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Coherent and strong expansions of spaces coincide

by

Sibe M a r d e š i ć (Zagreb)

Abstract. In the existing literature there are several constructions of the strong shape
category of topological spaces. In the one due to Yu. T. Lisitsa and S. Mardešić [LM1-3]
an essential role is played by coherent polyhedral (ANR) expansions of spaces. Such ex-
pansions always exist, because every space admits a polyhedral resolution, resolutions are
strong expansions and strong expansions are always coherent. The purpose of this paper
is to prove that conversely, every coherent polyhedral (ANR) expansion is a strong expan-
sion. This result is obtained by showing that a mapping of a space into a system, which
is coherently dominated by a strong expansion, is itself a strong expansion.

1. Introduction. Let X = (Xλ, pλλ′ ,Λ) and Y = (Yµ, qµµ′ ,M) be
inverse systems of topological spaces, indexed by cofinite directed ordered
sets (every element has finitely many predecessors). A mapping of systems,
shorter, a mapping, f : X → Y consists of an increasing function f : M→ Λ
and of mappings fµ : Xf(µ) → Yµ, µ ∈ M, such that

(1) fµpf(µ)f(µ′) = qµµ′fµ′ , µ ≤ µ′.
The composition h = gf of mappings f = (f, fµ) : X → Y and g = (g, gν) :
Y → Z = (Zν , rνν′ ,N) is given by the function h = fg and the mappings
hν = gνfg(ν). If Λ = M and the indexing function f = id, we speak of a
level mapping . In particular, the identity mapping 1 : X →X, given by the
identity function id : Λ→ Λ and the identity mappings fλ = id : Xλ → Xλ,
is a level mapping. Inverse systems as objects and mappings as morphisms
form a category, here denoted by inv-Top .

If f ′ = (f ′, f ′µ) : X → Y is a mapping and f ≥ f ′ is an increasing
function, then f and the mappings fµ = f ′µpf ′(µ)f(µ) form a mapping f to
which we refer as the shift of f ′ by f . Two mappings f ′,f ′′ : X → Y are said
to be congruent , f ′ ≡ f ′′, provided they have a common shift f . Inverse
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systems and congruence classes of mappings form a category, denoted by
pro-Top .

A rather simple (but not very satisfactory) homotopy category of in-
verse systems π(pro-Top) can be described as follows. Its objects are cofi-
nite directed ordered sets. Its morphisms are homotopy classes [f ] of map-
pings f : X → Y , where two mappings f ′ = (f ′, f ′µ) and f ′′ = (f ′′, f ′′µ )
are considered homotopic, f ′ ' f ′′, if there exists a mapping of systems
F = (F, Fµ) : X × I → Y such that F ≥ f, f ′ and

(2) Fµ(x, 0) = fµpf(µ)F (µ)(x), Fµ(x, 1) = f ′µpf ′(µ)F (µ)(x).

Here X×I = (Xλ×I, pλλ′×1,Λ). Composition of morphisms is well defined
by the formula [g][f ] = [gf ]. Note that congruent mappings f ′ ≡ f ′′ always
determine the same morphism of π(pro-Top).

In 1983 Yu. T. Lisitsa and S. Mardešić [LM1-3] defined the more subtle
coherent homotopy category CH(Top) (then denoted by CPHTop). Its ob-
jects are again cofinite directed ordered sets. Its morphisms are homotopy
classes of coherent mappings f = (f, fµ) : X → Y , where f : M → Λ is an
increasing function, µ = (µ0, . . . , µn), µ0 ≤ . . . ≤ µn, are increasing multi-
indices of length n ≥ 0 and fµ : Xf(µn)×∆n → Yµ0 are mappings satisfying
the natural coherence conditions:

fµ(x, djt) =




qµ0µ1fd0µ(x, t), j = 0,
fdjµ(x, t), 0 < j < n,
fdnµ(pf(µn−1)f(µn)(x), t), j = n,

(3)

fµ(x, sjt) = fsjµ(x, t), 0 ≤ j ≤ n.(4)

Here dj : ∆n−1 → ∆n and sj : ∆n+1 → ∆n, 0 ≤ j ≤ n, denote the boundary
and degeneracy operators between standard simplices. The corresponding
operators on multiindices are defined by

dj(µ0, . . . , µn) = (µ0, . . . , µj−1, µj+1, µn),(5)

sj(µ0, . . . , µn) = (µ0, . . . , µj , µj , . . . , µn).(6)

A (coherent) homotopy connecting coherent mappings f ′ = (f ′, f ′µ) : X →
Y and f ′′ = (f ′′, f ′′µ ) : X → Y is a coherent mapping F = (F, Fµ) :
X × I → Y such that F ≥ f ′, f ′′ and

Fµ(x, 0, t) = f ′µ(pf ′(µn)F (µn)(x), t), Fµ(x, 1, t) = f ′′µ (pf ′′(µn)F (µn)(x), t).

Composition of coherent mappings is defined by a geometrically transparent
explicit formula. Composition of their homotopy classes is defined by com-
posing representatives (all details are given in [LM3]). Note that every map-
ping f = (f, fµ) : X → Y determines a coherent mapping f ′ = (f ′, f ′µ) :
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X → Y , defined by putting f ′ = f and f ′µ(x, t) = fµ0pf(µ0)f(µn)(x). We
denote f ′ by C(f) and refer to C as the coherence operator . It induces a
functor C : pro-Top→ CH(Top).

A mapping p = (pλ) : X → X of a space into a system is said to
be a coherent expansion of X provided it has the property that for every
HPol-system Y , i.e., a system consisting of spaces having the homotopy
type of polyhedra (or equivalently, of ANR’s) and every coherent mapping
h : X → Y , there exists a coherent mapping f : X → Y such that

(8) h ' fC(p).

Moreover, f is unique up to coherent homotopy. It was proved in [LM3]
that every resolution p : X → X in the sense of [M1], [MS] is a coherent
expansion of X.

On the other hand, a mapping p : X →X is said to be a strong expansion
provided for every polyhedron P , the following two conditions (S1), (S2) are
satisfied:

(S1) If φ : X → P is a mapping, then there exist a λ ∈ Λ and a mapping
ψ : Xλ → P such that the mappings φ and ψpλ are homotopic,

(9) φ ' ψpλ.
(S2) If λ ∈ Λ, ψ0, ψ1 : Xλ → P are mappings and F : X × I → P is a

homotopy which connects ψ0pλ and ψ1pλ, then there exist a λ′ ≥ λ and a
homotopy H : Xλ′ × I → P which connects ψ0pλλ′ and ψ1pλλ′ . Moreover,
the homotopies F,H(pλ′ × 1) : X × I → P are connected by a homotopy
K : (X × I)× I → P , fixed on X × ∂I, i.e.,

(10) F ' H(pλ′ × 1) rel (X × ∂I).

In the above definition one can replace polyhedra by spaces from the
class HPol (see [M4]).

It was proved in [M3] that every resolution is a strong expansion, and
in [M2] that every strong expansion is a coherent expansion. These two
assertions together give a new proof of the fact that resolutions are coherent
expansions. The first result of the present paper is the following converse of
the second of the two assertions.

Theorem 1. If p : X → X is a coherent expansion and X consists
of spaces from the class HPol, i.e., spaces having the homotopy type of
polyhedra, then p is a strong expansion.

Remark 1. B. Günther in a remark on p. 149 of [G] makes the stronger
assertion that coherent expansions are always strong expansions. However,
in his paper there is no indication of proof.
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Consider two mappings p : X → X, q : X → Y of the same space
X. We will say that p is coherently dominated by q provided there exist
coherent mappings f : X → Y and g : Y →X such that

fC(p) ' C(q),(11)

gf ' C(1).(12)

We will derive Theorem 1 from the next theorem, which is the main
result of the present paper.

Theorem 2. If a mapping p : X → X is coherently dominated by a
strong expansion q : X → Y , then p itself is a strong expansion.

Proof of Theorem 1 . Let p : X →X be a coherent expansion, where X
consists of spaces from the class HPol. Choose a strong expansion q : X →
Y such that Y also consists of spaces from HPol. Since p is a coherent
expansion, there exists a coherent mapping f : X → Y such that (11) holds.
Now use the fact that q is also a coherent expansion, because it is a strong
expansion. Since X is an HPol-system, we conclude that there exists a
coherent mapping g : Y →X such that

(13) gC(q) ' C(p),

and thus,

(14) gfC(p) ' C(p).

Now the uniqueness property of the coherent expansion p implies (12). Con-
sequently, p is coherently dominated by q. Since q is a strong expansion,
Theorem 2 yields the desired conclusion that also p is a strong expansion.

2. Some lemmas on π(pro-Top)

Lemma 1. Let q, q′ : X → Y = (Yµ, qµµ′ ,M) be two mappings which
belong to the same class [q] = [q′] ∈ π(pro-Top). If q is a strong expansion,
then so is q′.

P r o o f. By assumption there exists a mapping K = (Kµ) : X × I → Y
such that, for every µ ∈ M, Kµ connects q′µ to qµ, i.e.,

(15) q′µ 'Kµ qµ.
Moreover,

(16) qµµ′Kµ′ = Kµ, µ ≤ µ′.
Now assume that P ∈HPol and φ : X → P is a mapping. By (S1) for

q, there exist a µ ∈ M and a mapping ψ : Yµ → P such that φ ' ψqµ. By
(15), qµ ' q′µ and thus, φ ' ψq′µ. However, this is the desired condition (S1)
for q′.
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Now assume that µ ∈ M, ψ0, ψ1 : Yµ → P are mappings and F ′ : X×I →
P is a homotopy such that

(17) ψ0q
′
µ 'F ′ ψ1q

′
µ.

Let F : X × I → P be the homotopy obtained by juxtaposition of three
homotopies according to the following formula:

(18) F = ψ0K
−
µ ∗ F ′ ∗ ψ1Kµ,

where K− denotes the opposite of the homotopy K, i.e., K−(x, t) = K(x,
1− t). The homotopy F is well defined and has the property that

(19) ψ0qµ 'F ψ1qµ.

Therefore, by condition (S2) for q, there exist a µ′ ≥ µ and a homotopy
H : Yµ′ × I → P such that

(20) ψ0qµµ′ 'H ψ1qµµ′ .

Moreover,

(21) F ' H(qµ′ × 1) rel (X × ∂I).

We shall prove that

(22) F ′ ' H(q′µ′ × 1) rel (X × ∂I).

Clearly, equations (20) and (22) will establish the desired condition (S2)
for q′.

In order to prove (21), we define a homotopy U : X × I × I → P by
putting

(23) U(x, s, t) = H(Kµ′(x, t), s).

Note that, by (15),

(24) U(x, s, 0) = H(q′µ′(x), s), U(x, s, 1) = H(qµ′(x), s).

Moreover, by (20) and (16),

U(x, 0, t) = ψ0qµµ′Kµ′(x, t) = ψ0Kµ(x, t),(25)

U(x, 1, t) = ψ1qµµ′Kµ′(x, t) = ψ1Kµ(x, t).(26)

Let V : X × I × I → P be a homotopy which realizes (21). Using U and
V , we will now define a homotopy W : X × I × I → P which realizes (22).
Divide the square I × I into two rectangles as shown in Fig. 1. Since V is a
homotopy rel (X ×∂I) which connects F to H(qµ′ × 1) and F is of the form
(18), we can use V to fill up the lower rectangle as indicated in the figure.
Then we use U− to fill up the upper rectangle (observe the orientation of
the upper rectangle in the figure).

In this way we obtain a homotopy W ′ : X × I × I → P such that

(27) W ′|X × I × 0 = F ′, W ′|X × I × 1 = H(q′µ′ × 1).
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Moreover,

(28) W ′|X × 0× I = ψ0(Kµ ∗K−µ ), W ′|X × 1× I = ψ1(Kµ ∗K−µ ).

Therefore, one can identify the left sides of the two rectangles and also their
right sides. One obtains a mapping W : X ×D2 → P , where D2 is a disc. If
S− and S+ denote the lower and upper halves of the boundary ∂D2, then
W |X × S− coincides with F ′, while W |X × S+ coincides with H(q′µ′ × 1).
Consequently, W can be viewed as the desired homotopy rel (X × ∂I).

Lemma 2. Let p : X → X, q : X → Y and f : X → Y be mappings
such that

(29) [f ][p] = [q]

in π(pro-Top). Moreover , let g : Λ → M be an increasing function and let
gλ : Yg(λ) → Xλ be mappings having the property that every λ ∈ Λ admits a
λ∗ ≥ λ, fg(λ) such that

(30) pλλ∗ ' gλfg(λ)pfg(λ)λ∗ .

Then the assumption that q is a strong expansion implies that also p is a
strong expansion.

P r o o f. It suffices to prove that the assertion holds when (29) is replaced
by the stronger assumption

(31) fp = q.

Indeed, if q satisfies (29), then q′ = fp satisfies [q] = [q′] ∈ π(pro-Top).
Therefore, by Lemma 1, q′ is also a strong expansion. However, q′ satisfies
(31). Hence, the weaker version of Lemma 2 implies that p is a strong
expansion.

We now prove the assertion of Lemma 2 assuming (31). For a mapping
φ : X → P ∈ HPol, property (S1) for q yields a µ ∈ M and a mapping
ψ′ : Yµ → P such that ψ′qµ ' φ. However, by (31), qµ = fµpf(µ) and thus,
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λ = f(µ) and the mapping ψ = ψ′fµ : Xλ → P satisfy ψpλ ' φ, which is
the desired property (S1) for p.

To establish (S2), let ψ0, ψ1 : Xλ → P , λ ∈ Λ, be mappings and let
F : X × I → P be a homotopy such that

(32) ψ0pλ 'F ψ1pλ.

Choose a λ∗ ≥ λ, fg(λ) and a homotopy Kλ : Xλ∗ × I → P which realizes
(30). Since qg(λ) = fg(λ)pfg(λ), one sees that ψ0K

−
λ (pλ∗ × 1) is a homotopy

which connects ψ0gλqg(λ) to ψ0pλ. Similarly, ψ1Kλ(pλ∗ × 1) is a homotopy
which connects ψ1pλ to ψ1gλqg(λ). Therefore,

(33) F ′ = ψ0K
−
λ (pλ∗ × 1) ∗ F ∗ ψ1Kλ(pλ∗ × 1)

is a well-defined homotopy F ′ : X × I → P which connects ψ0gλqg(λ) to
ψ1gλqg(λ). Consequently, ψ′0 = ψ0gλ and ψ′1 = ψ1gλ are mappings Yg(λ) → P
such that

(34) ψ′0qg(λ) 'F ′ ψ′1qg(λ).

Using property (S2) for q, we conclude that there exist an index µ′ ≥ g(λ)
and a homotopy H ′ : Yµ′ × I → P such that

(35) ψ′0qg(λ)µ′ 'H′ ψ′1qg(λ)µ′ .

Moreover,

(36) F ′ ' H ′(qµ′ × 1) rel (X × ∂I).

Now choose a λ′ ≥ λ∗, f(µ′). Note that H ′(fµ′pf(µ′)λ′ × 1) : Xλ′ ×
I → P is a homotopy which connects the mapping ψ′0qg(λ)µ′fµ′pf(µ′)λ′ =
ψ′0fg(λ)pfg(λ)λ′ to ψ′1fg(λ)pfg(λ)λ′ . Since Kλ realizes (30), we conclude that

(37) H = ψ0Kλ(pλ∗λ′ × 1) ∗H ′(fµ′pf(µ′)λ′ × 1) ∗ ψ1K
−
λ (pλ∗λ′ × 1)

is a well-defined homotopy H : Xλ′ × I → P such that

(38) ψ0pλλ′ 'H ψ1pλλ′ .

Hence, to complete the proof of Lemma 2, it suffices to prove that

(39) F ' H(pλ′ × 1) rel (X × ∂I).

Choose a homotopy U which realizes (36). Clearly, it can be viewed as
a mapping U : X ×D2 → P such that U |X × S− = F ′, while U |X × S+ =
H ′(qµ′ × 1). By (33), U |X × S− is the juxtaposition of three homotopies,
defined on three consecutive arcs S−l , S−c , S−r . Now view the boundary ∂D2

as divided into two arcs A−, A+. The arc A− = S−c , while A+ consists of the
arcs S−l , S+ and S−r , where S−l and S−r are taken with opposite orientations.
Clearly, U |X × A− can be viewed as F , while U |X × A+ can be viewed
as the juxtaposition of homotopies which form H(pλ′ × 1) following (37).
Consequently, U can be viewed as a homotopy realizing (39).
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Remark 2. If p, q and f are as in Lemma 2 and g = (g, gλ) : Y → X
is a mapping such that [g][f ] = [1] in π(pro-Top), then all the assumptions
of Lemma 2 are satisfied. Therefore, if q is a strong expansion, so is p.

Remark 3. If p, q and f are as in Lemma 2, f = (fλ) is a level homotopy
equivalence and gλ : Yλ → Xλ are homotopy inverses of fλ, λ ∈ Λ, then
all the assumptions of Lemma 2 are satisfied. Therefore, if q is a strong
expansion, so is p.

3. A lemma on level homotopy equivalences. A level mapping
f = (fλ) : X → Y is called a level homotopy equivalence provided every
mapping fλ : Xλ → Yλ, λ ∈ Λ, has a homotopy inverse gλ : Yλ → Xλ. The
following lemma plays an important role in the proof of Theorem 2.

Lemma 3. Let p : X → X be a strong expansion and let f : X → Y
be a level homotopy equivalence. Then q = fp : X → Y is also a strong
expansion.

P r o o f. If φ : X → P ∈ HPol is a mapping, then there exist a λ ∈ Λ
and a mapping ψ′ : Xλ → P such that ψ′pλ ' φ. Since 1 ' gλfλ and
qλ = fλpλ, the mapping ψ = ψ′gλ : Yλ → P has the property that ψqλ =
ψ′gλfλpλ ' ψ′pλ ' φ, which establishes property (S1) for q.

To prove property (S2) for q, consider mappings ψ0, ψ1 : Yλ → P and a
homotopy F : X × I → P such that

(40) ψ0qλ 'F ψ1qλ.

Note that (40) implies

(41) ψ′0pλ 'F ψ′1pλ,
where ψ′0 = ψ0fλ and ψ′1 = ψ1fλ. Therefore, by assumption on p, there
exist a λ′ ≥ λ and a homotopy H ′ : Xλ′ × I → P such that

(42) ψ′0pλλ′ 'H′ ψ′1pλλ′ .
Moreover,

(43) F ' H ′(pλ′ × 1) rel (X × ∂I).

To continue the proof we need a lemma due to R. M. Vogt [V]. It asserts
that for a homotopy equivalence f : X → Y with a homotopy inverse
g : Y → X and for a homotopy K : X × I → X which connects id to gf ,
there exists a homotopy L : Y × I → Y which connects id to fg and is such
that L(f × 1) ' fK rel (X × ∂I). Applying this lemma, for every λ ∈ Λ, we
define homotopies Kλ, Lλ such that

(44) id 'Kλ gλfλ, id 'Lλ fλgλ.
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Moreover,

(45) Lλ(fλ × 1) ' fλKλ rel (X × ∂I).

Now note that the homotopy H ′(gλ′ × 1) : Yλ′ × I → P connects
ψ0fλpλλ′gλ′ = ψ0qλλ′fλ′gλ′ to ψ1fλpλλ′gλ′ = ψ1qλλ′fλ′gλ′ . Therefore, the
formula

(46) H = ψ0qλλ′Lλ′ ∗H ′(gλ′ × 1) ∗ ψ1qλλ′L
−
λ′

yields a well-defined homotopy H : Yλ′ × I → P which connects ψ0qλλ′ to
ψ1qλλ′ . To complete the proof of Lemma 3, it remains to prove that

(47) F ' H(qλ′ × 1) rel (X × ∂I).

We first define a homotopy U : X × I × I → P by putting

(48) U(x, s, t) = H ′(Kλ′(pλ′(x), t), s).

Note that

U(x, s, 0) = H ′(pλ′(x), s),(49)

U(x, s, 1) = H ′(gλ′qλ′(x), s),(50)

U(x, 0, t) = ψ0qλλ′fλ′Kλ′(pλ′(x), t),(51)

U(x, 1, t) = ψ1qλλ′fλ′Kλ′(pλ′(x), t).(52)

In order to define a homotopy W : X × I × I → P which realizes (47), we
first define a mapping W ′ : X ×D → P , where D is the polygon, described
by Fig. 2. It consists of four rectangles, denoted by D+

l , D+
c , D+

r , and D−.

D
+
l

ψ0qλλ′Lλ′ (qλ′×1) ψ1qλλ′Lλ′ (qλ′×1)D
+
rD

+
c

F

H′(g
λ′ qλ′×1)

D
−

constconst

const const

constconst

-

6
-- -

6 6
-- -

66

6

Fig. 2

By definition, W ′|X×D+
c is given by the homotopy U , while W ′|X×D−

is given by a homotopy V which realizes (43). Note that (49) insures that
the two definitions of W ′ on X × (D+

c ∩ D−) coincide. We define W ′|D+
l

using the homotopy ψ0qλλ′Tλ′(pλ′ × 1), where Tλ : Xλ × I × I → Yλ is a
homotopy which realizes (45). More precisely,

Tλ(x, 0, t) = Lλ(fλ(x), t),(53)
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Tλ(x, 1, t) = fλKλ(x, t).(54)

Moreover, Tλ(x, s, 0) and Tλ(x, s, 1) do not depend on s. Note that (51) and
(54) insure that the two definitions of W ′ on X × (D+

l ∩D+
c ) coincide.

Similarly, we define W ′|D+
r , using the homotopy ψ1qλλ′T

−
λ′ (pλ′×1). Note

that on each of the horizontal sides of the rectangles D+
l and D+

r and on the
vertical sides of D−, W ′ assumes constant values. Therefore, by collapsing
each of these sides to a point, one obtains a mapping W : X × D2 → P .
Thereby, W |S− coincides with F , while W |S+ coincides with the juxtapo-
sition of the following three homotopies: ψ0qλλ′Lλ′(qλ′ × 1), H ′(gλ′qλ′ × 1),
ψ1qλλ′L

−
λ′(qλ′ × 1). However, according to (46), this is just the homotopy

H(qλ′ × 1). Hence, W can be viewed as a homotopy realizing (47).

4. Proof of Theorem 2. In the proof of Theorem 2 we use two functors
τ : inv-Top → inv-Top , T : CH(Top)→ π(pro-Top) and a natural transfor-
mation φX : X → τ(X) between the identity functor on inv-Top and the
functor τ ([M5], Theorems 5 and 6) (also see [T]). We will also need the
following facts.

(i) If a system X is indexed by Λ then the system τ(X) = T (X) is
also indexed by Λ. Moreover, if X is a single space X, then τ(X) = X and
φX = id (see [M5]).

(ii) For every system X, φX is a level homotopy equivalence (see [M5],
Theorem 6).

(iii) For every mapping f : X → Y , [τ(f)] = T [C(f)] in π(pro-Top)
([M5], Lemma 13).

Proof of Theorem 2. Let p : X →X be a mapping coherently dominated
by a strong expansion q : X → Y . Then there exist coherent mappings
f : X → Y and g : Y → X such that (11) and (12) hold. Applying the
functor T we conclude that

T [f ]T [C(p)] = T [C(q)],(55)

T [g]T [f ] = [1].(56)

Note that T [f ] is the class in π(pro-Top) of a mapping X → Y , which
we denote by T (f). Hence, T [f ] = [T (f)]. Similarly, there is a mapping
T (g) : Y →X such that T [g] = [T (g)]. Moreover, by (ii), T [C(p)] = [τ(p)]
and T [C(q)] = [τ(q)]. Consequently, (55) and (56) become

(57) [T (f)][τ(p)] = [τ(q)],

respectively,

(58) [T (g)][T (f)] = [1].
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On the other hand, by the naturality of φ, the following diagram commutes:

(59)

Y X

τ(Y ) X

φY
²²

qoo

φX=id

²²
τ(q)

oo

In other words,

(60) φY q = τ(q).

Since q is a strong expansion, τ(q) is a mapping and φY is a level homotopy
equivalence. Therefore, Lemma 3 applies and yields the conclusion that τ(q)
is also a strong expansion. We now apply Lemma 2 to the mappings τ(p) :
X → τ(X), τ(q) : X → τ(Y ), T (f) : τ(X) → τ(Y ), T (g) : τ(Y ) →
τ(X) and conclude that τ(p) : X → τ(X) is a strong expansion. Note
that conditions (57) and (58) insure that the assumptions of Lemma 2 are
satisfied (see Remark 2).

Now note that the analogue of (60) for p has the form

(61) φXp = τ(p).

Since φX : X → τ(X) is a level homotopy equivalence, one can apply
Lemma 2 to p, τ(p) and φX (see Remark 3) and conclude that p is indeed
a strong expansion.
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