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Abstract. Let X be a Polish space, and let (Ap)pecw be a sequence of G5 hereditary
subsets of K(X) (the space of compact subsets of X). We give a general criterion which
allows one to decide whether (¢, Ap is a true »9 subset of K(X). We apply this criterion

to show that several natural families of thin sets from harmonic analysis are true 28.

1. Introduction. In this paper, we are interested in a particular instance
of the following problem: let X be a separable metric space, and denote by
Eg()\f ) (resp. Hg()\f )) the additive (resp. multiplicative) Borel classes of X.
The problem is to find some simple criterion allowing one to decide whether
a given 22 set A C X is a “true” XY, that is, a 22 set which is not Hg.

As a matter of fact, we will limit ourselves to the third level of the Borel
hierarchy (Gs, and Fy sets). Moreover, since the examples we have in mind
are ideals of compact sets coming from harmonic analysis, we will concen-
trate on proving criteria of “true—Eg—ness” for ideals of compact subsets of
some Polish space X. We denote by K(X) the space of all compact subsets
of X, equipped with its natural (Polish) topology, generated by the sets
{KeK(X): KNV # 0} and {K € K(X) : K C V}, where V is an open
subset of X. For any subset M of X, welet (M) ={K € K(X): K C M}.

In this particular setting, it turns out that the simplest nontriviality
condition is enough to ensure true-X3-ness. To be precise, let (Ap)pew be
a sequence of dense G hereditary subsets of K(X), and let A = J,,, A,
Assume that A is an ideal of (X)), and that the union is “nontrivial” in
the following sense: for each nonempty open set V' C X and for each p € w,
A, N K(V) is a proper subset of AN (V). Then one can conclude that A
is a true X3 set.

We prove this in the first part of the paper together with some related
results. We apply these results in the second part to show that quite a lot of
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182 E. Matheron

natural families of thin sets from harmonic analysis happen to be true 22
(a rather curious descriptive phenomenon). In particular, we show that if G
is a second-countable nondiscrete locally compact abelian group, then the
family H of compact Helson subsets of G is a true Eg. The same result holds
within any My set, and H is also a true X9 inside the countable sets. In the
case of the circle group, we already proved these results in [M]. However,
the proofs given there were somewhat obscured by an immoderate use of
constructions which are very classical in harmonic analysis, but still rather
technical. In the present paper, we actually use very little harmonic analysis.

2. General results. In this section, X is a Polish space, I(X) is the
space of compact subsets of X, and /I, (X) is the family of countable com-
pact subsets of X.

DEFINITION 1. Let A be a subset of (X).

(a) A is said to be hereditary if it is downward closed under inclusion.

(b) Ais an ideal of K(X) if it is hereditary and stable under finite unions.

(c) If A is hereditary, we say that A is a big subset of (X)) if it contains
a dense G hereditary subset of K(X).

It is quite possible that any comeager hereditary subset of K(X) is big,
but we are unable to prove it.

DEFINITION 2. Let M; and M3 be two subsets of (X ). We say that
My is nowhere contained in My if for each nonempty open set V C X,
M1 N K(V) is not contained in Ms.

We can now state the main results of this section.

THEOREM A. Let (Ap)pew be a sequence of nonempty hereditary subsets
of K(X), and let A=, Ap. Assume that A is a big ideal of K(X).

(a) If A is nowhere contained in any A,, then A is not Iy in K(X).

(b) If the perfect sets in A are nowhere contained in any A,, then the
family of perfect sets in A is not I3 in K(X).

(c) If the finite sets in A are nowhere contained in any Ap, then AN
K. (X) is not relatively TI3 in K (X).

pPEW

Theorem A follows immediately from a more precise and less readable
result, Theorem B below, which we will state after a few definitions.

In the sequel, we will use the notations B and B; for the following families
of compact sets: either B = By = K(X), or B = By = the family of perfect
compact subsets of X, or else B = {0} U{{z} : x € X} and B; = {K €
K(X) : K is of the form {z} U {x, : n € w}, where (z,,) C X and z,, — x}.
Notice that in each case, ) € B and B is a G5 subset of K(X).
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If M is a subset of K(X), we denote by M the family of compact subsets
of X which are finite unions of elements of M.

We denote by 2¢ the Cantor space of all infinite 0-1 sequences, endowed
with its usual (compact, metrizable) topology.

If « € 2¥ and p € w, we define o, € 2 by a,(q) = a((p,q)), where
(p,q) — {(p,q) is any fixed bijection from w? onto w.

Finally, let Q = {a € 2 : 3k Vn > k a(n) = 0}, and W = {a € 2¢ :
Ip o, € QL. Tt is well known that W is a true X3 subset of 2¢ (see [Ke2]).

Our slightly more precise version of Theorem A now reads as follows.
To deduce Theorem A from it, one just has to take B = IC(X) in case (a),
B = the perfect subsets of X in case (b), and B = {0} U{{z}: 2z € X} in
case (c).

THEOREM B. Let (A})pew be a sequence of (nonempty) hereditary subsets
of K(X), and let A be any big subset of K(X). Assume that (AN B)! is
nowhere contained in any A,. Then there exists a continuous map o — E(«)
from 2% into (X)) such that:

e For each o € 2¥, E(a) € By.
o Ifa € W, then E(a) € Af.
o Ifa g W, then E(a) & U,c., Ap-

In particular, there is no T3 set M C K(X) such that AN By C MN
Bl g UpEw Ap'

As an immediate consequence, we get a kind of “Baire category theorem”
for big TT3 ideals:

COROLLARY. Let A C K(X) be a big TI3 ideal. If (A,)pe. is a sequence
of hereditary subsets of K(X) such that A C |, Ap, then there exist an
integer p and a nonempty open set V.C X such that ANK(V) C A,.

Some simple remarks may help to justify the hypotheses of Theorem B.
Assume that X is perfect.

1) If A is not big, the result is not true. For example, let A be the ideal
of finite sets and A, = {K € K(X) : card(K) < p} (p € w); then A is
nowhere contained in any A, but it is obviously an F, set.

2) One cannot drop the hypothesis that A is an ideal. For example, let
D = {z, : n € w} be a countable dense subset of X, and let G = X \ D.
Define A = K(G) UU,c,, K{zn}) and A, = K(G) UU, <, K({xn}). Then
A is big, the A,’s are hereditary and A is nowhere contained in any A,; yet
A is IIY (it is the union of a G and a countable set).

3) Finally, one cannot remove the hereditarity assumption on the A,’s.
For example, let {K, : p € w} be any countable dense subset of K£(X) (the
K,’s being pairwise distinct), and let A, = IC(X) \ {K,, : n > p}.
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In the proof of Theorem B, we will make use of the following two lemmas.
The first one is easy; the second one is proved by applying the Baire category
theorem in 2¢ (identified with P(w)).

LEMMA 1. The map ¢ : K(X) x K(X) — K(X) defined by ¢(K,L) =
K U L is (continuous and) open.

LEMMA 2 ([Kel]). Let G C K(X) be Gs, F € K(X), and let (Fi,)mew be
a sequence converging to F in K(X). Assume that for each finite set I Cuw,

the set F'UJ,,c; Fin belongs to G. Then the compact set F' U] F,, is
the union of two elements of G.

mew

Next, we introduce some notation.

Recall that we denote by (p,q) the image of a pair (p,q) under some
fixed bijection from w? onto w. The image of an integer n under the inverse
map will be denoted by ((n)o, (n)1).

Let 2<% be the set of all finite 0-1 sequences (including the empty se-
quence). We write |s| for the length of a sequence s € 2<¢. If s € 2<% (and
s # ), we denote by s’ the immediate predecessor of s in the extension
ordering.

If o € 2“ and n € w, we denote by ar, the length-n initial segment of «;
thus, if n > 1, then a, = («(0),...,a(n —1)).

Next, we define inductively a sequence (0p)pew of functions from 2<¢
into w U {400} in the following way:

(0) 6,(0) = 400 for all p € w.

(i) If |s| =n+1 and (n)o > p, then 6,(s) = 0,(s').

(ii) If [s| =n+1, (n)o < p and s(n) = 0, then

0, (s) = 0,(s") if 0,(s") < 400,
PR I n if 0,(s") = +oo.

(iii) If |s| =n + 1, (n)o < p and s(n) = 1, then 6,(s) = +oo.

In other words, if we define A,(s) = {m < |s| : (m)o < p}, then 6,(s) =
min{m € A,(s) : Vm' € Ay(s), m' > m, s(m’) = 0} (with the convention
that min(()) = +o00). Thus, if we denote by s, : 4,(s) — {0, 1} the restriction
of s to A,(s), then 6,(s) indicates the beginning of the longest “cofinal”
0-segment in s,,.

Finally, we define another sequence of functions from 2<% into w U
{+00} by

my(s) = max((p,0),6,(s)).
The following facts will be useful later.

CLAIM 1. Let p € w and o € 2¥. Assume that oy € Q for all | < p.

(a) The sequence (my(ary,))new is eventually finite-valued and constant.
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(b) If we let My = limy, .o myp(apy,), then a(M,) =0 and
Vn > M, my(arq1) =My, and ((n)o > p or a(n) =0).

Proof. Since for each s € 2<%, m,(S) > 6,(s) and the first coordinate
of m,(s) is < p, we may content ourselves with proving (a) and (b) with 6,
in place of m,.

By definition of Q, there is a smallest integer N with the following prop-
erties:

(N)o<p, Yn>N (n)o<p=a(n)=0.

The claim will be proved if we can show that 0,(af,41) = N for all n > N.

(i) First, 0,(apq1) = 0p(arn41) for every integer n > N. This follows
by induction from the definition of the function 6,: by the choice of N, we
have a(N) = 0 and (N)o < p, hence 0,(ary41) < +00; and if n > N, then
either (n)o > p or a(n) =0, so O,(afpi1) = Op(ar,) for all n > N.

(ii) By (i), it is now enough to check that 6,(arni1) = N. Let

N, — the greatest n < N such that (n)o < p if there is any,
! -1 if there is no such n.

By the choice of N, we have a(N;) = 1 if Ny > 0; thus, in both cases
Op(arn,+1) = +00. Now, by the choice of Ny, we also have (n)o > p for all
n such Ny <n < N. This implies that 6, (ary) = 0,(a[n, 1) = +00. Thus
Op(arng1) = N.

Proof of Theorem B. The result is trivial if X is not perfect (one just
has to let E(a) = {z0}, where z( is an isolated point of X). Hence, from
now on, X will be perfect.

For simplicity, we assume first that X is compact. We fix some metric
compatible with the topology of X and we choose a complete metric § for
B, which is possible since B is a G5 subset of K(X).

Since each A, is hereditary, the hypotheses of Theorem B remain un-
changed if we replace A, by UKP A;. Thus, we may assume that the se-
quence (Ap)pecw is nondecreasing.

Finally, let G be a dense G hereditary subset of K(X) contained in A.
We can write G = (,,c,, U", where (U")nc. is a nonincreasing sequence of
hereditary open subsets of IC(X) (if OV"),ew is any nonincreasing sequence
of open sets such that G = [, ., W", let U" = {K € K(X) : VL C K
Lewn}).

CLAIM 2. For each positive integer N, the set {(z,Ky,...,Ky) € X X
BN {x} UU?; K; € G} is dense in X x BN.

Proof. By Lemma 1, the set {(Ko, K1,...,Kx) € K(X)NF1: Uf\;o K;
€ G} is a dense Gj subset of K(X)V*1: and since G is hereditary, this
implies that the set {(z, K1,...,Ky) € X x K(X)V : {2} U Uf\il K; € G}
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is a dense G subset of X x K(X)¥. Thus, the claim is true if B = K(X).
If B is the family of perfect sets, which is comeager in I(X) because X
is perfect, the claim follows from the Baire category theorem. Finally, if
B={0}U{{z}:x € X}, we use again the fact that G is hereditary.

Now, we shall construct inductively a sequence (j, )mes of positive inte-
gers and, for each s € 2<¥ a compact set E(s) C X and a nonempty open
set V(s) C X.

For s # (0, F(s) will be written as FE(s) = Un<|s) E™(s), where each
E™(s) is compact and of the form E™(s) = ;Zl ET'(s) (E]*(s) compact).

We also construct (for s € 2<¢\ {0}, 0 < m < |s], and 1 < j < j,,)
nonempty open sets V/"(s) C X, and we let V™ (s) = ?21 Vin(s).

The closure of any set A involved in the construction will be denoted
by A.

The following requirements have to be fulfilled (to avoid typographic
heaviness, we have omitted more often than not obvious information like “if
ls| > 17, “m < |s|” or “j < 7).

(1)  ET(s) € ANBand E™(s) # 0.
E'(s) S Vi (s) S V™ (s) S Vi™(s),

(2) the V™ (s) are pairwise disjoint and disjoint from V (s),
Vi(s) CV(s), V"()CV() if |s| =n+ 1.
(3)  O(E](s), E]*(s") <27 I, diamV(s) < 2715,

(4) If |5| =n + 1, then E;-np( )(s) = E;-n”(s)(s’) for each p < (n)o (notice
that my(s) = m,(s") here, because p < (n)o).

(5) If[s|=n+1and s(n) =0, then E"(s) = E7"(s) for all m < [s'|.

(6) If|s|=n+1and s(n) =0, then E"(s) € A,.

(7) If|s|=n+1and s(n) =1, then

s) U J{V(s) :m < |s|, Vp < (n)o m # my(s)} €Ul

To begin the construction, we choose a nonempty open set V(@) C X of
diameter < 1, and we let E(0) = 0.

Assume that the sets E(t) and V(¢) have been constructed for all se-
quences t of length < n. We have to define the positive integer j, and the
sets V(s), E7'(s), V]"(s) (0 <m <n, 1 <j <jn) for every sequence s of
length n + 1.

(a) First, for each sequence ¢ of length n, we choose two nonempty open
sets Wi (t), Wa(t) C V(t) with Wy (t) N Wa(t) = (. This is possible because
X is perfect.

(b) Next, we define j, and the sets E7"(s) and V" (s) for all sequences
s of length n + 1 such that s(n) = 0.
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(i) By (5), there is nothing to do for an integer m < n.

(ii) Let So = {s € 2<% : |s| = n+1, s(n) = 0}. Since (ANB)! is nowhere
contained in A,,, we can find a positive integer j, and, for all s € Sy, compact
sets EY(s),..., ET (s) € Wi(s') such that each E7(s) belongs to AN B, but

5'11 EJ"(S) ¢ A,. Notice that we can choose the same integer j, for all
sequences s because, since ) € AN B, we may always add the empty set (as
many times as necessary) to the sets ET(s).

At this point, (4), (5) and (6) are satisfied, as well as (1) for s € Sy
(E™(s) is nonempty because ) € A,,). Then we can choose for each s € S
nonempty open sets V(s) C Wa(s') and V™ (s) 2 E7*(s) in order to get (2)
and (3).

(c) Now, let s be a sequence of length n + 1 such that s(n) = 1.

(i) By (4), we must let E;n”(s)(s) = E;n”(s)(s’) for all the integers p <
(n)o such that m,(s) = my(s") < |s'|.

(i) Let I(s) = {m </|s| : Vp < (n)o m # my(s)} and N = }_, 1) Jm-
By Claim 2, the set {(z,Ky,...,Ky) € X x BN : {z} UUN, K; € G} is
dense in X x BY. Therefore, we can find a point z(s) € X and compact sets
E(s) € B (m € I(s), 1 <j < jm)such that

S(E(s), () < 27 and B (s) C Vy(s)) ifm <,
(+) E?(S) C Wy (s') and E;“(s) #0,

x(s) € Wa(s'),

{z(s)} UULET(s) :m e I(s), 1< j < jm} €G.

We can also ensure that E7'(s) # () whenever ET'(s) # (), because ) is
an isolated point in /C(X). Moreover, since G is hereditary (and contained
in A), the last condition implies that each E7"(s) belongs to A; hence (1) is
true for m € I(s) (of course, it was also true for m & I(s)).

(i) It is now easy to choose open sets V'(s) 3 z(s) and V" (s) 2 E7*(s)
in order to get (2), (3) and (7).

This concludes the inductive step.

It follows from (1) and (3) that if m € w and j < j,, are fixed, then
for any o € 2¢; the sequence (E7'(af,))n>m converges to a compact set
ET () € B.

For each o € 2 and each m € w, let E™(a) = U,.; E*(a). By (1),
all the E™(«a)’s are nonempty (because () is isolated in K(X)). Moreover,
conditions (2) and (3) imply that the sequence (E™(a))me, converges in
K(X) to the singleton {z4} = (,,c,, V(an).

Thus, the set E(a) = {za} UU,,c, £ () is compact, and in fact it
belongs to B;. Furthermore, it follows from (2) and (3) that the map a —
E(«) is continuous.
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CLaM 3. Let a € 2¥ and p € w. Assume that oy € Q for alll < p, and
let M, = lim, .o mp(ay,). Then EMr(a) = EMr(app, 41).

Proof. By Claim 1, the integer M, is well defined. Moreover, we know
that for each n > M, my(af,41) = M, and either (n)o > p or a(n) = 0.

This implies that EM» (af,41) = EM»(ay,) for each n > M,,. Indeed, we
can use (4) if (n)o > p and (5) if a(n) = 0. Thus EMr(a) = EMr(agpy, 41).

Let us now fix o € 2%.

Casg 1. Assume o ¢ W. By Claims 1 and 3, all sequences (m(ay,))new
are eventually constant, and if we let M), = lim,, ... mp(af,) (p € w), then
a(Mp) = 0 and EMr(a) = EMr(app,11). Hence, by (6), EMr(a) € Ay, .
Since each Ay, is hereditary, this implies that E(a) ¢ U,c, Am,. Now
M, > (p,0) for all p, hence lim,_,o, M), = 400 (this was the reason for using
the functions m,, rather than the 6),’s), and consequently E(a) & ¢, Ap-

CASE 2. Assume a € W. We have to show that E(a) € A
Let po be the smallest integer such that o, ¢ Q. For each p < py, let as
usual M, = lim,, .o, my(ar,) (which is well defined by Claim 1) and let

Ei(a) = | J EM (o),

Es(a) ={zs} U U{Em(a) :m # M), for all p < po}.

Since E(a) = Ej(a) U Ez(a), it is enough to check that Ei(a) € Af and
EQ(Oé) € gf.

(i) By the choice of pg, a;, € Q for each p < pg. Hence, by Claim 3 and
condition (1), Er () = U,,p, EMe(appy 41) € AL

(ii) Let I(a) = {m € w : ¥p < pp m # M,}. It follows from (7)
that V(app1) U U{V™(apng1) : m € I(a), m < n+ 1} € U" for each
integer n > max{M, : p < po} such that (n)y = po and a(n) = 1. Since
there are infinitely many such n’s (because oy, ¢ Q) and each open set
U" is hereditary, this implies (by (2)) that for any finite set I C I(a),
{za} UU,pes E™(@) € G. Thus, from Lemma 2 we get Es() € G

The proof of Theorem B is now complete when X is assumed to be
compact.

When X is not compact, we may always view it as a dense G5 subset
of some compact metric space X. Write X = ﬂnew W,., where the W,,’s
are open subsets of X. Then we can perform our construction in X and
moreover, we can easily ensure at each step that the open sets V]m(s) and
V(s) are all contained in W|. Hence, in the end, E(a) C X for each a € 2%,
This concludes the whole proof.
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3. Applications. In this section, G is a second-countable nondiscrete
locally compact abelian group, with dual group I'. We denote by Cy(G),
M(G), A(G) and PM (G) respectively: the space of continuous complex-
valued functions on G vanishing at infinity, the space of finite (complex)
measures on G, the Fourier transform of the convolution algebra L!(T),
and the space of pseudomeasures on G (the dual space of A(G)).

Let ¢(G) = sup{n € w : every neighbourhood of Og contains elements
of order > n}. We define G, = {z € G : z is of order < ¢(G)}, and T, =
{2 € T: 24(6) = 1} (with the convention that 2> = 1 for any z € T). Notice
that G, is a clopen subgroup of G, by definition of ¢(G).

DEFINITION 1. Let K be a compact subset of G.

1) K is said to be a Helson set if every continuous function on K can be
extended to a function in A(G).

2) K is said to be without true pseudomeasure (for short, WT P) if every
pseudomeasure supported by K is actually a measure.

3) K is said to be independent if there is no nontrivial relation of the
form > 7, m;xz; = 0, where my,...,m, € Z and z1,...,z, € K (that is,
>m;x; = 0 = Yi m;,x; = 0; when G = T, this is not exactly the usual
definition).

4) K is said to be a K, set if it is totally disconnected, all its elements
have order ¢(G), and the restrictions of characters of G are uniformly dense
in C(K,T,), the space of continuous functions from K into T, (when ¢(G) =
+00, K, sets are usually called Kronecker sets).

5) K is said to be a Uj) set if there is some constant ¢ such that

Ve My(K)  pllpm <c 7@0 ()]

It is clear that H (the family of Helson subsets of G), WT'P, K, and U} are
hereditary subsets of I(G) (for K, sets, this is because they are assumed
to be totally disconnected).

There are natural constants associated with a given Helson or U set.
Namely, for each K € K(G), define

mo(K) = int{ T [7()/llnllpas : p € Mo (K), u 0,

a(K) = inf{||ullpar/lulla : € M(K), u+# 0}

Then (by definition) K € U} < no(K) > 0 and (by standard functional-
analytic arguments) K € H < «(K) > 0. The number a(K) is the Helson
constant of K. There is also a “WT P constant”, whose definition should be
reasonably clear.

LEMMA 1. K, is a G5 subset of K(G), and H, WTP and U}y are 9.
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The proofs are standard complexity calculations. For Helson sets, for
example, the main point is that for each positive ¢, the set H. = {K €
K(X):a(K) > e} is Gs.

DEFINITION 2. Let E be a closed subset of G.

(a) E is said to be a Uy set (or a set of extended uniqueness) if p(E) = 0
for every positive measure on G whose Fourier transform vanishes at infinity.

(b) E is an My set if E & Uy, and an M} set if ENV € M, for each
open set V' C G such that ENV # ().

DEFINITION 3. Let p be a positive integer. By a net of length p, we
mean any set of cardinality 27 of the form {a+ Y %_ e;1; : &, = 0,1}, where
a,ly,..., 1, are fixed elements of G.

We shall use the following results. Almost all the proofs can be found in
[GMG], and a lot of them in [KL] (see also [LP]).

1) WT'P CH C U, C Us.

2) H, WTP and U are translation-invariant ideals of K(G); Uy is a
translation-invariant o-ideal of closed sets.

3) Finite sets are WT'P. A finite set is a K, set if and only if it is
independent and all its elements have order q(G).

4) K, sets are Helson; in fact, ag = inf{a(K) : K € K} is > 0.

5) If F C G is a p-net, then a(F) < (v/2)7P. Hence, if a compact set K
contains arbitrarily long nets, then K is not Helson.

Before applying the results of Section 2, we prove some general facts
about K sets.

For each integer m such that 0 < m < ¢(G), we let N,,, = {z € G :
max = 0}. The N,,’s are closed subgroups of G and, by definition of ¢(G),
they are nowhere dense in G.

We denote by Z the o-ideal generated by all translates of the IN,,’s, that
is, the family of all subsets of G which can be covered by countably many
translates of the N,,’s.

Finally, we say that a set £ C G is Z-perfect if no nonempty relatively
open subset of E belongs to Z. By the Baire category theorem, every open
subset of G is Z-perfect.

LEMMA 2. Let F C G be a finite K, set, and let A = {z € G : z €
G, and FU{z} ¢ K,;}. Then A€ T.

Proof. We know that FFU{x} is a K|, set if and only if  has order ¢(G)
and F'U{x} is independent. Moreover, if 2 € G has order < ¢(G), it is easy
to check that for each m € Z, there is an integer m’ such that |m’| < ¢(G)
and mx = m/x.
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Now, let Gp(F') be the subgroup of G generated by F. From the two
preceding remarks, we easily deduce that A is contained in the set A’ de-
fined by

re A < 3Im (0<|m|<q(G)and mz € Gp(F)).

If 0 < |m| < q(G) and y € G, the set E,, , = {z € G : ma = y} belongs
to Z. Since Gp(F') is countable, it follows that A’ € Z. This concludes the
proof.

THEOREM 1. Let E C G be a closed Z-perfect set contained in G,. Then
K,NK(E) is dense in K(E). In fact, for any finite K, set F' C G, the set
Gr ={K e K(E): KUF € K;} is a dense Gs hereditary subset of K(E).

Proof. Since K, is hereditary, the second statement implies the first.
So let us fix a finite K, set F' C G.

It is clear that Gr is G5 and hereditary.

Now, let Vi,..., Vi be nonempty open subsets of E. Since each V; is
ZI-perfect, we can apply Lemma 2 k times to get x1,...,z; € G such that
x; € Vi for all i and F U {z1,...,2,} € K,. This shows that Gr is dense in
K(E).

In the circle group, Theorem 1 simply says that the Kronecker sets are
dense in any perfect subset of T, which is a well known fact. When ¢(G) <
oo, simple examples show that even if P C G is perfect and all its elements
have order ¢(G), the K|, sets contained in P need not be dense in K(P).

COROLLARY. Let E C G be an I-perfect set. Then WTP NK(E) is a
big subset of C(E).

Proof. It is easy to check (using the Baire category theorem and the
separability of G) that, given any nonempty closed set F' C G, there exist
a point a € G and an open set V such that VN F # @ and a+F NV C G,.
Thus we may and do assume that E is contained in G, (because WT'P is
translation-invariant and every open subset of E is Z-perfect).

Now, let oy, be the constant introduced above, and let G be the family
of all compact sets K C E with the following property:

VS e Bi(PM(K))Vfe A(G) [(S, f)| <aqsup{|f(z)|:x € E}.

Since A(G) is dense in Cy(G), G is contained in WT P. Moreover, using the
separability of A(G), one easily checks that G is a G5 subset of IC(E), which
is obviously hereditary.

Finally, since finite sets are WT'P, G contains every finite K, subset
of E; hence, by Theorem 1 (and the fact that K|, is hereditary), G is dense
in IC(E). This concludes the proof.
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Now we turn to applications of the results of Section 2. We show first
that WTP, H and U}, are true 39 within any My set; then we prove that
H is true X3 inside the countable sets.

LEMMA 3. Every closed set in T is a Uy set.

Proof. For each integer m such that 0 < m < ¢(G), Ny, is a closed
but nonopen subgroup of G. By a result of V. Tardivel [T], this implies
that IN,, € Uy. Since Uy is a translation-invariant o-ideal of closed sets, the
lemma follows.

LEMMA 4. Let E C G be a nonempty M} set and for p € w, define
A, ={K € K(E) : no(K) > 27P}. Then the perfect WTP sets contained in
E are nowhere contained in any A,.

Proof. By Lemma 3, F is Z-perfect. Hence, by Theorem 1 (Corollary),
WTPNK(E) is a big subset of IC(E). Now, by a result of Kechris [Kel],
if Fis any M} set and G is any dense G4 hereditary subset of IC(F), then,
for each integer N > 1, there exist perfect sets Ki,..., Ky € G such that
no(K1 U...UKn) < 4/N. This proves the lemma.

Let P be the family of perfect compact subsets of G.

THEOREM 2. If E C G is an My set, then there is no Hg set such that
PNWTPNK(E) C M C U, In particular, the families of perfect WT P
sets, perfect Helson sets and perfect U} sets contained in E are true Eg in

K(E).

Proof. Since Uy is a o-ideal of closed sets, every My set contains a
nonempty M} set. Hence, Theorem 2 follows from Lemma 4 and Theorem B.

LEMMA 5. Let p be a positive integer, and let V be a nonempty open
subset of G contained in G4. Then there is a finite set F' C G such that

e FCV.
e Fis a net of length p.
e Fach element of F has order q(G).

Proof. By Theorem 1 applied to Gg, the set {(zo,...,z,) € GbT! :
{zo,...,2p} € K,}is densein G{;H. Now, for each T = (zq,...,2p) € Gg“,
let F(z) = {zo+ Y% eix; :e; = 0,1}. The map F is clearly continuous,
so the set {T € GP!: F(z) CV, x; # x; for all i # j} is a nonempty open
subset of Gg“. It follows that there exist pairwise distinct a,ly,...,l, € Gy
such that F'(a,li,...,l,) CV and {a,l1,...,l,} is a K set.

It is then easy to see that F' = F(a,li,...,l,) has cardinality 27 and
that each element of F' has order ¢(G). This proves the lemma.
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THEOREM 3. There exists a continuous map o — E(«a) from 2% into
K(G) such that

e For each o € 2¥, E(«v) is a convergent sequence.
o Ifa €¢ W, then E(a) is the union of finitely many K, sets.
o Ifa & W, then E(a) contains arbitrarily long nets.

In particular, the countable Helson sets form a true Eg subset of Ky,(G).

Proof. By Theorem 1 and Lemma 5, we can apply Theorem B with
X=G,0=K,NK(X),B={0}U{{z}:2€ X} and 4, ={K € K(X):
K does not contain any p-net}.

Notice that HNK,,(G) is not I in K(G). In fact, it is not even Borel. To
see this, take an independent My set E C G (a Rudin set, see [LP]). Then
K. (FE) is not Borel in £(G), since E is uncountable. But every countable
independent compact set is Helson (see [KL]). Hence H N K, (E) = Ky, (E)
is not Borel in K(G). The same example shows that we cannot “localize”
Theorem 3 within an arbitrary My set.

To conclude this paper, we briefly discuss other examples of natural Eg
in harmonic analysis.

Very close to the U] sets are the U’ sets (see [KL]) and the U} sets of
R. Lyons [Ly|, which also form X3 subsets of K(T). In fact, one has the
inclusions WT'P C U" C U) C U], so (by Theorem 2) U’ and U} are true
Eg. For U’ sets, there is a more precise “local” result: if F is any closed set
of multiplicity, then U’ N K(E) is a true X3 of K(E). This can be deduced
from our criteria, using the family of Dirichlet sets rather than the family
of K, sets.

Other examples in the circle group are the p-Helson sets introduced by
M. Gregory [G]. A compact set K C T is p-Helson (say K € H(,)) if every
continuous function on K is the restriction of a continuous function on T
whose Fourier series belongs to [P(Z). Obviously, H1y = H, H,) € Hpyy if
p <p, and Hz) = K(T).

It is shown in [G] that for p > 1, H, is a o-ideal of K(T), and that
a compact set K is p-Helson if and only if for all p € M(K), ||ul|lpm =
inf{||e— Allar + [ Allia : A € My(T)}, where My(T) = {A € M(T) : A € 19(Z)}
(and ¢ = p/(p — 1)). Using this, it is not hard to check that H,) is G5 in
K(T).

Now, let H be the family of compact subsets of T which are p-Helson for
some p € |1,2[. Tt follows from the preceding remarks that H is a big 39
ideal of IC(T). Moreover, it is also shown in [G] that for any p < 2, H(;,) is a
proper subset of 7'7; and it is not difficult to deduce from the proof that this

is true in any open subset of T. Thus Theorem A applies, and we conclude
that H is a true X3 subset of K(T).
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On the other hand, our criteria do not apply to the family of H-sets of
the circle group, which is also a true X3 (see [Li]), because H is not an ideal
of K(T).
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