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Endomorphism algebras over large domains
by

Riidiger G6bel (Essen) and Simone Pabst (Dublin)

Abstract. The paper deals with realizations of R-algebras A as endomorphism al-
gebras End G = A of suitable R-modules G over a commutative ring R. We are mainly
interested in the case of R having “many prime ideals”, such as R = R]z], the ring of real
polynomials, or R a non-discrete valuation domain.

0. Introduction. This work is based on a previous paper [3] on realiza-
tion theorems. In [3] an R-module G over a commutative ring R with 1 # 0 is
constructed such that the endomorphism algebra of G coincides with a given
R-algebra A (in general modulo an ideal). There is a given countable multi-
plicatively closed subset S of R such that A and therefore G is S-torsion-free
and S-reduced; recall that an R-module G is S-torsion-free if gs = 0 implies
g=0forany s € S, g € G, and it is S-reduced if ), g Gs = 0. Such con-

structions are by now standard, they are discussed in [3] and in some of the
references given there. The desired module G can be constructed between a
free A-module B and its S-adic completion B.

However, it is clear that in many cases S must be uncountable in order
to have (,.g As = 0; for example, if R is a valuation domain with a lattice
of ideals not coinitial to w and A = R, then (7),.g As # 0 for all countable
S C R\ {0} (see [6]). In this case a different technique is needed to realize a
given algebra A as endomorphism algebra of some module G. The topological
methods may not work any longer for |S| > Y; since the natural S-topology
(generated by Gs (s € S)) may not be metrizable; see Example 3.8 in [7].
However, if S is uncountable, which may be necessary as we have seen, a
construction of the desired module G is given in [8]. This construction [8] is
difficult and awaits simplification. A first simplification is given in [9]; but
here R is restricted to be a Priifer ring.
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Our present purpose is to link the construction for |S| > Ny with the
much easier topological methods in the countable case as given for example
in [3]; by doing so, we do not achieve realization theorems for the same
general class of R-algebras A as in [8]. It is our intention to present an
easier proof. Note that the “local approach” used in this paper might be of
interest for considering other problems; it seems likely that results related
to a countable multiplicatively closed subset could be generalized to the
uncountable case by using this technique.

The following easy observation (Lemma 2.1 of [1]) is the key to replacing
the uncountability of S by a family of pleasant topologies, one for each s € S;
in this case s-reduced and s-torsion-free refer to the new set {s" | n < w}.

OBSERVATION 0.1. Let S C R, s € S and let G be S-torsion-free. More-
over, let s*G =, ., Gs" and G* = G/s“G. Then G* is s-torsion-free and
s-reduced, and every endomorphism o of G induces a canonical endomor-
phism o® of G° continuous in the s-topology on G*.

In [3] and [8] unwanted endomorphisms are killed by considering their
action on a fixed free module B = @ A (and adding new elements to B);
in this paper we investigate their induced action on B®. We are able to
control the endomorphisms on B, getting rid of their induced counterparts
for all possible (uncountably many) s € S. This way we obtain realization
theorems for R-algebras A as discussed at the end of this section.

First we want to describe the required tools which may be interesting in
their own right. In order to find the desired elements needed to enlarge the
base module B and to kill unwanted homomorphisms, we must be able to
embed such a B into a suitable (larger) algebraically compact module B.
This, of course, is closely related to the work of R. Warfield [11]. However,
we are interested in an explicit construction in order to say more about B
(see 1.3). An approach using reduced powers is given in §1. The link to the
aforementioned s-topologies is given by:

THEOREM 1.6. Let B be an algebraically compact R-module, G an S-RD-
submodule ofB s € S and let G5 denote the s-adic completion of G°. Then

there exists a monomorphism ¢ : G — B where OG® is the canonical
~35
embedding of G* into B .

In order to apply Shelah’s combinatorial machinery, the Black Box Lem-
ma 3.2, the source of elements waiting for the construction of the final
module has to be selected carefully. Such potential elements are provided
in §2. In §3 we adopt Shelah’s combinatorial idea and present it in a form
suitable for application in §4 and §5; as a result we obtain a module G
depending on a given R-algebra A and G will be S-reduced and S-torsion-
free. In the classical case [3] we also find constructions for G to be (S-)
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torsion or (S-) mixed. It is not clear at present how to construct an S-torsion
module G for |S| > Ny. However, it is easy to show that it is impossible to
construct an S-mixed module G in the usual way for S not coinitial to w,
as stated in the following observation (see [9], p. 69).

OBSERVATION 0.2. Let S, A, R be as above with S not coinitial to w, G an
A-module and T a subset of G consisting of S-torsion elements. Moreover,
assume that a support function [ | is defined for G with |[g]| < No for all
g€ G, g =01if g=0, and Ta = 0 implies T & [ga] for all T € T,
g€ G, a€ A. Then G is an S-torsion module.

However, the module G constructed here is an S-torsion-free A-module;
therefore we can identify A C Endg G with scalar multiplication. Tradition-
ally we want to find a two-sided ideal Ines G < End G such that Endr G =
A @ Ines G (the general realization theorem). If the algebra is more special
we are able to determine Ines G directly.

Let us summarize some of our main results. Since it is convenient to
present first a realization in a simple case, we consider in §5 the cotorsion-
free case separately, before we have a look at the general case (§6) and at an
application (§7). Note that the notion of cotorsion-freeness used here differs
slightly from the classical definitions in [3] and [8]. As mentioned before, we
will get our realization theorems using local arguments, i.e. we get “local
realizations” given by the following theorems.

THEOREM 5.7. If A is a cotorsion-free R-algebra, then there exists an
R-module G with End G®* = A® for each s € S.

THEOREM 6.4. If A is an S-reduced and S-torsion-free R-algebra, then
there exists an R-module G with End G®* = A®° ® Ines G° for each s € S.

Note that InesG® consists of all endomorphisms of G* mapping G*
into G®. To lift these local realizations to a global realization End G =
A(@ Ines G) we need additional assumptions. In the cotorsion-free case (§5)
we shall assume that A is F-complete with respect to the filtration F =
{s“A | s € S} (see [6]). Moreover, Ines G must be “well related” (see Defini-
tion 6.5) in the general case. Note that an endomorphism ¢ of G is inessential
if all induced endomorphisms ¢* of G* (s € S) are inessential.

Also, we shall introduce the notion of an Ng-cotorsion-free module; in a
sense the definition given in this paper (§7) generalizes the one used in [3]. If
A is Ng-cotorsion-free then Ines G contains exactly the locally “sub-finitely
generated” endomorphisms ¢, i.e. Im ¢° is contained in a finitely generated
submodule of G* for each s € S (see Definition 7.1). It is easy to show that
under this assumption Ines G is well related. The main results are now given
as follows:
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THEOREM 5.9. If A is F-complete and cotorsion-free, then there exists
an R-module G with End G = A.

THEOREM 7.9. If A is F-complete and Ng-cotorsion-free, then there exists
an R-module G with EndG = A & Fin; G.

Here Fin; G denotes the ideal of all locally sub-finitely generated endo-
morphisms.

We finish the introduction with an example of an algebra A satisfying
the hypothesis of 7.9. A non-trivial example of an F-complete, cotorsion-free
algebra A is given in §5 (see Example 5.8).

Let R be a maximal valuation ring, S = R\ {0} and A = R. It is
easy to see that R is Ny-cotorsion-free; moreover, R is linearly compact in
the discrete topology (see [6], p. 20) and hence F-complete. Note that for a
non-discrete R this really is an example with an uncountable S not coinitial
to w.

1. Algebraically compact modules. Let R be a non-zero commuta-
tive ring with 1 # 0. Modules will be considered as right R-modules.

First recall that an R-module M is algebraically compact if every finitely
solvable system of linear equations over M has a global solution in M. It
is well known that every R-module is pure embeddable in an algebraically
compact module. Note that we call a submodule G of M a pure submodule
if for every finite system of linear equations over G having a solution in M,
there also exists a solution in G (notation: G C, M). A related concept
is that of relative divisibility; recall that a submodule G of the R-module
M is relatively divisible or an RD-submodule of M if G Mr = Gr for all
r € R (notation: G Cq M). It is well known that purity implies relative
divisibility and that the concepts coincide for modules over Priifer rings
(see [11]).

Algebraically compact modules can be characterized in different ways,
e.g. a module is algebraically compact if and only if it is pure injective (see
[11], [12]). Moreover, it is sufficient to consider systems of |R|- X, equations,
i.e. it is enough to show that an R-module M is (|R]| - Ng)*-algebraically
compact, to prove algebraic compactness (see [5], Ch. V). We will use the
last mentioned fact to construct an algebraically compact module.

Note that there are many different ways to embed a given module in an
algebraically compact module (e.g. see [11], [10], [5]). For the convenience of
the reader unfamiliar with the concept we construct an algebraically com-
pact extension B of a given module B using an approach via reduced powers
which will make the needed properties easy to prove; recall that the reduced
power B! /F of a module B with respect to a filter F is given by identifying
two elements (m;)icr, (ni)icr of B whenever the set {i € I | m; = n;} is
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an element of F'. Using the definitions of a filter and the reduced power it is
easy to verify that S-torsion-freeness and decompositions of B are inherited
by reduced powers.

ProrosITION 1.1. Let B be an R-module.

(a) If B is S-torsion-free for some subset S of R, then B! /F is S-torsion-
free.

(b) If B=C @& D, then BI/JF =C!/F& D!/F. m

The first lemma (see Ex. 8 in [5], Ch. V) gives a useful relation between
an R-module B and the reduced power B! /F with respect to a certain filter.
It will be our main tool for constructing an algebraically compact extension.

LEMMA 1.2. Let B be an R-module, k an infinite cardinal, I the set of
all finite subsets of k and F the filter generated by the collection X, =
{m eI |aem} (o <k). Then the diagonal map § : B — B! /F (m —
(m)ier/F) is a pure embedding and every finitely solvable system of k equa-
tions over B3 with coefficients in R has a solution in B!/F.

Proof. It easy to check that § is a pure embedding; the proof is left to
the reader. Thus we may identify B and BJ.

We consider a finitely solvable system of k equations Zm ex Tle,a = My
(mo € B, 130 € R, & < k). For every i € I there exists a solution m, ;
(x € X) in B of the corresponding subsystem ) #7ry.0 = mq (o € ).
We define m, = (my,;)icr/F foreach x € X.Since X, ={i €l |aci} € F
is a subset of Y, = {i € I |} .y MqsiTs,a = Ma} We get Y, € F for each
a < k. Therefore (my)zex is a global solution in B! /F of the considered
System. m

We thank the referee for pointing out that we can achieve the same result
using any k-regular ultrafilter F' (see [2], Cor. 4.3.14).
We are now ready to construct an algebraically compact extension.

LEMMA 1.3. Let R be of cardinality Kk > Ro and let B be a non-zero
R-module. Then there exists an R-module B of cardinality less than or equal
to |B|" such that B is an algebraically compact R-module containing B as a
pure submodule.

Proof. B is constructed in such a way that it is kT-algebraically com-
pact, which coincides with being algebraically compact. To get solutions for
all finitely solvable systems of x equations we apply Lemma 1.2 k1 times.
Therefore let I, F' be as in Lemma 1.2. We get B as the union of a smooth
ascending chain {B,, | « < kT} satisfying the following conditions:

(1) B, is an R-module of cardinality at most |B|",
(2) B, is a pure R-submodule of B,1, and
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(3) every finitely solvable system of x equations over B, with coefficients
in R has a solution in B,41.

For o« = 0 let By = B and if « is a limit then take B, = Uﬁ<a Bg.

Now let o« + 1 be a successor. Assume that B, has been constructed
satisfying the conditions above. Defining B,41 = Bl /F we immediately see
that B, satisfies (2) and (3) by Lemma 1.2 and (1) is given by |Ba+1| <
|BL| = |Ba|\!l < (B|*)" = |BJ".

Define B = Ua<ws Ba; obviously, B is an R-module of cardinality at
most k- |B|* = |B|" containing B as a pure R-submodule. Moreover, every
finitely solvable system of x equations over B turns out to be a system over
B, for some a0 < Iﬁ?+ since kT is a regular cardinal. Hence, there is a solution
in Byy1 C B. So, Bis k- algebraically compact and thus it is algebraically
compact. m

We would like to point out an interesting fact: the above construction
is also suitable for extending the ring structure of R to an algebraically
compact module R such that B becomes an R-module (see e.g. [9]). Note
that B need not be algebraically compact as an R-module.

We reserve the notation “~ for an algebraically compact module con-
structed as in Lemma 1.3.

The next corollary is an immediate consequence of Proposition 1.1 and
the previous lemma; since S-torsion-freeness and decompositions are inher-
ited by reduced powers, the above construction guarantees that they are
also inherited by algebraically compact extensions.

COROLLARY 1.4. (a) If B is S-torsion-free for some subset S C R, then
B is also S-torsion -free.

(b ) If B=C & D is any decompostion of an R-module B, then B =
CeD.n

In the main part of this section we investigate the relation between an
algebraically compact module and canonical topological completions of its
S-RD-submodules, where S C R is a given multiplicatively closed subset.
Note that we call a submodule G of M an S-RD-submodule if MsNG = Gs
for all s € S.

For an R-module M and s € S we define s“M =, _, Ms" and M* =
M/s“ M. Obviously, M? is always s-reduced, i.e. reduced with respect to
{s"™ | n < w}, and if M is S-torsion-free then M?® is s-torsion-free for each
s € S (see Observation 0.1). Moreover, for each s € S, the following holds:

PRrROPOSITION 1.5. If M is algebraically compact, then so is M*.

Proof. Suppose M is an algebraically compact R-module and let
Y orex TTea = Mo, Mo = Mo +5°M (a < k) be a finitely solvable system of
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equations over M*. We define a corresponding system of equations over M
by > ex Tz,a +Ya = Mas Ya = Yans" (@ < K, n <w) where Yo, Ya,n are
also unknowns. It is easy to check that this system is also finitely solvable.
Since M is algebraically compact by assumption, there is a global solution
hy € M (z € X), ho € s“M (a < k). Hence (hy + s“M),ex is a solu-
tion of the considered system of equations. Therefore M?® is algebraically
compact. m

The final theorem gives the basic idea for the “local” approach used to
realize certain R-algebras.

THEOREM 1.6. Let M be an algebraically compact R-module, G an S-
RD-submodule of M, s € S and let G° denote the s-adic completion of
G*. Then there exists a monomorphism ¢ : G5 — M?% where ¢[G* is the
canonical embedding m: G* — M?® (g + s*G — g+ s“M).

Proof. Proposition 1.5 allows us to define ¢ : G* — M? in the following
manner: let g € G*. We may express g as g = )., ans" where a, € G°
and a,s” ¢ G®s"t! whenever a,s" is non-zero. Since x,, — Tp,415 = a,
(n < w) is a system of equations over G°* C M?* which is finitely solvable,
there is a solution x,, = h,, (n < w) in M*. Now let ¢ be defined by g¢ = hy.

To verify that ¢ is well defined we consider an element g € G* with
g = pewtns” and g = > _ bys" and let (hn)n<w, (kn)n<w be the
solutions of the corresponding systems of equations. Therefore, for each
n < w, we have h, — hpy15 = a,, and k,, — kn115 = b,. Hence hg — kg =
Z;:Ol(ai — b;)s' + (hy, — kp)s™ for each n < w. By our assumption we have
Z?:_Ol(ai —b;)s' € G3s" N G* = GSs™ C M?*s™ and therefore hy — kg is an
element of M?s™ for every n < w. Since M* is s-reduced, hg and kg coincide
and thus ¢ is well defined.

As an immediate consequence we find that ¢[G? is the canonical embed-
ding 7.

It is easy to check that ¢ is an R-homomorphism, considering the corre-
sponding systems of equations in the definition and using the fact that M*®
is s-reduced. .

Finally, we show that ¢ is injective. Let g = > _ a,s" € G* with
ans™ ¢ Gs" Tt for a,s™ # 0. Suppose gp = 0. Let (hy)n<o be a solution
of the corresponding system of equations. Therefore we get 0 = g = hg =
ag + his. Hence ag € G*s, which implies ag = 0. So it follows that 0 =
his = a15 + hes? and by the same argument as before a;s = 0. Continuing
this procedure implies a,s” = 0 for each n < w, i.e. g = 0. Therefore ¢ is
injective and this completes the proof. m

Note that the previous result is also true with respect to an arbitrary
countable multiplicatively closed subset C' of S. In particular, it follows that
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for an algebraically module M the quotient M¢ is complete in its C-adic
topology, as is well known.

We now proceed to define a suitable “hull” within which we construct
the desired module G.

2. Potential elements. In this section we specify the elements which
will be suitable for the construction of the desired module G.

Let S C R be a fixed multiplicatively closed subset without zero divisors
and let A be an S-torsion-free and S-reduced R-algebra. Moreover, we choose
cardinals &, A such that A = A" and x > |4]| - |5].

As in [3] and [8] we first define a free module B generated by a basis T'
which is equipped with a certain partial order. Let T be the tree given by
T =%X={r:n— A|n < w}. Foreach element 7 of T the length of T
is the finite set I(7) = dom7 = n = {0,...,n — 1}. The elements of T are
ordered by 7 < ¢ if (1) < l(0) and o[l(7) = 7. An (infinite) branch of T
is a map v : w — A; we can identify v with a linearly ordered subset of T’
by v = {v, =v[n | n < w} CT. Let BrT denote the set of all branches
of T. Now we define B to be the free A-module generated by the tree T
B = @TET TA.

Let B denote the > algebraically compact R-module as obtained by Lem-
ma 1.3, i.e. B C, B and \B[ < |B|El. Also, by Corollary 1.4, B is S-

torsion-free and the decompositions of B are inherited by B.In particular,
for each 7 € T, we have B = 1A & (@,., 0A)™; thus there is a unique

T-component b[T € TA for any element b of B. Therefore we may define
a support function in the usual way (see also [3], [8]): for g € B, X C B
let [g9) = {r € T [ glt # 0} and [X] = U,cx[g] be the support of g
and of X, respectively. Since we shall argue mostly “modulo s” we also
define the s-support of g and of X by [g]ls = {r € T | gI7 & 7s*A} and
(X]s = UgeX[ |s, for each s € S. Obviously, for any s € S and for all
g,h € B with g = h mod s*B, the s-supports [g]s, [h]s coincide. Hence we
may define the support of an element § = g+s“B € Es(s € S) by [g9] = [g]s-
Moreover, giT = g7 + 75¥ A defines a (unique) T-component of g for any
7 € T; we get as an immediate consequence [g] = {7 € T | g|T # 0} for any
Ge B (se ).

Next we define a norm || || for the elements and subsets of 7" which canon-
ically extends to the elements and subsets of Band B =B / s“B (s €9)
using the supports (see also [3], [8]). We fix a continuous strictly increasing
function o : cf(A) +1 — X + 1 such that 0p = 0 and cf(A\)g = A. The norm
|7]| of an element 7 € T is defined by ||7|| = min{r < cf(\) | 7 € “Z(vo)}
and the norm of a subset 7" of T is given by ||T”|| = sup, ¢ ||7||. Note that
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|7|| = @ means that ap is the smallest ordinal in Im p satisfying 7(i) < ao
for all i« < I(7). Hence ||7]| is always a successor ordinal. Also note that
A C T as elements of length 1, hence || || is also defined for each subset of A.
Using the norm, for a subset T’ of T' and for any ordinal v < X\, we define
the part of T' to the right of v by 7' ={r €T | |7| > v}.

In [3] elements for constructing the desired module are found within the
S-adic completion of a free module B. As mentioned in §0 this is no longer
possible for uncountable S. The required elements will be chosen from the
algebraically compact module B but not all are suitable. Following an idea
in [8] we define potential elements needed in the construction; they are taken
from ENO, the set of all elements of B with countable support. For certain
submodules U of B we shall need “preimages” of elements of the s-adic
completion of (U + s“B)/s“B (“s” refers to the set {s" | n < w}). To be
more precise we define a series (¢%)g<,, of elements of B to be an (s, U)-chain
(se€ S, UCB)if gk — ghtls € U and, for some v < ||g°||, ,[g*] C [¢°] for
each k < w. We are now ready for

DEFINITION 2.1. We define the set POT = POT(B) of potential elements
in B inductively as follows:
(i) B C POT;
(i) if (¢*)p<w is an (s, U)-chain of elements of BX and s € S, U C POT,
then g* is potential for all k < w;
(iii) if bs € POT and s € S then b is potential;

(iv) elements of an A-module generated by potential elements are
potential.

An A-module U C POT is called a potential module.

If a module U is an S-RD-submodule of B we may consider (/J\s, the s-adic
completion of U®* = U/s*U (s € 5), as a submodule of B (see Theorem 1.6).
Note that in this case we may identify U/s“U with (U + s B)/s*B. Since
this is not possible in general, let us agree on using U* for (U + s*B)/s* B
whenever U is not an S-RD-submodule of B.

The notion of a canonical module has been proven useful (see e.g. [3],
[8]); an S-RD-submodule of B generated by at most & potential elements
containing its support [P] is called a canonical module. Let C denote the
set of all canonical modules; as an immediate consequence of the definition
we get

LEMMA 2.2. For P € C, X C POT with |X| < k there exists P’ € C
with P U X C P’. Moreover, C is non-empty and closed under unions of
countable ascending chains. m



220 R. Go6bel and S. Pabst

In [3] and [8] the branches of T" have been used to define elements play-
ing a crucial role in the construction of the desired module. Instead of go-
ing into the rather unusual notion of branches with leaves (see [8]) we use
the idea from [3] replacing the S-adic limits by a family of corresponding
(s, B)-chains.

DEFINITION 2.3. For any branch v of T and s € S, we define potential
elements v (k < w) as a solution in (), ., 7A)™ of the following, finitely
solvable system of equations over B: xy — xp+18 = v (= v[k) (k < w).

The above-defined elements have some nice properties:

LEMMA 2.4. Let v € BrT, s,q € S,a € A,a=a+¢" Ac A, and

vk = ks £ ¥ B. Then:
(i) Vp = U8 K for any k < n < w,
(ii) [v**] = {v, | n > k} for each k < w,
i) the sequence (vV**)r<y is an (s, B)-chain,

)

)

)

k,sr

=0 v8% =0 [v¥%d is finite < v\ [vF4a] is infinite,

a
(@s™ = 0 for somen < w) < vksa € BY & [vksd] is finite <
v\ [vF5a] is infinite.

Proof. By 2.3 we immediately get [v%*] C {v, | n > k} and v%* =
S g vist Rt hs P for each n, k < w. Therefore v*% v, = (301 vis’) vp
+ vFtLsgntly, = v,s", which implies [v**] = {v, | n < w}. Moreover,
vhs o, = (00 — Zi':ol v;5")s % v, = v,s"F for all k < n < w. Now parts
(i) and (ii) are obvious and (iii) follows by the definition of an (s, B)-chain,
2.3 and part (ii). Moreover, (iv) is immediate from (ii) and the definition of
the support.

Next we show (v). Clearly, @ = 0 = v¥%a = 0 = [v"*qd] is finite =
v\ [v¥*a] is infinite.

Conversely, assume v \ [v"°q] is infinite. Therefore there are infinitely
many n > k such that v**aJv, = 0. On the other hand, we have v**alv, =
vpas™* for each n > k by (i). Hence as™~* = 0 for infinitely many n > k.
Since A is S-torsion-free that implies a = 0.

Finally, we consider (vi). Assuming that there is an n < w with as™ =0
(in A?) we get either v*5@ =0 € B? for n =0 or, for n > 0,

n+k—1
vFse = Z viast Tk 4 okt ggn
i=k
n+k—1 n+k—1
Z vias' Tk 4 oFtnsgen = Z v;as'™% mod q“’é,
i=k i=0

k,s
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which induces v*:*a € BY. Hence [vF+$a] is finite and v \ [v*%a] is infinite.

Now, if v \ [vF*a] is infinite, we get 0 = vFav; = v¥%alv; + ¢“v; A for
infinitely many ¢ < w. Therefore v’i’safvi = v;as'""F € ¢“v; A for infinitely

many k < i < w. Hence as™ € ¢* AN A = ¢g¥A for some n < w and this
completes the proof. m

3. Construction. Now we are going to construct the required R-module
G. As in [3] and [8] we shall use Black Box arguments to prove realization
theorems. Different versions of the Black Box are known; the one presented
here is very similar to that given in [3].

First we need to say what we mean by a “trap”; since we are concerned
only with discrete realizations we can omit one of the parameters used in
the definition of “trap” in [3], but we shall need to use the elements s of S
as an additional parameter. As we want to catch and “kill” homomorphisms
via their induced actions on the corresponding quotients, it seems natural
to consider endomorphisms on quotients from the outset. Our definition of
a trap then becomes:

DEFINITION 3.1. A quadruple (f, P, s, ¢) is called a trap if f:“"x — T
is a tree embedding, P is a canonical module, s € S, and ¢ € End P*
satisfying the following conditions:

(a) Im f C P,

(b) [P] is a subtree of T,

(c) ||P|| is a limit ordinal of cofinality w, and
(d) [Jv|| = || P|| for each v € Br(Im f).

We are now ready to present the Black Box in a suitable form.

THE BLACK Box LEMMA 3.2. For an ordinal \* > X\ there exists a
transfinite sequence (fo, Pa,ySay ®@a)a<rx Of traps such that, for a, B < \*,

(i) 6 <a=||Psl <|Pull
(ii) 8 # a = Br(Im fg) N Br(Imf,) = 0,
(iii) B+ kY < a = Br(Im f,) N Br([Pg]) = 0,
(iv) if K is a potential module, X a subset of K with | X| <k, s € S and
¢ € End K?®, then there exists an a < A\* such that

X <P, X[ <lPall, s=5a, and ¢IF; = o m

A detailed proof of the existence of a slightly different Black Box is given
in [3]. Besides the aforementioned differences it is necessary to replace the
“fixed” S-adic completion, as used in the version of the prediction prin-
ciple (iv) in [3], by arbitrary potential modules (see also [8]); this is due to
the fact that in general there is no “universal” module to which suitable
homomorphisms can be (uniquely) extended.
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Note that the Black Box is very robust under changes of its setting; the
only real concern is the cardinality of the objects in question. Lemma 1.3
and the choice of k and A guarantee that all cardinalities of interest are
bounded by A.

CONSTRUCTION 3.3. Choose a transfinite sequence (fq, Pa, Sa, Pa)a<rs
as in Lemma 3.2. Moreover, let oo be a fixed element which does not belong
to B.

We will construct inductively a sequence (bg)s<r+ in POT U {oo} and
an ascending smooth chain (G),),<x+ of potential modules such that, for all
p< AT,

(I.) bs + s‘é’é ¢ G,’ for each 8 < pu.

If =0 we put Go = B = P, 7A. Therefore Gy is a potential module
by definition.

If p is a limit we assume that the potential modules G, and the elements
bg are given for all o, 5 < p such that (I,) is satisfied for each a < p. We
take G, = J,, Ga, Which is obviously also potential and it satisfies (I,,)
since bg + s‘gé ¢ Gl for all B < o < pu.

Now let 4 = a + 1 be a successor, G, a potential module and let the
elements bg (8 < «) be given satisfying (I, ). Suppose it is possible to choose
a branch v, € Br(Im f,), an (s4, Go)-chain (¢%)r<w, bo € POT U {0}, and
Go+1 in such a way that (I,4+1) and the following conditions are satisfied:

(Hat1) Gar1 = Ga + Zk<w gﬁA,
(IMa) supy <, lge = v&*> || < lvall (= [Pall);
(IV,) gk + s¥B € P3~ for each k < w, and
(Va41) either

ba + s2B = (9o + 55B)¢a (1)
or
bo = 0. (2)
We then make such a choice and depending on the outcome of (V,), we
call & a strong ordinal in case (1) and a weak ordinal in case (2). Note that
whenever it is possible to get « to be strong we do so. If such a choice is not
possible, then we call o useless and we put Goy1 = Go, g8 =0 (k < w),
and b, = oo. (We shall show that in fact this case never arises.) However,
in every case G441 consists of potential elements.
Finally, let G be given by

G:G)\* =B+ Z ZQS‘A

a<A\* k<w
with bg + s4B ¢ G* for each f# < \*. m
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Note that the above construction is also very similar to the one given in
[3]; the obvious changes are due to the “local” approach used in this paper.

4. Properties of the constructed module. In this section we are
going to assemble some properties of GG, e.g. we shall describe the essential
part of the support of the elements of G and G* (s € S). Again, the re-
sults and methods used are very similar to those in [3]; indeed, we get the
same results with respect to the quotients G* for each s € S. Moreover, we
also need to include corresponding results for the elements of G. However,
detailed proofs are given for the convenience of the reader.

First we summarize a few properties satisfied by the elements which we
use to extend the submodules G, in the strong or weak case.

LEMMA 4.1. Let o < A* be any weak or strong ordinal and s = s,,. Then
there exists v < ||vy|| such that, for alla € A, ¢ € S and k < w,

(i) gkalT = vEsalT for each T with ||7| > v,

(i) vl9&a] € vlghal = v[vi"a] € va,

(iii) a = 0 & g¥a = 0 & ,[gka] is finite, and

(iv) (@s™ =0 for some n < w) < gka € G4 & ,[gka) is finite,
where gk = gk + q”é, a=a+ q“A.

[e%

Proof. By (IIl,) in Construction 3.3 we have supy, ., ||g% —v%*|| < ||va |-
Since ||v, | is a limit ordinal by Definition 3.1 we may choose v < ||v, || such
that v > sup,,, |lg% — v%*||. Therefore we get (g% — v%*)|7 = 0 for each
7 with ||7]| > v. Hence, for any a € A, we have g¥a|T = v**a|T whenever
7]l > v. So ,[gka] C ,[g5a] = ,[v"*a] C v, according to Lemma 2.4, which
proves (i) and (ii).

Clearly a =0 = g¥a =0 = ,[g¥a] is finite.

To complete (iii) assume that ,[g¥a] = ,[v¥*a] is finite. By Lemma 2.4
we have [v8%a] C [0F%] = {va; = vali | i > k} = M. Tt follows that
s[vEsa] is a finite subset of M and therefore there is n > k such that
JoFa] C{va,; | k <i<n}. Now, since ||[va,i|| < [|[va,;] for all i < j <w, it
follows that [v%*a] is finite. Hence a = 0 by Lemma 2.4 and therefore (iii)
is proved.

For (iv) we assume @s" = 0 (in A9) for some n < w. Using gk¥*"as
0 mod qwg we get g¥a = gka — g¥*t"as™ mod q“’é. Since ¢’ = gk — g
is an element of G, by the definition of a chain, gka = ¢g’a is an element of
GY. B B

Therefore ,[gka] C [gka]l C v, N[g'] is finite because v, does not appear
before the (a + 1)th step by 3.3 and Lemma 3.2.
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Finally, assume that , [g5a] is finite. Therefore ,[vE*a] is finite according

to (ii). Now, in the same way as before, we find that [v5*a] is finite. Hence
as™ = 0 (in A7) for some n < w by Lemma 2.4, which completes the proof. m

In the next lemma we describe the supports of the elements of G and
G*® (s € 5). As also in [3] and [8], this will be the main tool for testing if a
given potential element belongs to G or not.

THE RECOGNITION LEMMA 4.2. Let g € G\ B, s € S, and g = g +
s“B e G®.
(a) (i) There exists a unique o < \* such that g € Got1 \ G-
(ii) Moreover, either g € B® or there is a unique § < « such that
g€ Gy, \Gj
(b) (i) With « as in (a)(i) there is a strictly decreasing sequence of ordinals
a=a0)>...>a(r) in \* (r <w) with ||Pyu || = [|Pall fori<r
and an ordinal v < || P,|| such that

vlg] = FU U v[Va@]  (disjoint union)
i<r
where F is a finite set of elements of T each of norm greater than
Pl
(ii) With § as in (a)(ii) there is a strictly decreasing sequence of ordinals
B =p60)>...>pB(k) in \* (k <w) with || Pyl = ||Psl| fori<k
and an ordinal i < || P3| such that

ulgl = F'U U plva@]  (disjoint union)
i<k
where F' is a finite set of elements of T each of norm greater than
[ Ps]]-

(c) (i) For any vy < X* with ||Py|| = || Py there exist a € A and | < w such

that, for almost all T € v, we have g|T = Tasy
(ii) For any 6 < X* with ||Ps|| = ||Pgl|| there ezxist o’ € A® and I’ < w

such that, for almost all T € vs, we have giT = Ta’sf;(T)_l .

Proof. Since the modules G, (v < A*) and therefore the modules
G2 (a < X*) form an ascending smooth chain, (a) is obviously satisfied.

Now g € Gay1 =B+ 0D kew gk A. By 3.3 we see that (g’,j);Kw is
an (s, G)-chain for each v < . Moreover, every strictly decreasing chain
of ordinals is finite. Therefore we can split the sums in finitely many steps
in such a way that we may consider g as an element of B + . go"f(i)A
for ordinals o = «a(0) > ... > a(n) and for some n,m < w, i.e. g =
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Now, for every weak or strong ordinal v we have [g7'|| = [P, || (m < w)
by Lemmas 2.4 and 4.1. Moreover, the Black Box induces || P, | < [|Py| <
| Po|| whenever v < 4" < a. Therefore there is r < n such that || P, =
[ Pall for i < rand [[Pag)ll < [[Pall otherwise. Hence g = b+a+3, . goi;yai
where [l2]] < max,<icn | gacol < I|Pall.

Since || P, || is a limit, [b] does not contain any element of norm || P, ||. The
branches v, ;) (i < r) are different and therefore the pairwise intersections
are finite. Thus we may choose v < || P,|| (large enough) such that

° ,,[g;”(i)a} = ,,[va(i)a] fori <r,

* V[Ua(i)] N u[va(j)] =0fori#j<r,

e |z]| < v, and

o cither ||7]| < v or ||| > || P.] for any 7 € [b].
Defining ' = {7 € [b] [ [|[7]| > [[Pall} we get ,[g] = F UU,<, v[va()], which
is a disjoint union by our choice of v. This proves part (i) of (b).

To get the second part of (b) we can use similar arguments.

Note that [|gZ¢|| = || Py || whenever s ¢ 5% A for all j < w. Since gé(i)a; €

G%(i) whenever a;s%(i) = 0 (in A°) by Lemma 4.1, we may assume that

S%(i) ¢ s*Aforalli <k, ie wegetg=>b+ di<n ggzi)afi (b€ B*, a. € A%).

Finally, we get (c) choosing a = a; (a/ = a}) for v = a(i) (§ = B(7))
for some i < r (i < k) and a = 0 (¢’ = 0) for v &€ {a(0),...,a(r)}
(0 €{6(0),...,8(k)}). =

As an immediate consequence of the above Recognition Lemma we have:

COROLLARY 4.3. An element g € G is contained in B iff |g] is finite,
and an element g € G* (s € S) is contained in B® iff [g] is finite. m

Now we are ready to prove further properties of G.

LEMMA 4.4. G is an RD-submodule of B and G is S-reduced and S-
torsion-free.

Proof. We immediately see that G C B is S-torsion-free since B is
S-torsion-free by Corollary 1.4. We prove inductively that G is an RD-
submodule of B. B N

For v = 0 we have Gy = B C, B and therefore Gy C.q B. If v is a limit
and if G, Crq B for all u < v, then G, = G, Cia E, since RD-purity
is of finite character. _

Now we investigate v = a + 1 assuming G, C.q B. If « is a useless
ordinal, then there is nothing to show since G, = G411. Otherwise we
consider br € Got+1\Go withr € R and b € B. There are k < w,0#a€ A,
and g € G, such that

(1) br = g+ gﬁa.

p<v
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By Lemma 4.2 we see that [g] Nvg is finite. On the other hand, since a # 0,
there is v < ||, || such that

(2) Jgka] = ,[vF*e] C v, s infinite

by Lemma 4.1. Therefore, for all 7 € ,[g~a] \ [g],

(3) brir = (g%a)|T.

By (2), ( ) and Lemma 2.4 it follows that br|7 = (¢%a)|T = (vF%)|r =
Tass” " for each € y[gﬁa] \ [g]. Hence asq U=k i an element of Ar, i.e.
an;ET) ¥ — a'r for some o’ € A. According to the definition of an (sqa, Gq)-

chain, ¢’ = gﬁ — g as % i an element of G,. Thus, using (1), we

have g + ¢/ = br — Z(T) Z(T)_k = (b— g4 ) a')r € Gy. Since G Crq B by
assumptlon there ex1sts h € G, such that g+¢ = hr = (5 gl( ™) a)
implies br = (h+gl(T) a’)r where h+gl(7)a’ € Ga41- Therefore, Goy1 Cig B.
Finally, G = J, <+ Ga Cia B.

Similarly, using the fact that A is S-reduced, it is easy to show by trans-
finite induction that G = J <. Ga is an S-reduced R-module as well. =

r, which

Note that we now may identify (G—l—s‘”B)/s“’B with G/s“G since G is an
RD- and hence an S-RD-submodule of B. Moreover, we may consider Gs the
s-adic completion of G* = G/s“@G, as a submodule of B by Theorem 1.6.

The key lemma for the non-existence of useless ordinals and for “killing”
unwanted endomorphisms is given next.

LEMMA 4.5. Let a < X', v < ||P,]|, and for each v € Br(Im f,)
(gF)k<w be an (8a,Ga)-chain such that, for all k < w, ,[gF — vFse] =
Then there exists v € Br(Im f,) such that

(1) bs + sgg Z (Gayr1(0)*  forall <«
where Got1(v) = Ga + > 1o, 9N A

Proof. Let s = s, and suppose that the conclusion is false. Then there
exists, for each v € Br(Im f,), an ordinal § = §(v) such that bg + ¢“B €
(Gat1(v))? where ¢ = sg. By our Construction 3.3 that means bg # oo and
bsg + ¢“B = (gg + q“’g)d)g € Pg. Moreover, there are a = a(v) € A? and
k = k(v) < w such that

(2) (bs +¢“B) — gka € GL.

let
0.

Since (gF)r<w is an (s, G4 )-chain and bg + ¢“B ¢ G4 by assumption, we
have as™ # 0 (in A?) for each n < w. Clearly we also have ,[gFa] = ,[v**a].

Now, using Lemma 2.4, we find that ,[gFa] is infinite. For all v < « it
is certainly true that ||v, || < ||P,|| = ||v|| and v # v,. Therefore there is an
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infinite subset X of v such that X C [bg + ¢*B] C [Ps] by our Recognition
Lemma. Since [P3] is a subtree of T' this implies v C [Pg]. Hence v is an
element of Br(Im f,) N Br([Pg]). The Black Box tells us that this is only
possible for 3 < a < 3+ k%o,

We have shown by now that for each v € Br(Im f,), there exist G(v) <
a, k(v) <w, and a(v) € A% such that

(3)  B(v) <a<p(v)+ kN and (ba(w) + qwé) — gf(”)a(v) e Girw,
Now let 3y be the smallest ordinal satisfying By < o < g+ #~0. This implies
Bo < B(v) <a< B+ KR forallv e Br(Im f,).

Therefore |{3(v) | v € Br(Im f,)}| < ¥ = |Br(Im f,)|. Hence there are
different branches v,u € Br(Im f,,) with 5(v) = B(u) = . Subtracting the

corresponding equations in (3) gives gf(v)a(v) —gﬁ(u)a(u) € Go. Arguing as
before we show that an infinite subset of v is contained in V[gﬁ(u)a(u)] C u,
which contradicts the assumption that v, u are different branches. m

COROLLARY 4.6. There are no useless ordinals. An ordinal o < \* is
strong or weak according as (99 + s%B)¢q lies outside or in G*=.

Proof. Take g¥ = v¥:« for each v € Br(Im f,) and apply Lemma 4.5. m

After we have considered the R-module G from a more general point of
view, we are now going to investigate special cases.

5. The cotorsion-free case. Considering the classical definition of a
cotorsion-free module in the countable case (see e.g. [3], [4]) there seem to
be different ways to generalize it to the uncountable case. In [8] an (w-)
cotorsion-free module is defined by having 0 as the only (w-) complete sub-
module where (w-) completeness is an obvious replacement for completeness
in the S-adic completion for countable S. Our notion of cotorsion-freeness
is adapted to the modules under consideration.

DEFINITION 5.1. An R-module M is defined to be cotorsion-free if it is
S-torsion-free, S-reduced, and Hom(R?*, M*) = 0 for each s € S.

Note that it is easy to check that a module which is cotorsion-free in the
above sense is also (w-) cotorsion-free with respect to the definition given in
[8] and both definitions coincide if S is countable.

The above version of cotorsion-freeness allows us to follow “locally” the
arguments in [3], which are sketched below for the convenience of the reader.

Using the special form of G we are able to show that G is cotorsion-free
if A is. We assume that A is cotorsion-free throughout this section.

LEMMA 5.2. If A is cotorsion-free then G, constructed as in 3.3, is also
cotorsion-free.
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Proof. We already know that G is S-torsion-free and S-reduced by
Lemma 4.4. Now it remains to show that Hom(R*, G®) =0 for each s € S.
Clearly B is cotorsion-free as a direct sum of copies of A.

Suppose that there is a non-zero homomorphism ¢ : R®* — G* for some
s € 5, hence 0 # g = 1¢ € G* C G*. We have r¢ = 1¢r = gr € G* for all

r € R* by continuity. Hence the supports are defined and
(1) [gr] C[g] for each r € R5.

(i) First we consider the case § € B®. Then [g] is finite and therefore
[gr] is finite for each r € R as well by (1). By Corollary 4.3 it follows that
gr € B® for each r € R*, hence ¢ € Hom(R*, B¥) = 0 contrary to the
assumption.

(ii) Now suppose g € G*\ B®. Thus, by Lemma 4.2, there are 5 < \* with
§€ o \ G, 1 < g, and ordinals 3 = 5(0) > A(1)... > (k) (k < w)
such that
(2) uwlal = F U ulvs)

i<k
where F' is finite. Moreover, we may assume that there is an a € A® such
that

(3) g g% € G
(otherwise multiply ¢ by s} for some suitable n).

To get a contradiction we define a homomorphism 1) : Rs — A®. Let
r¢ = gr € G° for any r € R*. By (1) and (2), [gr] cannot contain infinitely
many elements from a branch v, with v > . Therefore, by Lemma 4.2
again, gr is an element of G ,,. Thus we find g € {s}} | n <w} and o’ € A°
with
(4) gqr — %a' € Gj.

Multiplying (3) by gr we get (g—%a)qr € Ggl/%\s, hence %(a’ —aqr) € G%}/fs
by (4). Moreover, [ﬁ(a’ —agqr)] C [ﬁ] The intersection [ﬁ(a’ —aqr)] Nuvg
must be finite by the Recognition Lemma. Therefore %(a’ —aqr)[(vglk) =0

for almost all k < w, ie. a’ € giqﬂ A® = A®q. Hence a' = a.q for some
a, € A® and (4) reduces to gr — gga* € Gj. Clearly a, # 0 (in A®) by our
choice of (. Finally, we define 1 : R — A by rY = a, and get a non-zero
homomorphism, contradicting the hypothesis on A. m

Note that, if G is cotorsion-free, there are no non-zero homomorphisms
from any s-complete module K¢ into G* (s € S).

The desired result End G = A will follow from its local form End G* = A*
for each s € S, and this needs
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PROPOSITION 5.3. For s € S let K be a potential module containing G,
and ¢ € K*° with ¢|G* ¢ A®. Then there ezists a canonical module P C G
such that

(1) ]B\S(qﬁ —a) L G®  for each a € A®.

Proof. Let Py be an arbitrary canonical module contained in G and
assume P (¢ — a,) C G® for some a, € A®. Therefore we have ¢[P§ = a.
since Hom(I/DE,GS) = 0. We know that ¢[|G® & A®, i.e. there is a g =
g+ s“B € G with g9 # gax. Now let P be a canonical module containing P
and g; also assume that P does not satisfy (1)\ Then we get P*(¢p—a’) C G*

for some a’ € A®. Therefore it follows that P§(a’ — as) C G*®, which implies
a’ = ay; but then g¢ = ga’ = ga, € G*, contradicting our choice of §. m

Now we extend 5.3(1) to homomorphisms of the form ¢s™ — a where
either n is zero or s does not divide a; let

As={(a,n) € A xw|n=0V(n>1Aa¢ A°s)} foranyseS.

COROLLARY 5.4. For s € S let K be a potential module containing G,
and ¢ € End K*® with ¢|G* ¢ A®. Then there exists a canonical module
P C G such that

ﬁ\s(qﬁs” —a)Z G®  forall (a,n) € As.

Proof. Choose P as in Proposition 5.3, i.e. ]/3\3(¢ —a) € G* for each
a € A%. If n > 1 then P3(¢s™ — a) C G* is only possible for ¢s™ —a = 0,
hence s divides a and (a,n) € A;. =

Next we show that a homomorphism of G, unwanted when viewed on
G*® (s € 9), extends to a module G’, and when the extension is viewed
on (G')® it cannot occur, which “kills” the candidate. This is based on the
existence of certain elements of G* which are mapped outside of (G")*. For
this purpose we define a constant branch w = w(n) : w — {n} for each
n < A. As an immediate consequence of the Recognition Lemma we get the
following

PROPOSITION 5.5. For any g € G or g € G° (s € S) the support [g]
cannot contain an infinite subset of a constant branch of norm ||g||. =

LEMMA 5.6. For s € S let K be a potential module containing G, and
¢ € End K* with ¢|G* ¢ A°. Then there exists an (s,G)-chain (z*)r<.
such that

(1) (2° + s B)¢ = 20¢ ¢ (G +3° :nkA>

k<w

S
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Proof. Choose P as in Corollary 5.4 and pick an ordinal g < A such
that

(2) max{||P[l, [P°[|} < [ul]

Consider the constant branch w = w(p). Either the (s, B)-chain (w%*)x,,
will satisfy 5.6 or else (1) does not hold for this chain. Then there is a least
r < w such that, for some a € A®,

(3) w0s¢ — whsa € G,

Then (a,r) € Ag by the minimality of r. There exists an element § =
(y + s“B) € Ps with

(4) Y(ps" —a) ¢ G°.

We may extend y to an (s, P)-chain (y*)r<, with y = 3° mod s“B taking a
solution of yx — yr118 = py in (@TE[P] TA)~ C B wherey =5, _, pis® for
pi € P, i <w. Next define 2% = y* + w* (k < w). The sequence (z%)x<,, is
an (s, G)-chain with v = ||y|| < |P|| < ||| = ||[W°]| = [|z°|]. We claim that
(2%)1.<., satisfies (1). Otherwise there are 7/ > r and a’ € A® with

(5) (w0 +9)¢ — (w's +y7")a’ € G*.

Now subtracting (5) and (3) gives ¢ — y™ o’ — w'3a’ + w™* € G*. Using
wh® —w"%s" 7" € B we get

(6) (Yo — ?a') + W”/vs(asrbr —-ad)eqG.

Note that ||(5¢ — y™'a’)|| < ||¢|| and w is a constant branch of norm ||y

r—r _ r

Therefore [w"™"5(as /)] must be finite by Proposition 5.5. Since as™ ~
= d’ (in A®) by Lemma 2.4, condition (6) reduces to ¢ — y" as” ~" € G*.
Multiplying this by s” gives yos”™ — ya = y(¢s" — a) € G?, contradicting
(4). m

Now we show that an unwanted homomorphism killed by an extension 5.6
has already been treated this way while constructing G, hence

THEOREM 5.7. End G* = A? for each s € S.

Proof. Let s € S, ¢ € End G* and assume ¢ ¢ A®. Then, by Lemma 5.6,
there exists an (s, G)-chain (2%) .., satisfying

(1) Do ¢ (G+ me)s.

Since {z* — 2**1s | k < w} is a countable subset of G there exists 3 < \*
such that (%)<, is an (s, Gg)-chain. Moreover, it is easy to check that there

exist potential elements 2 (k < w) such that z* + s*B = (z* + s“ B)¢.
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Now the Black Box provides an o < A* with
{a*, 28 [k <w} C P, {a", 25 [k < W} < [|IPal,
S = Sa;, Do = WPS

where we may assume 3 < a. We have g, = ¢ € G satisfying ga—i—swg € PE
by our construction of G. B B B

If « is strong then (9o +5YB)¢ = (9o + 5 B)pa = bo +s*B ¢ G*, which
contradicts ¢ € End G°. We shall show that « is strong indeed.

Consider any branch v € Br(Im f,,). We claim that there are e = £(v) €
{0, 1} such that

(3) (** + e2® + s B) o & (Ga + Z(vk’s + 6xk)A>s.

k<w
Otherwise there exist & > w and ag,a; € A with

(V" 4 ex® + s“’é)qﬁa — (V" fex? + s‘”é)a6 eG, (¢=0,1),
and the subtraction of both terms in (3) gives
(4) (2° 4+ 8 B) o — a1 +v™*(ag — a1) + s*B € G2,

where ||(2° 4 5% B) o — z%aq + 5 B|| < || Pal| = ||v|| by (2). Therefore, by the
Recognition Lemma and Lemma 2.4, we have v¥*(ag — a1) = 0 mod s* B
and thus (4) reduces to (z°+ 5% B)¢o — 2Fa1 + s B € G2, contradicting (1).

Hence we have proved, for each v € Br(Im f,), that there exists an
(5,Go)-chain (gF = v 4 ex®); ., which obviously satisfies the hypothesis
of Lemma 4.5 and is such that (g0 —|—s“§)¢a ¢ (Gat+ e gk A)s. Applying
Lemma 4.5 it is now easy to see that « is a strong ordinal, which completes
the proof. m

(2)

Note that all the results and proofs above follow very closely the argu-
ments given in [3].

For lifting the “local results” in Theorem 5.7 to End G = A we need an
additional assumption on A. The notion of F-completeness with respect to
a filtration F' as introduced in [6] turns out to be exactly what we need. Let
F' be the filtration of A given by {s“A | s € S}. We will assume that A is
F-complete, which means that for every family C' = (a5 + s“ A)secg of cosets
with the finite intersection property there is a € A with a € (,.g(as+5“A).
Note that for S countable this condition is no restriction since F' contains
only 0 in this case. Moreover, a module which is complete in the R-filtration
is also F-complete and thus any linearly compact module is F-complete (see
[6] for details).

Before we prove the realization theorem we give a non-trivial example of
a cotorsion-free and F-complete algebra A.
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EXAMPLE 5.8. Let R = R]z] be the polynomial ring over the real numbers
and S be the multiplicative closure of the set {p, = z—a | a € R}. Therefore
S is uncountable and R is S-torsion-free.

We define R,y = {f/g9 | f,9 € R; (g9,pa) = 1} for each a € R and
A = [],cr R(a)- It is easy to verify that A is S-torsion-free and S-reduced.
Moreover, we have (), g, As # 0 for each countable subset S’ of S, i.e. we
cannot replace S by a countable subset.

It remains to show that Hom(R®, A®) = 0 for each s € S (to get A
cotorsion-free) and A is F-complete.

We first determine Rs and A°. For each s € S we have s*R = 0; thus
R® = R and R® consists of all formal power series of the form Y ° ; f,s"
where f, € R for each n < w. By continuity arguments we conclude
(1) Hompg(R*,R) =0 for cach s € 5.

By pgR(a) =0 and pgR(b) = R(b) for b # a it follows that pY A = Hb;ﬁa R(b)
and thus AP+ = A/pYA = R(,. In general we have A° = [[,_, R,) =
Dicn Ria) for s=pgt ... ppn.

Therefore it is enough to consider homomorphisms ¢ : R — Rq) to get
HomR(E\S,As) =0 for each s € S.

Suppose ¢ is such a homomorphism and 1¢ = f/g € R(,). Multiplying
¢ by g gives ¢g : R® — R and thus ¢g = 0 by (1). Therefore ¢ = 0 and A is
cotorsion-free.

To show that A is F-complete with respect to F' = {s“A | s € S} we con-
sider a family (fs+ s A)ses of cosets having the finite intersection property.
We may assume fs € [[,,, R(a,) since fs +s*A € A® 2 [],., R, (5 =
Pgh - gt )-

' Let f, denote fs for s = p, and define g = (fy)acr € A. We claim that
9 € Nyes(fs +5A), ie. g = fs mod s* A for each s € S.
Obviously, for each a € R,

(2) g = fo mod pi A.

For s = pgt -...-pp» we have fs = f,, mod p A for each i < n by the finite
intersection property and s“A C p% A. Therefore fs = g mod p A (i < n)
by (2) and thus f; = gmod s“A as ()., P A = s“A. Hence A is F-
complete. m B

Finally, we get
THEOREM 5.9. If A is cotorsion-free and F-complete then End G = A.

Proof. We consider an endomorphism ¢ of G. For each s € S we get
a canonical endomorphism ¢° of G* = G/s“G. By Theorem 5.7 there are
as € A (s € S) such that ¢* = as + s A. We claim that (as + s“A)ses has
the finite intersection property. Let IV be a finite subset of S and g € S the
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product of all elements in N. For all g € G and for each s € N we have
99 = gas mod s*G and g¢ = ga, mod ¢“G. Therefore as = a, mod s“A
for each s € N, since ¢*G C s¥G, i.e. aq € (),cy(as +s“A). Since A is
F-complete it follows that there is an a € A with a = as mod s¥ A for every
s € S. Hence ¢° = a + s“ A for each s € S. Therefore ¢ = a because G is
S-reduced by Lemma 4.4. m

6. Inessentials. In this section we state the most general case (we will
give an application in §7). Its proof follows by modifications of the arguments
given in §5 combined with obvious changes similar to [3, §§ 4, 5]; see also
[9, II, §83, 4]. The definition of an inessential endomorphism is, as usual,
strongly related to the notion of cotorsion-freeness: in the cotorsion-free
case there are no non-zero inessential endomorphisms. Moreover, the notion
of inessentials depends on the topic of consideration (e.g. see [3]). In our
context we shall use Definition 6.1, which differs from the one used in [8];
note that the latter should read as follows: ¢ is inessential if Im ¢ is contained
in (rather than equal to) an w-complete module.

We now have

DEFINITION 6.1. The inessential endomorphisms of G° and G are de-
fined by

(a) Ines G* = {¢ € End G* | G3¢ C G*} for all s € S.
(b) InesG = {¢ € End G | ¢* € Ines G* for each s € S} where ¢* denotes
the induced endomorphism of G*.

Note that we are identifying ¢ in (a) with its unique extension to G>.
It is easy to check that Ines G® and Ines G are ideals of End G° and End G,
respectively. Moreover, we can verify A* NInes G* = 0 by applying Proposi-
tion 5.5 to the element w05 € G* for a constant branch w.

The key arguments are assembled in the following three statements.

PROPOSITION 6.2. For s € S let K be a potential module containing G,
and ¢ € End K* with ¢|G®° ¢ A® @ Ines G°. Then there exists a canonical
module P C G such that P*(¢s™ —a) € G* for all (a,n) € As where Ay is
defined as in §5. m

LEMMA 6.3. For s € S let K be a potential module containing G, and
¢ € End K® with ¢|G* ¢ A® @ InesG®. Then there exists an (s, G)-chain
(2F) <o such that

(z° + s“’é)qﬁ =299 ¢ (G + Z xkA> . m
k<w
THEOREM 6.4. If A is an S-reduced and S-torsion-free R-algebra, then

End G* = A° @ Ines G* for each s € S, where G is the R-module constructed
m3.3. m
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Extension of the local result 6.4 to End G = A ® Ines G again requires A
and the ideals Ines G® to be of a special form.

DEFINITION 6.5. InesG is well related if, for any ¢ € End G with ¢4 €
Ines GY (¢ € 5), the endomorphism ¢° of G* belongs to Ines G® for each s
dividing q.

THEOREM 6.6. If A is S-reduced, S-torsion-free, F-complete and Ines G
1s well related, then EndG = A ® Ines G.

Proof. Obviously, ANInesG = 0 since A* NInesG*® =0 for all s € S.

Let ¢ be an endomorphism of G. For all s € S, by Theorem 6.4 there
are a; € A and Y5 € Ines G® such that ¢° = @5 + ¥s. Defining g5 = ¢ — as
we can identify s with ¢%. We claim that (as + s“A)scs has the finite
intersection property. Let N C S finite and ¢ be the product of all elements
of N. Then g = (¢ — a,)° € InesG® for each s € N, since Ines G is well
related. Hence ¢* = gj +a, = 0 + @5 and this induces a; = a5 mod s* A.
Therefore a, € (o (as +s°A). Since A is F-complete there exists a € A
with a = as mod s¥ A for all s € S. Defining 9o by 9 = ¢ —a we get ¢ = a+p
with ¢° = 03 = 95 € InesG?, i.e. p € InesG. n

Note that the above result has been obtained using a different approach
for a more general class in [8]; the above less general result is, however,
considerably simpler in its approach.

In the last section we give an example for well-related inessentials.

7. The Ny-cotorsion-free case. In the final section we consider the
No-cotorsion-free case. For S uncountable no such notion has been intro-
duced yet. Our notion of Ng-cotorsion-freeness generalizes the definition for
countable S; it is also adapted to the local approach. Assuming that S is
linearly ordered we shall show that the ideal Ines G is well related when G
is Ng-cotorsion-free.

Hence we get a realization End G = A @ Ines G. Throughout this section
let S be linearly ordered, i.e. s divides ¢ or ¢ divides s for all s,q € S.

First we introduce the notion of a sub-finitely generated homomorphism,
or sfg-homomorphism, and a “local” version of the same concept. Note that
this differs from the definition of finite rank used in [3] but that for the
situations where Ng-cotorsion-freeness has previously been considered, e.g.
p-adic modules or subgroups of the Baer—Specker group, the two concepts
coincide.

DEFINITION 7.1. (a) Let M, H be s-reduced, s-torsion-free R-modules
(s € S). A homomorphism ¢ : M — H is sub-finitely generated if there
exists a finitely generated submodule Hy C H such that M¢ C Hy.
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(b) Let M, H be S-reduced and S-torsion-free R-modules. A homomor-
phism ¢ : M — H is locally sub-finitely generated if the induced homomor-
phisms ¢° : M*® — H*® are sub-finitely generated for all s € S.

Note that we shall also use the notation “locally sfg-homomorphism” for
a locally sub-finitely generated homomorphism. We are now ready for

DEFINITION 7.2. An S-torsion-free and S-reduced R-module M is Ro-
cotorsion-free if for all s € S and for each homomorphism ¢ : F$ — M?®,
the restriction ¢[F?° is sub-finitely generated for any free R-module F =
®ieI GZ'R.

In the following we outline the arguments to prove that, in the Ng-
cotorsion-free case, the inessential endomorphisms coincide with the locally
sfg-endomorphisms. As before, the proofs are similar to the corresponding
ones in [3].

It will be useful to consider the support of an element g € G*° with
respect to its “top”.

DEFINITION 7.3. Let s € S, g € G*. The top of the support of g is
defined by

= { {o ST fel = lal o <o for g successor.
o< vall = lgll Alg] \ v finite}  for [g] Timic

Note that [g]* is always finite and non-empty for g # 0.
The next lemma is the key for the further conclusions in this section.

LEMMA 7.4. Let s € S, G be constructed as in 3.3, and ¢ : s — G*.
Then

(a) Uie[[éigb]* 1s finite, and

(b) {llei¢|l | i € I} is finite.

Proof. Part (b) follows from (a), hence it is enough to prove (a). For I
finite the conclusion is obviously true. Now let I be infinite and suppose that
(a) is false. Then | J,;;[€;¢]" is infinite and there exists a sequence (in)n<w
in I such that, for all n < w,

(1) X = [fag]"\ |J [fre]” # 0

where f,, =¢€; . We may assume that

(2) [fadll < [ fnta0ll  forall n < w.

Moreover, we may assume that all ||f,¢| are either successors or limits
(otherwise change to a subsequence). If all || f,,¢|| are successors then, by
Definition 7.3, (1) and (2), we can choose o,, € X, satisfying the following
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conditions:
(3) Sup lonll = Sup [fnll,  fadlon #0,
frodlon =0 for k < n.

If all || f,,¢|| are limit ordinals, then we may choose ordinals a(n) € X,, which
are all different by (1). Hence all branches v, () are different and we may
choose 0, € v, (y) satisfying (3). Additionally, we may assume that

(4)  whenever o, € v for infinitely many n < w and for some v € BrT,
then o,, € v for all n.

Finally, choose an increasing sequence m(n) of natural numbers such
that, for all n < w,

(5) n-lloy)+n<mn) and fos™M¢lo, #0mod g, A%,
Now we consider the element f = 3, _ frs™F) ¢ 1/5\’3, which we can

split into

J=2 0 fos™® 4 fOsmFY (0 < w)

k<n

where f(®) € F for each n < w. Using (3) we get

folon = fus™ W glan + [ s gla,

= fnsm(”)¢[an mod angssm(”ﬂ)

where f¢, f™ ¢ € G*. Therefore, using (5), for each n < w,
(6) on € [f9].

By continuity we get f¢ = >, _ fe¢s™*). Hence ||fo|| = sup,,.,, [|on| by
(3). The Recognition Lemma provides infinitely many o, which belong to
a finite union of branches. Hence there exists 8 < A* such that o, € vg for
infinitely many n < w, thus o, € vg for all n < w by (4). Again using the

Recognition Lemma we find k < w, a € A® with f¢lo, = O'HLLS/ZB(J")_IC for

large n. On the other hand, we have f¢[o, € angssm(”), hence
(7) aslﬁ(a")_k € A% N A% = A%s™™  for almost all n.

If sg € s“R then ang")_k

t < w such that sg ¢ Rs’. Therefore s € Rsg since S is linearly ordered;
also, a € A®s™ for almost all n by (5) and (7). Hence a = 0 because A® is
s-reduced. We deduce f¢lo,, =0 in any case, contradicting (6). m

= 0 for almost all n, and for sg € s“R we find

Now we are prepared to say more about a homomorphism ¢ : JE.
G* (s € S). The next lemma will be used to prove that G is Ry-cotorsion-free
if A is.



Endomorphism algebras over large domains 237

LEMMA 7.5. Let F = @,.;eiR and G be given by Construction 3.3.

Then any homomorphism ¢ : s — G* (s € S) can be written as a sum
¢ = ¢1 + P2 of homomorphisms ¢1, ¢ € Hom(l/?\S,Gs) such that ||€;¢1]| s
a limit for alli € I, and €;¢2 € @, TA® for alli € I and for some finite
subset T" of T.

Proof. For each i € I the Recognition Lemma provides b; € B, g; € G
such that

(1)  €¢=g;+0b; with ||g;|| a limit and ||7]| > ||g:|| for all 7 € [b;].

Let T" = (J;¢[bi], which is finite by Definition 7.3 and Lemma 7.4. Moreover,
let v be the maximum of all ||7|| with 7 € T”; hence v is a successor. We
prove 7.5 by induction on v. If v = 0 then 77 = (); hence ¢1 = ¢ and ¢2 =0
by (1).

Suppose 7.5 is true for all homomorphisms such that max{||7|| | 7 €
T"} < v with T” a finite subset of T as in 7.5. Consider ¢ : s — G
with max{||7|| | 7 € T’} = v and let Z = {7 € T" | ||7|| = v}. Define
(U Fs — Bs by fi =73 c, folT. We need to check that fi € B* for each

fe F5. Since Z C T is finite, it is enough to show f¢[7 € B* for each
T € Z. By our choice of v we certainly have | f¢|| < v for all f € Fs. If
|foll < v, then folr =0 forall 7 € Z. If || fo|| = v we get fo = g + by
where ||g¢|| < v and by € B® with ||bs|| = || f¢||. Hence fo|r = byT € B*.
Thus 1 : F* — @, 7A° and obviously ||f(¢ — )| < v forall f € F*. So
there are homomorphisms ¢}, ¢} satisfying 7.5 for ¢ — ¢ = ¢} + ¢). Hence
¢1 = ¢} and ¢o = ¢, + ¢ are the desired homomorphisms. =

LEMMA 7.6. If A is Rg-cotorsion-free then so is G.

Proof. We want to show that G, is Ng-cotorsion-free for all o« < \*.

(i) Let « =0, s €S, ¢: F* — G§ = B°. Then, by Lemma 7.5, there
exists a finite subset 7" of T' such that ¢ : F5 — @, TA°. Since A is
Ng-cotorsion-free, ¢[F'*® is sub-finitely generated. .

By Lemma 7.5 it is enough to consider homomorphisms ¢ : F'$ — G,
with ||e;¢|| a limit for all ¢ € 1.

(ii) Assume « is a limit and G is Nyp-cotorsion-free for all § < a. By
Lemma 7.4 there exist ordinals a(l) < ... < «a(n) (n < w) such that
Uicrleid]® = {a(@) | i < n}. We get a(i) < a for all i < n. Hence

—

Fo6 C G,y using (6] < vl and [f6] € Uy, feid)] for all f € F5.
Thus ¢[F* is a sfg-homomorphism.

(iii) Next assume Goq1 = Gao + D40 gk A and G, is Ro-cotorsion-free.
Let s € S and ¢ : F* — G5, with ||[&;¢| limits. If s, € s“R then, for all

k<w, gk =g"sq+gr = gr mod s*G for some g € Gq, thus G5, = G5.
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Therefore in this case F*¢ is contained in a finitely generated submodule of
G? . Hence we consider the case s, € s*R. There is a (minimal) m < w such
that

(1) "= s5a-q (g€ R).
For all f € F5 we have
k
(2) fo=gs+gd ar
where gr € G, ay € A° and ky < w minimal with k; = 0 or ay ¢ A®s,.

Let k; = ke, (i € I).

(a) First we assume sup{k; | ¢ € I} is finite. We shall show that in this
case sup{ks | f € ]/5’\3} < w. Let k = max{k; | i € I}. Then ks < k for all
f € F*. Now we consider f € F5 and suppose ky > k; we have f =, fist
where f; € F°. We can decompose f into f = >, . fist + fMs" | with
fm e I for each n < w. Using (2) and kf > k we get

k s
(3) fo=gr+gaay, ap g A’s,.
On the other hand, we have
fo= (D fis') o+ f5"6 = gu+ g an + f)s"6 for all n < w,
i<n

where g, € G5, a, € A%, k' < k. Since (g¥)r<w is an (s4, Gy )-chain, there

)

is a g/, € G, for each n < w, such that

(4) 16 = g+ 9o’ anse’ "+ [ o5,
We get folo = Uafsgg)_kf = aansgf_klslogg)_kf + f(M s o for almost all
0 € v, using (3) and (4). By (1) we may choose n large enough such that

s" e Rsasga)_kf and therefore, from ky > k > k', we get afsla(ff)—kf c

Assasga)_kf and ay € A®s,. This contradicts (3) and thus we have ky < k
for all f € Fs.

Since (¢%)r<w is an (s, Gy )-chain we may write f¢ = g; + g’;a’f for
allfeﬁ’\S.Wedeﬁnew:ﬁeGibyf@/):g} andg:ﬁ\s—>g§As by
fo= gﬁa’f. Hence ¢ = 1 + o and since G, A are Rg-cotorsion-free we get a
finitely generated submodule H of G, + g% A* such that F*¢ C H. Therefore
Go+1 18 No-cotorsion-free if we can exclude sup{k; | i € [} = w.

(b) Assume for contradiction that there is a homomorphism ¢ : s —
G:1 (s € S) such that sup{k; | i € I} = w where €;¢ = g; + gFia;
(k; minimal). Then we can choose n; (j < w) in I and o in v, (j < w) such
that
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_ I(oj)—kn
kng < ... <kn; <..., €n¢lo; =0jan;Sq !

7 #0,
() _

en,@lo; =0 fori>j.
Moreover, let m(j) = ky, - m for all j (m is given by (1 )) Now we consider
the element f = )
J <w, we get

folo; = a]afsl(aj) = (Zénjsm(j)¢) [o

(5]

Wo;)—kn. .
- Zgjani(saq)kni : SOEU]) ' = (Zajaniqkni>sgaﬂ).

(5N i<j

j<w EnyS m(): we have f¢ = gr +ga ay. For almost all

Hence, by our choice of k¢ (minimal), we get ky = 0 (otherwise s, divides
ay). Therefore we get ay =, - j On, q"ri for almost all j < w, which implies

Un, . q "+t = 0 (in A®). Since s, - ¢ = s™ and A® is s-torsion-free we

have a,,, , = 0 for almost all j < w, but this contradicts (5). Hence G =
Ug<rs Ga is Ro-cotorsion-free. m

Next we describe the inessential endomorphisms of G for Ny-cotorsion-
free G.

THEOREM 7.7. Let A be Wg-cotorsion-free and ¢ € End G* for some
s € 8. Then ¢ is inessential iff ¢ is sub-finitely generated.

Proof. (i) Let ¢ € InesG?, i.e. Gs¢ C G*. As an R-module G is an
epimorphic image of a free module F'. Hence G* is an epimorphic image of
F#;let m: F'® — G* be the epimorphism. We can extend 7 to a homomor-
phlsm 7 Fs — G Considering 7¢ : 5 — G* we see that TOIF® = we is
a sfg-homomorphism, since G is Ny-cotorsion-free. Therefore ¢ : G°* — G* is
sub-finitely generated.

(ii) Conversely, let ¢ € End G* with G*¢ C Hj for some finitely gener-
ated submodule Hy C G*. By Theorem 6.4 there are ¢ € Ines G* and a € A®
such that ¢ = a — . There exists a finitely generated module H; C G* such
that G®¢¥ C Hp by (i). Therefore G*a = G*(¢ + ) C Hy + H;y; but this
is only possible for a = 0 (in A®), since the 7a (7 € T) are all linearly
independent for a # 0. Hence ¢ = — € InesG*. =

As an immediate consequence we have

COROLLARY 7.8. Let A be Rg-cotorsion-free and ¢ € End G. Then ¢ is
wnessential iff ¢ is locally sub-finitely generated. m

Now let Fin;G = Ines G denote the ideal of all locally sub-finitely gener-
ated endomorphisms of G. Thus our realization theorem becomes

THEOREM 7.9. If A is F-complete and Rg-cotorsion-free then End G =
A @ FinG.
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Proof. By Theorem 6.6 it is enough to show that Fin;G = InesG is
well related in this case. Let s,q € S with s dividing ¢, and ¢ € End G such
that ¢? € Ines G1. Moreover, let m be the canonical projection 7 : G4 —
G* (¢“G C s¥@G); obviously, m¢® = ¢%m. Since ¢? is a sfg-endomorphism
there is a finitely generated submodule H C GY such that G9¢% C H by as-
sumption. Therefore G197 = Gin¢® = G*¢® C Hm, which is a finitely gen-
erated submodule of G*. Hence ¢* is sub-finitely generated and inessential.
So we have shown that InesG is well related, which completes the proof. m
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