) by t(A,BUC) € FM(B)".

Notice also that t(a, A) € FM(B), B C A, does not imply that a |5 A.
Of course, if there is b such that t(b, B) = t(a, B) and b | g A, then t(a, A) €
FM(B) does imply that a |5 A.

2.1. DEFINITION. Assume C' C B. Then we write t(4, B) € FM(C) if for
all finite a € A, there is D C C of power < A such that t(a, B) € F(D).

2.2. LEMMA. There are F/{\/I—satumted models A; of cardinality A\, i < 3,
and an indiscernible sequence I over Ay U As of power A(M) such that

(i) Ao € A1 N Az, As |4, Az,

(ii) there is D C A3 UAy of power < X\ with the following property: if C;,
i < 3, are such that Cy | 4, A1UAs and fori € {1,2} and all ¢; € C;, there
is D; C A;UCy of power < k such that t(c;, A1 UA;UC UCs_;) € F}\VI(DZ-),
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then
t(I, Ay U A U CyUCyUCy) € FY(D).

Proof. Let A;, i < 3, and I be as in the definition of A-sdop, |I| = A(M).
Clearly these satisfy (i). We show (ii). By Theorem 1.13(iii), let D C A; UAs
of power < \ be such that ¢(I,.4; U Ay) € FM(D). Clearly we may assume
that |Cy| < k and that C1 = ¢; and Cy = ¢o are finite. Let a € A; U Ay be
arbitrary. Then it is enough to show that

(%) t(I, DUaUCyUcy Ucy) € FM(D).
Choose F %M)—saturated models D;, ¢ < 3, such that

(a) D; C A; has cardinality < A and Dy = D1 N Do,
(b) D1 UD;3 |p, Ao, D1 |p, A2 and Dy |p, Ai,

(¢c) DUa C Dy UDsy,

(d) Co lpy D1 UDsy,

(e) for ¢ € {1, 2}, t(Ci,Al UAds UCyU 63_1') € F)l\v‘[(DZ U Co)

The only difficulty in seeing the existence of such sets is how to pick them so
that they are F' %M)—saturated. This can be solved by using Theorem 1.25.
(M is A, (M)-stable by [HS].)

Choose C} C Aj so that t(C(,Dy) = t(Co,Dp). Then by (b) and (d)
above, because Dy is F/{\Z[M)—saturated, t(Ch, D1 U Dy) = t(Cy, D1 U Dsy).
For ¢ € {1,2}, choose ¢, € A; so that t(c, U C{,D;) = t(c; UCo,D;). By
(e) above, there is an automorphism f such that f[(D; U D2) = idp,up,,
f(Cy) = Cf and for i € {1,2}, f(¢;) = ¢,. By the choice of D and (c) above,
(x) follows. m

2.3. COROLLARY. In Lemma 2.2 we may require that |I| = k™.

Proof. This follows immediately from Lemma 1.19. u

Let A;, i < 3, and I be as in Corollary 2.3. Let U be a set and R
a binary relation on U. We define an FM-saturated model Aw,ry as fol-
lows. For all i € U we choose B; and C; so that t(B;, Ag) = t(A1,.Ap),
t(Ci, Ag) = t(Az, Ag) and {B; | i € Uy U{C; | ¢ € U} is independent
over Ag. Since Ay is F}\\?M)—saturated, we can find these by Lemmas 1.12(i)
and 1.7(ii).

For all 4,5 € U we choose I;; so that t(I;; U B; UCj, Ag) = t(I U
A1 U Az, Ap). Then we let A r) be FM_primary over J{B; | i € U} U
U{Ci [i e UYUULL; | (3,5) € R}



176 T. Hyttinen

2.4. LEMMA. Let 1,5 € U, i # j, |U| > 3 and

DR, 3) = Bu [ iU MG w3}
UU{Iuv|u7€z v #j, (u,v) € R},
DE(i,j) = U{Iuv|u i, v# 7, (u,v) € R},

DE(i, ) U{Iuv|u7§z v=17j, (u,v) € R}.
Then

(1) D(I)%(Zvj) le B; ch>

(i1) t(Lij, Bi UC; UU, <3 DR (4, 5)) € FXN(B; UC).

Proof. Clearly it is enough to prove this for all finite U. In particular,
it is enough to assume U = w and R is finite. We prove this by induction
on |R|.

Notice that if (¢,j) € R, then

U DiGHun;uBue; = J{Biuci|icUu| J{Tuw | (u,v) € R},
n<3
otherwise

U DiG.jyuBiuc; = J{B;uC | icUU| J{Tuw | (u,0) € R}

n<3

For R = () the claim is clear by Lemmas 1.12(ii) and 2.2.

So assume that R = R'U{(u,v)} (R # R’') and that we have proved the
claim for all proper subsets of R. There are four cases:

1. (i,7) € R: Let R* = R—{(4,7)}. Then D%(i,§) = DE (i, ) for n < 3,
and so (i) and (ii) follow immediately from the induction assumption.
2. (i,j) € R, u# i and v # j: By the induction assumption,
D (i,7) Lag BiUC
and
HLuw, D (1,9) U B U C;) € XD (i, ))-
Since Ay is F%M)—saturated, (i) follows.

Let {I,, | m < n} be an enumeration of Df (i, j). Then by the induction
assumption, for all m < n,

t(tnBiuC U | 1w | DRG.)) € FM(B;U DG, )).
k<m ne{0,2}

So by the basic properties of F’ )l\\/l—isolation (F /{\/I—isolation satisfies Axiom VII



Nonstructure of submodels 177

for a general isolation notion in [Sh2]),
t(DRG.j),BuC U | DEG.)) € FMBUDEG,j).
nef{0,2}
Similarly we can see that
t(Df(i,j),& ueu | Df(i,j)) e FM(c; U DE(i, 5)).
nef{0,1}
So by Lemma 2.2, (ii) follows.
3. (i,j) ¢ R, u =i and v # j: Because DE(i,j) = DE (i,7), (i) is
immediate by the induction assumption.
As in case 2 above, by the induction assumption,

t(DfG.4),B:uC; U | DEG.J)) € FM(B U DE (. )
ne{0,2}
and
t(DEG ) Biucu () DEG.J)) € B U DG, 5)).
nef{0,1}
So by Lemma 2.2, (ii) follows.
4. (i,j) ¢ Ryu#iand v =j: Asin case 3. m
2.5. LEMMA. For all i,j € U, (i,j) € R iff there is J C Aw,r) (of
cardinality k1) such that t(J U B; UCj, Ag) = t(I UA; U Ay, A).

Proof. From left to right the claim is trivial. We prove the other direc-
tion: For a contradiction assume (i,5) ¢ R. By Lemma 2.4(ii), J is indis-
cernible over | {B, | v € U} U U{Cu | v € U} U H{Iuv | (u,v) € R}. By
Lemma 1.24, |J| < £, a contradiction. m

We let ¥(x,y), © = 17" x2, y = Y1~ Y2, length(z,) = length(zs) =
length(y;) = length(y2) = A, be a formula which says that there is J such
that t(JUxz1 Uy, 0) = t(TUA; UA2, (). We do not care in which language v
is, as long as isomorphism preserves truth in that language. We let ¢(z,y) =
(x,y) A —(y, ), i.e. we make 1) asymmetric.

2.6. DEFINITION ([Sh3]). Let ¢/(z,y) = é(y,x) and let n = (n,<) be a
linear ordering. Assume A is a model and for all i € 7 there is @; € Alength(@),
Then we say that (@;);c,, is weakly (k, ¢)-skeleton-like in A if

(i) for all i,j € n, = ¢(a;,a;) iff i < j,
(ii) for all @ € A'*"8th(*) there is K C 7 of power <  such that if i, j € 5
and t(i, K) = t(j, K) (in n), then
= ¢(@;,a) < ¢(a;,a)

and similarly for ¢’.
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We say that a linear ordering 7 is k*-dense if for all A, B C n of power
< kT, the following holds: if @ < b for all a € A and b € B, then there is
censuchthat a <c<bforallae Aand b e B.

2.7. LEMMA. Assume 1 is a k7 -dense linear ordering. Then (B; UC;)iey
is weakly (K, ¢)-skeleton-like in A,,.

Proof. By Lemma 2.5, (i) of Definition 2.6 holds. So we need to
prove (ii).

Let A C A, be of power . Because 4, is FM-atomic over J{B;UC;UI,; |
i,j €m, i < j}, thereis K C n of power < k such that for all finite sequences
a€ A, thereis D C | {B;,UC;UB; UC; Ul |i<j, i,j € K} of power < &
such that

t(a,U{BiUCiUBjUCjUIij ’i<j, i,jen}) EF,?/[(D)

Then K is as required:
It is enough to show that if z,y € n and t(z, K) = t(y, K) (in ), then

FY(A, B, UC) < ¢(A, By UCy)
and

F ¢(Bz UCs, A) < ¥(By UCy, A).
Since these are similar, we only prove the first. By symmetry, it is enough
to prove “—”.

Assume = (A, B, UC;). Let BC A and I’ C A, be such that t(I' UBU
Ce,0) = (I U A; U Ay, D). Then it is easy to see that there is K’ C 7 such
that

(i) Ku{z} CK', |[K'|=k",

(ii) BUI' C A/, where Ay is FM-primary over |J{B; UC; | i € K'}
U U{Ii,j | it < jv ,La.] € K/}

Cram. Ak is FM-primary over BUJ{B;UC; | i € K'YUU{L; | i < j,
i,j € K'}.

Proof. Since |B| < k, this follows from Lemma 1.14. mcjaim

Since 71 is kT-dense, there is K” C 7 and an order preserving onto
function f : K’ — K" such that f[K =idg and f(z) =y. Let Ax» C A,
be FM-primary over BUJ{B;UC; | i € K"}YUU{L;; |i<j, i,5 € K"}. By
the choice of K and Lemma 2.4(ii), there is an isomorphism ¢ : Ag: — Ag»
such that g[B = idg and for i,j € K', i < j, g[(B; UC; UB; UC; UI,;) is the
natural isomorphism onto By ;) U Cy;y U By(j) UCrjy Uls)s(s)- Then g(I')
is the required indiscernible sequence. =

We have now proved all the model theory needed for nonstructure theo-
rems, i.e. in [Sh3] it is shown that from Lemma 2.7 a nonstructure theorem
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follows. Notice that so far we have used only a small fraction of the cardinal
assumptions that we made at the beginning of this section.

In the rest of this section, we show that from Lemma 2.7 and [Sh3]
we can also get a stronger nonstructure theorem than what is explicitly
proved in [Sh3]. The price we pay is that we need all the cardinal assump-
tions that we made at the beginning of this section. These assumptions
are used in the construction of the linear orderings ®(A). Notice that our
(stronger) nonstructure theorem implies that if M has A, (M)-dop, then we
cannot prove a “Shelah-style” structure theorem for FM-saturated models.
This does not follow from the result that for most & > k, the number of
FM_saturated models of power ¢ is the maximal one.

Notice also that the construction of the linear orderings ®(A) is essen-
tially the one used by J. Conway to construct wy-like dense linear orderings.
Also the proof of the fact that our models are L, ¢+-equivalent is essen-
tially the same as the proof of the fact that wi-like dense linear orderings
are Lo ., -equivalent (see [NS]).

We let D¢+ be the filter on {* generated by the closed unbounded subsets
of T and the set {§ < &7 | cf(d) > k}. If f: &7 — £, then by f/De+ we
mean the ~-equivalence class of f where f ~ g iff {6 < &1 | f(6) = g(6)}
c D§+ .

2.8. DEFINITION ([Sh3]). Assume [ is a linear ordering and cf(1) = 7.
Let (I;)i<¢+ be an increasing continuous sequence of proper initial segments
of I such that I = {J;_¢+ Ii- Define f : {7 — & by f(a) = cf((I - 1)"),
where (I — I,)* is the inverse of I — I,.

We define inv}.(I) as follows: If there is a closed unbounded set C' in &+
such that f(a) > & for all & € C with cf(a) > &, then invy(I) = f/Dg+,
otherwise we say that inv:(I) is undefined.

Let 7 and 7’ be linear orderings. We define 747’ as follows: The universe
of T+ 7" is ({0} x 7) U ({1} x 77), and (m,i) < (n,j) if m <norm =n
and 7 < j. We define 7 x 7/ as follows: The universe of 7 x 7/ is 7 x 7/, and
(i,j) < (@, 5)ifj<j orj=j andi<i.

We define a linear ordering 7 = (7, <) as follows: We let the universe of
7 be the set of all functions f : k™ — £ such that for all i < k™ there is j > i
such that f(j) # 0. We order 7 so that f < g if f(i) < g(i), where i < k™
is the least ordinal such that f(i) # g(i). For all A C £t we define a linear
ordering ®(A) as follows: We let 7, = 7 if a« € A, and otherwise 7, = 7 X K*,
where " is the inverse of . The universe of ¢(A) is J, ¢+ {a} x 7o and
@(A) is ordered so that («, f) < (B,9) iff a < Bora=pFand f <g.

2.9. LEMMA. (i) 7 is a kT -dense linear ordering of power &, 7 x £ & T
and for alla <&, 7 x (a+1) = 7.
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(i) 7 x (61 r7) =
(iii) If AC {a < §+ | cf(a) > Kk}, then ®(A) is kT -dense.
(iv) Let

(A, a)={a} x 70, DA, <a)=|]B(A,8), B4 Ba)= |] &4,9).
B<a B<y<a

Then |P(A,<a)] < & for all o < £ and if E C {a < &1 | cf(a) = &}

then the following is true: if 3 < a < &' and 8 € E, then ®(E,B,a+ 1) =

o0, 5,a+1).

(v) invi(®(A)) # invi(8(A)) if (AAA)N{a < & | cf(a) > K} is
stationary, where A /N A" means the symmetric difference of A and A’.

Proof. (i) Immediate by the definitions.

(i) For all i < K, we let 7° be the set of those f € 7 such that for all
Jj<i, f(j) =0and f(i) # 0. We let 7" be the set of those f € 7 such that
for all j < K, f(j) = 0. We order these by the induced order. Then clearly
for all i < k, 78 2 7 and so 7 + 7 X k* = 7. By this and the first part of (i),
the claim follows.

(iii) Immediate.

(iv) Using (i) and (ii), by an easy induction on a we can see that
&(E,[B,a+ 1) = 7, from which the claim follows.

(v) Immediate by the definitions. m

Let E;, i < £T, be such that

(i) for all i < &F, E; C {a < &T | cf(a) = £} is stationary,

(ii) for all i < j < &F, E;NE; = 0.
These exist by [Sh2], Appendix, Theorem 1.3(2). For all C C T, let Ec =
Uiec Bi- Let F(C) = 32, ¢+ ®i(C), where ¢;(C), i < £, are disjoint copies
of (#(E¢))* (= inverse of ®(E¢)). We write Ac for Ap(cy. Notice that F/(C')

is ktT-dense.

2.10. LEMMA. There are sets C; C €7, 4 < 2(5+), such that for i # j,
Ac, # Ac;, -

Proof. Since for all C # D, invL(®(E¢)) # invL(#(Ep)), we can prove
the claim exactly as Theorem 3.11(a) of [Sh3] (the second method). m

2.11. LEMMA. For all C,D C ¢, Ao = Ap(Log ¢+)-

Proof. It is enough to show that 3 has a winning strategy for
G‘g+ (Ac, Ap), the Ehrenfeucht—Fraisse game of length w in which the play-

ers choose sets of power < £7.
We write S(C) for

KB lie FO)ulJ{Ci|ie F(O)} U (T |i < 5}
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and similarly for S(D). Let (S(C),{c; | i < a},(C; | i < «)) and (S(D),
{d; | i < a},(D;|i<f)) be FM-constructions of Ac and Ap, respectively
(see [Sh2]). Because €< = ¢, if we choose the constructions carefully we
may assume o = 3 = £+,

Let f; be the natural one-one and onto function from &;(C) to ®(E¢).
By F(C, <v) we mean |J,_, Y @(Ec, <v)). We write S(C,~) for

B lie F(C,<n}yul J{Ci|ie F(C,<v)}
and similarly for S(D,~). We write

A(C,y) = 8(Cy) Udei | i <7}

and similarly for A(D,~).

Assume now that the players have played n rounds and 3 has played
so that she has chosen o™~ ! < £1 of cofinality x and partial isomorphisms
[ AC ) — A(D ) and gt F(C, <o) — F(D, <a™ 1)
so that

(i) A(C,a™ 1) and A(D,a" 1) are FM-saturated,

(ii) for all i < j, i,j € F(C,< a™™1), f*=1(B; UC;) and f* 1|1
are the natural isomorphisms onto Bgn-1(;) U Cgn-1(;y and Ign-1(;ygn-1(;),
respectively,

(iii) if ¢; € A(C,a™ 1) then C; C S(C,a™ ) U{c; | j < i}, if d; €
A(D,a™ ') then D; C S(D,a™"YYu{d, | j < i},

(iv) 3 has chosen her moves according to f™~1.

Notice that by (i) and (iii), A(C,a" 1) is FM-primary over S(C,a™~1)
and A(D,a"" 1) is FM-primary over S(D,a""1).

Let A be the move of V in round n. By symmetry we may assume
AC Ac.

It is easy to see that for all « there is § > ~ of cofinality x such that
A(C,6) is FM-saturated and if ¢; € A(C,d) then C; C S(C,68) U {c; |
j < i}. So for all v there is v* > 7 of cofinality x such that A(C,~*) and
A(D,~*) are FM-saturated and if ¢; € A(C,~*) and d; € A(D,~*) then
C; CS(C,y*)U{c; | j <i}and D; CS(D,v*)U{d; | j <i}, respectively.

Let v > o™ ! be such that A C A(C,~). We let a™ = v*. Since a" ! ¢
Ec U Ep, by the properties of the orderings ®#(E’) we can find a partial
isomorphism ¢" : F(C,<a") — F(D,<a™) such that ¢! C ¢" (apply
Lemma 2.9(iv) s times).

As in the proof of Theorem 1.13(iii) (this is the same proof as the proof
of [Sh2], Theorem IV, 3.2), we see that for all e € A(C,a""!) there is
E C S(C,a™ 1) of cardinality < & such that t(e, S(C)) € FM(E) and
similarly for D. This implies that we can find a partial isomorphism f :
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A(C,a™ U S(C,a™) — A(D,a™ ) U S(D,am) such that f*~! C f and
(ii) above holds for f.

By the definition of A(C,a""1), A(C,a™) is FM-primary over A(C, o™~ 1)
US(C,a™) and similarly for D. By Theorem 1.13(iii) we can find f™ 2 f so
that f™, g™ and o™ satisfy (i)—(iii) above. So 3 can continue the game by
choosing her answer according to f". =

Notice that 3 can modify the strategy described above, so that she can
play & rounds without losing.

In the lemmas above we have proved:

2.12. COROLLARY. Assume r > A\(M)*1 is regular and M has A\,(M)-
dop. If & > k' is regular and f("‘+) = &, then there are FM-saturated
models A;, i < 2(5+), of cardinality £+ such that for i # j, A; # A; and
AZ‘ = Aj (Loo{*)’
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