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A factorization theorem for the
transfinite kernel dimension of metrizable spaces

by

M. G. Charalambous (Karlovassi)

Abstract. We prove a factorization theorem for transfinite kernel dimension in the
class of metrizable spaces. Our result in conjunction with Pasynkov’s technique implies
the existence of a universal element in the class of metrizable spaces of given weight and
transfinite kernel dimension, a result known from the work of Luxemburg and Olszewski.

1. Introduction and definitions. In this paper, all spaces are metriz-
able, I denotes the unit interval [0, 1], N the set of natural numbers, wX the
weight of a space X, and |A| the cardinality of a set A. For an ordinal «,
A(a) denotes the unique limit ordinal and n(«) the unique finite ordinal
such that a = A(a) + n(a). It is convenient to adjoin —1 and oo to the
class of all ordinals and treat them as the least and greatest elements of the
augmented class, respectively. For the standard results and terminology in
dimension theory, we refer to Engelking’s book [2].

For any space X, we set D_1(X) = 0 and D (X) = X. For an ordinal «,
we define E,(X) and D, (X) inductively by E,(X) = X — (H{Ds(X) :
B < a} and

D,(X) = U{U : U an open subset of Ej,)(X) with dimU < n(a)}.

The transfinite kernel dimension of X, trker X, is defined to be the first
extended ordinal « for which X = (J{Dg(X) : 8 < a}. Note that each
E.(X) is a closed subset of X and, if A = trker X is an ordinal, then
|A| < wX [2, Theorem 7.3.5].

The main result of this paper, Theorem 2 of Section 3, is a factorization
theorem for trker in the class of metrizable spaces. From this we deduce using
Pasynkov’s method [6] that the class of metrizable spaces with trker < A and
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weight < 7 has a universal element. Note that Henderson’s [3] D-dimension
on metrizable spaces coincides with trker [2, Theorem 7.3.18] and Olszewski
[5] proved the existence of a universal space for the class of all metrizable
spaces with D-dimension < A and weight < 7, Luxemburg [4] having proved
the corresponding result in the class of compact metrizable spaces as well
as in the class of separable metrizable spaces.

2. Preliminary results. We start with the key construction that is
employed in the sequel. Let {H, : o € A} be a collection of open subsets
of a space Y, and H = |J{H, : @ € A}. For each ain A, let hy : Zy — Y
be a continuous function, and 7 = sup{|A|,wY,w(h ' (H,)) : « € A}. Let
Z be the set (Y — H)UU{h ' (Hy) x {a} :a € A}, and define h: Z — Y
to be the identity on Y — H and, outside Y — H, by h(z,a) = h(z). We
let Z have the smallest topology that makes h continuous and G x {a}
open for each open set G of h;'(H,). It is easy to see that Z is T} and
regular. Let {Ux,, : A < 7, n € N} be a o-locally finite open base of Y.
Let {Uayam : A < 7, n € N} be a o-locally finite open base of h!(H,).
Let H = |J{H, : n € N}, where H,, is open and its closure is contained in
H,,+1. Then it is easily verified that

{h"*Uxn): A< 7, n€N}
W (Uarmn x {a)Nh  Hy):a€ A, A< 1, m,n €N}

is a o-locally finite base of Z of cardinality < 7. Hence Z is metrizable and
wZ < 7. We will refer to Z as the space, and h as the projection, determined
by the pairs of maps and open sets (hq, Hy), o € A.

PROPOSITION 1. Let f : X — Y be a continuous function, {H, : o € A}
a disjoint collection of open subsets of Y, H = |J{H, : « € A} and, for
each o in A, let go : X — Zy and hy : Zo — Y be continuous functions
such that f = ga © ho. Then there is a space Z and continuous functions
g: X — Z and h : Z — Y such that f = h o g, the restriction of h
to h™Y(Y — H) is a homeomorphism, wZ < 7 = sup{wY,w(h_'(H,)) :
a € A}, and dimg(E N f~Y(H)) < n for each subset E of X that satisfies
dim g, (E N f71(Hy,)) < n for each a in A.

Proof. We can assume that each H, is non-empty, so that |A| <
wY < 7. Let Z be the space, and h the projection, determined by the
pairs (hq, Hy), a € A. Clearly, the restriction of h to h™'(Y — H) is a
homeomorphism and wZ < 7. Define g by g(z) = (ga(x),) if f(z) is
a point of H, for some a € A, and g(z) = f(x) otherwise. Evidently,
f = hog and g is continuous. Finally, suppose that a subset E of X satisfies
dimg,(EN f~1(H,)) < n for each a in A. As g(EN f~1(H)) is the direct
sum of g,(EN f~1(H,)), a € A, we have dimg(E N f~1(H)) < n.



A factorization theorem 81

PROPOSITION 2. Let f: X — Y be a continuous function, H an open
subset of Y and A a subset of f~1(H). Then there are continuous functions
g: X — Zand h : Z — Y such that f = hog, dimg(A) < dim A,
wZ < wY and the restriction of h to h~'(Y — H) is a homeomorphism
(cf. [1, Theorem 4 and Remark 2]).

Proof. By a factorization theorem due to Pasynkov [7, Theorem 1],
there are continuous functions ¢; : X — Z; and hy : Z; — Y such that
f=hogq, dimgi(A) < dimA and wZ; < wY. The result is now a
straightforward application of Proposition 1.

A tower of a space X will mean a collection {G, : o < A} of open
subsets of X, where A is an ordinal or —1, with G_; = () and G, C Gg for
a<lfB<A

PROPOSITION 3. Let T be an infinite cardinal and {G,, : o < A} a tower
of a space X, where |\| < 7. Then there exist an open collection {H, :
a < A} of a space Y with wY < 7 and a continuous function f: X —Y
such that G = f~1(Hy) for all a < \.

REMARK. Evidently, we can additionally stipulate that {H, : o < A} is
a tower of Y.

Proof (of Proposition 3). The proof is by induction on A. The result
holds for A = —1. Assume that A > —1 and the result holds for all ordinals
<A

Consider first the case when A\ has an immediate predecessor p. By the
induction hypothesis, there is an open collection {U, : a < u} of a space
Z with wZ < 7 and a continuous function g : X — Z such that G, =
g ' (Uy), a < p. Let h : X — I be continuous with A=1(0,1] = G,. Finally,
let Y =2ZxI, f=gah, Hy=0"'U,), a < u,and H, = 7=1(0, 1], where
o and 7 denote the canonical projections of Y onto Z and I, respectively.

Consider next the case of A being a non-zero limit ordinal. Let {V; , :
i €N, ue€ M} be a o-discrete base of X. For each 7 in N and a < A, let

Uia = U{V;,M : a is the first extended ordinal with V; , C G, }.

Let U; = U{Ui.o : @ < A}. Note that, for i in N and § < a < A, we have
Uip C Gg C Gy so that G, NU; 3 = U; g. By the induction hypothesis,
we therefore have, for each § < A, an open collection {H; o3 : @ < A} in
some space Z; g with weight < 7 and a continuous function ¢; 3 : X — Z; g
such that G, NU; g = g;gl(Hla@) Let h; g : Z; 3 — I be a continuous
function such that h;ﬂl(O, 1] = U{Hiap : @ < A}. Let Z; be the space
and h; : Z; — I the projection determined by pairs (h; g, (0,1]), B < A.
Then wZ; < 7 and, because {U; g : f < A} is discrete in X, the function
fi : X — Z; that sends X —U; to 0 and z of U; g to (gi g(z), ) is continuous.



82 M. G. Charalambous

Letting Y = [[{Z; : i e N}, f=A{fi:i € N}, m; : Y — Z; the canonical
projection and H, = J{m; '(H; ap x {B}) : i € N, 8 < A}, one can check
that the required properties are satisfied.

PROPOSITION 4. Let f: X — Y be a continuous function, {G, : o < A}
a tower of X and T a cardinal > max{|\|,wY }. Then there is a space Z with
wZ < 1, a tower {H, : o < A} of Z and continuous functions g : X — Z
and h : Z —Y such that f = hog and g~ (H,) = G4 for each a < \.

Proof. By Proposition 3, there exist a tower {U,, : « < A} of a space S
with wS < 7 and a continuous function r : X — S such that G, = r~1(U,).
It suffices tolet Z =S5 xY, g=rA f, and ¢ and h be the projections of Z
onto S and Y, respectively, and H, = ¢~ 1(U,).

3. The main results

THEOREM 1. Let f: X — Y be a continuous function, {G, : o < A}
a tower of X and T a cardinal > max{|A|,wY}. For a < A, let E, =
Go —U{Gp : B < a} and suppose that n, = dim E,, is finite. Then there is
a space Z and continuous functions g : X — Z and h : Z — Y such that
f=hog, wZ <7, g(Ga) is open in g(X) and dim g(E,) < ny for each
a < A

Proof. By Proposition 4, we may assume that there is a tower {H, :
a < A} of Y such that f~!(H,) = G4, a < \. This assures that g(G,) will
be open in ¢g(X). Let H = |J{H, : @ < A}. Note that, by Proposition 1,
whenever the result holds, it holds with the additional requirement that
the restriction of h to h=1(Y — H) is a homeomorphism. The proof is by
induction on A. The result holds for A = —1. Assume that A > —1 and the
result holds for all ordinals < A.

Consider first the case when A has an immediate predecessor . Let
U =|J{Ha : a < u}. By Proposition 2, there is a metrizable space Z; with
wZ, < 7 and continuous functions ¢g; : X — Z7 and hy : Z; — Y such that
f=hiog, dimgi(E,) < n, and the restriction of h; to hl_l(Y — H) is
a homeomorphism. Next, by the induction hypothesis, there is a metrizable
space Z with wZ < 7 and continuous functions g : X — Z and hy : Z — 73
such that g; = hg o g, dimg(F,) < n, for a < p, and the restriction of hy
to (h1ohy) ™1 (Y —U) is a homeomorphism. It now suffices to set h = hjoha.

Consider now the case of A being a non-zero limit ordinal. Let {H; g :
i € N, 8 <7} beao-discrete in Y open cover of H that refines { H,, : & < A}.
Let H; = U{Hip : B < 7}. Note that, given ¢ and 3, there is < A such
that E, N f~1(H;3) = 0 for 4 < a. By the induction hypothesis, we can
apply the result to the tower {G, N f~1(H1p) : @ < A} to get, for each
B < 1, a space Zg and continuous functions gg : X — Zg and hg: Zg — Y
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such that f = hgogg, wZz < 7, and dimgg(FEs N f71(H1 ) < ng, for
each a < A. Then, by Proposition 1, there is a space Z; and continuous
functions g1 : X — Z; and hy : Z1 — Y such that f = hyo¢g1, wZ; < 7,
and dim g; (E, N f71(Hy)) < ng, for each a < .

Let N1, N, N3, ..., be a partition of N into infinite disjoint sets with Ny
containing 1. By the argument of the previous paragraph, for each n in N we
can construct, by induction on n, a space Z,, with wZ,, < 7 and continuous
functions ¢, : X — Z, and h,, : Z, — Z,_1 such that ¢g,_1 = hy, o gn,
where Zy =Y and go = f, and, if n € N;, then dim g,,(E, N f~1(H;)) < nq
for each av < A. Write hy, ,, for the composite of Ay, 41, hmy2,..., hy. Let Z
be the limit of the inverse sequence (Z,,, hpm. n;NU{0}), let m, : Z — Z,
be the canonical projection and h = my. Evidently, wZ < 7 and we have a
continuous function g : X — Z such that g,, = m,0g. In particular, f = hog.

Let o < X and i € N. For each n in N;, we have dim g,,(E, N f~1(H;))
< Ng, and g(E, N f~1(H;)) is contained in the limit of the inverse se-
quence (gn(Eqo N f7(H;)), hinn; Ni). By the inverse limit and the subset
theorems, we therefore have dimg(E, N f~'(H;)) < n,. Now, the sets
g(Eo N f7H(H,)) = g(E,) Nh™1(H;), i € N, form an open cover of g(E,).
Hence, by the countable sum theorem, dim g(F,) < n,. This concludes the
proof of the theorem.

LEMMA 1. Let {Gq : a < A} be a tower of a space X and suppose that
dimE, < n(«a) for o < A\, where E, = G, — |J{Gs : 8 < a}. Then, for
each a < A,

Go C | J{Ds(X): 8 < a}.

Proof. The proof is by induction on «. The result is true for o = —1.
Assume that a > 0 and the result holds for all 3 < a. Then Ej)(X) NGy
is contained in the union of the F,-subsets Ey)4; of X, 0 < i < n(a),
The subset and the countable sum theorems assure that the open subset
E)\(a) (X)NG,, of E/\(a) (X) has dim < n(a). Hence EA(Q)(X)HGQ C D (X)
and G, C | U{Dp(X) : 5 < a}.

THEOREM 2. Let f: X — Y be a continuous function, u = trker X and
suppose that T is a cardinal > max{|u|,wY }. Then there is a space Z and
continuous functions g : X — Z and h : Z — 'Y such that f = hog, wZ <1
and trker Z < p.

Proof. In Theorem 1, put A = p+ 1 and G, = J{Ds(X): 8 < a},
a < A. Then there is a space Z and continuous functions g : X — Z and
h :Z — Y such that f = hog, wZ < 7, g(G,) is open in g(X) and
dimg(Go —U{Gjs : B < a}) < n(a), a < A. We take g to be surjective so
that {g(Gqa) : @ < A} is a tower of Z and, since X = G, we have Z = g(G ).
Noting that the subset g(Go)—U{9(G3) : B < a} of g(Go—U{Gps : B < a})
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has dim < n(a), we deduce from Lemma 1 that Z = ¢(G,) C U{D.(Z) :
a < p}. This shows that trker Z < p and completes the proof.

COROLLARY 1. The class C of all metrizable spaces with trker < o and
weight < 7 contains a universal element (cf. [4, 5]).

Proof. We can of course assume that || < 7. Let Y be a universal
space for the class of all metrizable spaces of weight < 7. Let X be the
direct sum of all subspaces X of Y with trker X, < «. Then trker X < a.
Let f: X — Y be the map whose restriction to X is its embedding into Y.
Then the space Z supplied by Theorem 2 is a universal element of C.
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