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Mapping class group of a handlebody
by

Bronistaw Wajnryb (Haifa)

Abstract. Let B be a 3-dimensional handlebody of genus g. Let M be the group
of the isotopy classes of orientation preserving homeomorphisms of B. We construct a
2-dimensional simplicial complex X, connected and simply-connected, on which M acts

by simplicial transformations and has only a finite number of orbits. From this action we
derive an explicit finite presentation of M.

We consider a 3-dimensional handlebody B = B, of genus g > 0. We
may think of B as a solid 3-ball with g solid handles attached to it (see
Figure 1). Our goal is to determine an explicit presentation of the map-
ping class group of B, the group M, of the isotopy classes of orientation
preserving homeomorphisms of B. Every homeomorphism h of B induces a
homeomorphism of the boundary S = 0B of B and we get an embedding of
M, into the mapping class group MCG(S) of the surface S.
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Fig. 1. Handlebody

An explicit and quite simple presentation of MCG(SS) is now known, but
it took a lot of time and effort of many people to reach it (see [1], [3], [12],
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[9], [7], [11], [6], [14]). The main step towards an explicit presentation of
MCG(S) was done by Hatcher and Thurston in [7] where they constructed a
connected and simply-connected cellular complex—a cut-system complex of
S—on which MCG(S) acts by cellular transformations with a finite number
of orbits and well understood stabilizers. A presentation of MCG(S) was ob-
tained from this action by methods described more explicitly by Laudenbach
[11]. The presentation was simplified by Harer [6], and further simplified by
Wajnryb [14].

No presentation of M, has been known until now. A finite set of genera-
tors for M, was first obtained by Suzuki [13]. It was quite similar to the set
of generators in our Theorem 18, the main result of this paper. The group
M, has an infinite index in MCG(S) so the knowledge of MCG(S) does not
help directly in the investigation of M,. However, we apply the main idea of
Hatcher and Thurston and construct a simplicial, 2-dimensional cut-system
complex X of B, similar to the cut-system complex of S, on which M, acts
by simplicial transformations. We prove by a direct method, quite differ-
ent from the method of Hatcher and Thurston, that X is connected and
simply-connected. We describe the orbits of the action of M, on vertices,
edges and faces of X. M, acts transitively on vertices and has only a fi-
nite number of edge-orbits and face-orbits. We describe the stabilizer of
a vertex and the stabilizer of each edge and then apply the ideas from [7]
and [11] to obtain an explicit presentation of M, (Theorem 18). We follow
the Master dissertation of Michael Heusner [8] in which the method of [7]
and [11] was very clearly and precisely explained. Unfortunately, an explicit
presentation of M, (Theorem 18) obtained in this way is still rather long
and complicated.

1. Cut-system complex. In this section we construct the complex X
and prove that it is connected and simply-connected.

Let B be a handlebody of genus g and let S be the boundary of B. By a
curve on S we always mean a simple closed curve. A curve « is a meridian
curve if it bounds a disk D in B such that DN S = 0D = «. Then D is
called a meridian disk. If « is a meridian curve, non-separating on S, and
if we cut B along a corresponding meridian disk D, we get a handlebody
B’ of genus g — 1. On the boundary of B’ we have two copies of D—two
distinguished disks. For the purpose of induction on genus we shall consider
a handlebody B with a finite number of disjoint distinguished disks on its
boundary S and we shall assume that all homeomorphisms and all isotopies
of S are fixed on the distinguished disks. If we have disjoint meridian curves
on S we can construct pairwise disjoint meridian disks.

We start with disks D; and Ds and put D, into general position with
respect to Dy. Then they intersect along disjoint circles. Consider an inner-



Mapping class group of a handlebody 197

most circle C' on D;. It bounds a disk A; in Dy. It also bounds a disk A,
in D5. Since C'is innermost on D7 the disk A; does not meet D5 outside C'.
In particular A; and Ay meet only at their common boundary C'. Their
union forms a sphere. Since B is irreducible the sphere bounds a 3-ball. We
can push Ay across the 3-ball off A;. By induction we can get rid of all the
intersection of D; and Dy. Now we keep D; and D, fixed and deform Dg
to make it disjoint from the other two disks, and so on.

A cut-system on S is an isotopy class of an unordered collection of g
disjoint meridian curves a1, ...,a, which are linearly independent in the
homology group H;(B) and are disjoint from the distinguished disks. When
we cut B open along the corresponding disjoint meridian disks we get a 3-
ball. We denote a cut-system by (a1, ..., a,). We say that two cut-systems
are related by a simple move if they have g — 1 curves in common and the
other two curves are disjoint. To simplify notation we drop the symbols for
unchanging circles, e.g. (a;) — (o)) means that the curve «; of a cut-system
is replaced by a meridian curve o and the other g—1 curves of the cut-system
do not change. It also means that o is disjoint from all the curves of the
cut-system and that the new collection of curves forms a new cut-system.

We construct a 2-dimensional complex X. The vertices of X are the cut-
systems on S. Two cut-systems are connected by an edge if they are related
by a simple move. If three vertices of X have g — 1 curves in common and
the three remaining curves, one from each cut-system, are pairwise disjoint,
then each pair of the vertices is connected by an edge in X and the vertices
form a triangle, a closed edge-path with three edges. We glue a face to every
triangle and get a 2-dimensional simplicial complex X. The complex X is
called the cut-system complex of the handlebody B.

The main result of this section is the following

THEOREM 1. The cut-system complex X is connected and simply-con-
nected.

A homeomorphism h of B onto itself takes a meridian disk to a meridian
disk. It takes a cut-system to a cut-system. If we let h{aq,..., ) =
(h(a1),...,h(ay)) we get an action of the mapping class group M, on the
vertices of X. The action also takes vertices connected by an edge to vertices
connected by an edge, so it is a simplicial action.

Every curve on S is ambient-isotopic to a PL-curve (piecewise-linear).
We may assume that all curves in this paper are PL and that in the given,
finite collection of curves different curves intersect only in a finite number
of points, transversely, and no point belongs to three or more curves. We
denote the number of intersection points of @ and 8 by |a N F|. We want to
prove that X is simply-connected. We start with a fixed closed edge-path
and want to prove that it is null-homotopic in X, i.e. it decomposes into a
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sum of triangles. We fix a particular collection of curves representing each
vertex and assume that all curves of all these collections intersect trans-
versely at a finite number of points and no point belongs to more than two
curves. We may later introduce new curves subject to the same conditions.

We first consider the case of genus g = 1.

If B is a solid torus than all non-trivial (not contractible on S) meridian
curves on the boundary S of B are isotopic. A cut-system is an isotopy
class of a single meridian curve and thus X consists of a single point. But if
there are distinguished disks on .S, which we need for the induction purpose,
then different meridian curves may be non-isotopic in the complement of
the distinguished disks and they may intersect essentially. In that case the
complex X may be quite complicated.

We say that two meridian curves « and 8 on S form a 2-gon if there
is a disk (a 2-gon) in S bounded by an arc of a and an arc of 3. A 2-gon
may contain distinguished disks inside. A collection of curves forms a 2-gon
if a pair of curves of this collection form a 2-gon. In that case a minimal
2-gon is one which does not contain another 2-gon inside. If o and 3 form a
minimal 2-gon then any other curve of the collection crosses the 2-gon along
arcs which meet each of the curves o and 3 once. If two curves on S are
homotopic and not disjoint then they form a 2-gon (see [5]).

LEMMA 2. If g =1 then X is connected.

Proof. Let o and 8 be two meridian curves on .S. They are homotopic,
so if they are not disjoint they form a 2-gon. Consider a minimal 2-gon, say
bounded by arcs a and b of o and (3 respectively. If we replace the arc a of
a by the arc b we get a new curve o’ homotopic to a on S (see Figure 2).
Then o/ is a meridian curve, [aNa/| =0 and [N /| < |BNa|. It follows
by induction on |o N (3| that o and [ can be connected by a sequence of
curves such that the consecutive curves are disjoint, and thus connected by
an edge in X. =m

Fig. 2. The curves a and 3 form a 2-gon

LEMMA 3. Let g =1 and let p = {a1,...,ax} be a closed edge-path in
X, i.e. ay = ay. There exists another closed edge-path p’ = {af,...,a}}
homotopic to p in X and such that the collection of curves o, ..., a} forms
no 2-gons.
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Proof. Consider a minimal 2-gon. Suppose it is formed by arcs a and
b of curves «; and «; respectively. If we replace b by a (as in Figure 2) we
get a new curve a;, homotopic to a; on S and disjoint from «;. So it is
a meridian curve and represents a vertex in X. Also |o N ay| < |a; N ayl.
By a previous remark, oz;. does not form any new intersections with other
curves so it is also disjoint from a;;_; and a4 and is connected by edges to
aj_1, aj, and ajy1. When we replace o by a; we get a new edge-path and
the difference between it and the old path is a sum of two triangles. Thus
the new path is homotopic to p in X and its curves intersect in a smaller
number of points. Lemma 3 follows by induction. m

LEMMA 4. If g =1 then X is simply-connected.

Proof. Consider a closed edge-path in X. We want to prove that it
can be decomposed into a sum of triangles. By the previous lemma we
may assume that it has no 2-gons. But meridian curves on a solid torus are
homotopic. If there are no 2-gons then all curves are disjoint, and every pair
is connected by an edge. In particular the edge-path is a sum of triangles
as required. m

From now on we assume that B has genus g greater than 1.

InpDUCTION HYPOTHESIS 1. The cut-system complex of a handlebody
of genus less than g is connected and simply-connected.

Our next task is to prove that X is connected. We start with a lemma
which will also be used later, in the proof that X is simply-connected, so it
may seem unnecessarily complicated at this stage.

LEMMA 5. Let «, 3, v1, 72 be non-separating meridian curves on S such
that [y1 Ny =k >0, |y1 Nal < n, and |y2 N a| < n. Then there exists
a non-separating meridian curve § such that [0 Ny1| < k, |0 N 2| < k, and
0Nl <n. If also |[y1 NG = |y N B =0, then |6 N 3] = 0.

Proof. We may put the meridian disks Dy and D, bounded by v; and
o respectively, into general position. Then they intersect along disjoint
arcs and circles. We can get rid of the circles of intersection by moving
disks across 3-balls corresponding to innermost circles. Consider now an
innermost arc d of the intersection (closest to the boundary) on D;. The
arc splits D into two disks. One of them, say D/, does not meet Dy (see
Figure 3). The disk D] is bounded by d and by an arc ¢; of ;. The arc ¢;
contains m points of the curve a. Consider also a corresponding construction
for an innermost arc on Dy. Among all innermost arcs choose a “minimal”
arc d, one for which the number m is minimal. If there are several such
“minimal” arcs and one of them is innermost on Dy we choose that one.
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Fig. 3. Meridian disks of v; and 2

Suppose first that the minimal arc d is innermost on D; (see Figure 3).
Let p and g be the end points of d. The arc d also splits D into two disks DY,
and DY bounded by d and by arcs ¢, and ¢ of y2 respectively. These disks
may intersect D; but not inside D}. When we replace the arc ¢} (or ¢j) of
72 by ¢1 we get a meridian curve §' (respectively ¢”) on S which bounds
a meridian disk D] U DY (respectively D} U D}). We can push ¢ (or §”)
off itself on S, away from the intersections p and ¢, making it disjoint from
~v2. We get rid of the intersection points p and ¢ at least, so |6’ N~1| < k
and |8 Nv1| < k. In the first homology group of S we have §" + §' = 5.
Since 75 is non-separating, i.e. non-trivial in the homology group, one of
the curves must be non-separating and we choose this curve for §. The
disks D) and Df must contain innermost arcs (possibly d is innermost on
one or both disks), therefore both ¢}, and ¢ meet a more than m times, by
the minimality condition on d. We traded such an arc of ~s for the arc ¢y,
therefore |0 N | < n.

Suppose now that the minimal arc d is innermost on Dy. We switch
the roles of Dy and D5 (also in Figure 3) and repeat the construction of 4.
There may be some innermost arcs on D; for which the corresponding arc
of v; also meets « only m times, but not less. In order to construct § we
replace an arc of ; which meets a at least m times by an arc of ~5 which
meets a exactly m times. So § meets « at most as many times as y; and
again |0 N «a| < n and the other properties of § are as in the first case. The
assertion about the curve § follows from the construction. m

LEMMA 6. If v1 and vy are vertices in X which have one or more curves
in common then they can be connected by an edge-path of vertices in X all
of which contain the common curves of vy and vs.

Proof. When we cut B open along the disjoint meridian disks bounded
by the common curves of v; and vy we get a handlebody B’ of a smaller genus
and the remaining curves of v; and vy form two vertices of the cut-system
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complex of B’. By Induction Hypothesis 1 there exists an edge-path p’ in
this complex which connects the two vertices. When we add the common
curves of v; and vy to curves of each vertex of the edge-path p’ we get
cut-systems on B which form an edge-path in X connecting v; and vy. =

LEMMA 7. If « and B are non-separating meridian curves then there
exrist vertices v1 and vy of X which are connected by an edge-path in X
(possibly v = ve) and contain the curves o and [3 respectively.

Proof. We prove the lemma by induction on n = |a N 3|. Assume first
that the curves are disjoint. If & U 3 does not separate the surface S then
the pair «, 8 can be completed to a cut-system on B representing a vertex
v1 = v2. Suppose now that a U separates S. When we cut B along disjoint
meridian disks bounded by « and [ respectively we get two handlebodies
By and B;. We choose a cut-system on each of the handlebodies. We get
together g — 1 meridian curves. When we add « or 3 to these g — 1 curves
we get two cut-systems on B which are related by a simple move.

Assume now that n > 0. By Lemma 5 we can find a non-separating
meridian curve v with |y Na| < n and |y N G| < n. By the induction
hypothesis there exists a vertex v; of X containing a and connected by
an edge-path to a vertex vz containing . There also exists a vertex vy
containing v and connected by an edge-path to a vertex v, containing .
Finally, v3 and v4 are connected by an edge-path by Lemma 6. m

As an easy corollary we get
PROPOSITION 8. X is connected.

Proof. If v; is a vertex of X containing some curve o and v is a vertex
of X containing some curve 3 then, by Lemma 7, there exist other vertices
vz and vy connected by an edge-path and containing « and 3 respectively.
By Lemma 6 we can connect v; to vs and vy to vo by edge-paths in X. m

We now proceed to prove that X is simply-connected.

We define the distance between two curves a and ( as their intersection
number [N G|. The distance between a curve v and a vertex (o, ..., aq) is
equal to the minimum of the distances |y N «a;|. The radius of an edge-path
around a curve « is equal to the maximum of the distances from « to the
vertices of the edge-path.

A segment is a sequence of consecutive vertices of an edge-path which
have a curve in common. We say it is an (a, 3, ... ,7)-segment if all vertices
of the segment contain the curves (o, 3,...,7).

The general idea of the proof is to start with a closed edge-path in X
and reduce it to a sum of simpler edge-paths, and eventually to a sum of
triangles, by induction on the radius of the edge-path around a fixed curve
«a and induction on the number of segments of maximal distance from «.
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LEMMA 9. A closed segment is null-homotopic.

Proof. We cut B open along the meridian disk bounded by the common
curve « of the segment, getting a handlebody B’ of a smaller genus. The
remaining curves of each vertex form a vertex of a closed path in the cut-
system complex of B’. This path decomposes into a sum of triangles by
Induction Hypothesis 1. When we add back the curve a to every vertex we
get a decomposition of the initial closed segment into a sum of triangles. m

LEMMA 10. A closed path p = (a,y) — (B,7) — (5,9) — (a,9) —
(v, ) is null-homotopic in X.

Proof. If g > 2 then the path is a closed segment, all vertices of p have
at least one additional common curve, so we may assume g = 2. All the
curves are disjoint. If a« U3 (or v U §) does not separate S there is a vertex
(o, B) (respectively (7, d)) which is connected by an edge to every vertex of
the path and splits the path into a sum of four triangles. In the other case
let us split B open along the meridian disks of «, (3, v, and §. Since oo U~
does not separate S we get three connected components and eight boundary
components.

There is a connected component with at least three boundary compo-
nents. By the separation properties of «, 3, v and 0 this connected compo-
nent has three boundary components corresponding to three different curves
out of a, 3, v and 4. Two of them belong to one vertex, say « and . We
can form a connected sum «+ -y of the two curves inside the connected com-
ponent. We get a new meridian curve € disjoint from all four curves. The
curve ¢ forms a vertex with each of the four curves. The path p decomposes
into a sum of ten triangles (see Figure 4). m

(e, 7)
/ \

- {ae %)

(o, 8) T / T <ﬂ,’y>
(55 —

Fig. 4. Reduction of a square path

LEMMA 11. Let a and B be disjoint, non-separating meridian curves.
Let v1 and vy be vertices of X connected by an edge and containing o and
B respectively (or vy = vy contains both curves o and [3). Let vz and vy
be another pair of vertices connected by an edge and containing o and (3
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respectively. Then there exist an a-segment connecting v1 and vz and a
(-segment connecting vo and vy such that the union of the two segments,
together with edges connecting v1 to v and vs to vy, forms a closed edge-path
null-homotopic in X.

Proof. Suppose first that o U 3 does not separate S. When we cut B
along meridian disks bounded by « and 3 we get a handlebody By of genus
g — 2. We can choose g — 2 curves out of the common curves of v; and v
which form a cut-system u; on B;. We can also choose g — 2 curves out of
the common curves of v3 and v4 which form a cut-system w; on Bj.

We connect u; to wy by an edge-path in the cut-system complex of Bj.
We add « and S to all vertices of this edge-path. We get an («a, 3)-segment.
The first vertex of this segment is connected by edges to v; and vy and
forms a triangle (or is equal to vy if v1 = vy). The last vertex is connected
by edges to vs and vy and forms another triangle (see Figure 5, right side).
We can extend the (o, 3)-segment to an a-segment from v; to v and to a
B-segment from vy to v4. The union of the segments and the edges is equal
to a sum of two triangles and a trivial path.

(ur,ug, ) = v — (ug,u, B) = vy (ur,v, @) =v1  — (u1,7v,5) = v2

(ug " ) (uj Vﬁ> ~ -
U1, U2, Uy, U2, <u1’a7ﬂ>
(wl,UQ,Oé> _— <w1,u235> .

L L

<’w1,’LL,2,OL> - <wlau1276> \/
<U]1,C¥,,8>
/ .
(w1, we, ) = vz — (wi,ws,[) =4 (w1,0,a) =v3 — (w1,0,0) =4

Fig. 5. Parallel segments

Suppose now that o U 3 separates S. When we cut B along meridian
disks bounded by a and § we get two handlebodies By and By and the sum
of the genera of B; and By equals g — 1. The remaining curves, common to
v1 and wvg, split into two families; one forms a cut-system u; on B; and the
other forms a cut-system us on Bs. Also the remaining curves in vz and vy
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form a cut-system w; on B; and a cut-system wy on By. We connect u; to
wy by an edge-path in the cut-system complex of B;. We add « and the
curves of uy to all vertices of the edge-path getting an edge-path in X (see
Figure 5, left side).

Now we connect us to wg by an edge-path in the cut-system complex
of By and add « and all curves of w; to all vertices of this edge-path. We
get a new edge-path in X which extends the first edge-path. Together we
get an a-segment connecting v; to vg in X. Now we replace a by 3 in
all vertices of this segment and get a (-segment connecting vs to vy in X.
Corresponding vertices in the two segments are joined by an edge. The
union of the segments together with the edges connecting v; to ve and ws
to v4 splits into squares which are null-homotopic by Lemma 10. =

LEMMA 12. A closed edge-path p of radius zero around a curve o of
some vertex of p is null-homotopic in X.

Proof. We prove the lemma by induction on the number of segments
having a common curve disjoint from «. If all vertices contain o then we have
a closed segment. In the other case consider a maximal segment containing
«. Let u; be its first vertex and let vy be its last vertex. Let us be the
next vertex of p. The vertex us contains a curve § disjoint from «, the
common curve of the second segment. Let vy be the last vertex of the
second segment. Suppose that there are only two segments. We are in the
situation of Lemma 11. We can connect the two pairs of vertices vy, us and
vo,u1 by parallel segments and p splits into a sum of two closed segments
and a path null-homotopic by Lemma 11. So we may assume that there
exists a third segment with a common curve v disjoint from « and 3. Let
ug be the vertex of p following v,. It contains v. We cut B along meridian
disks bounded by «, 3, .

If we get three components then the genus goes down by one. We choose
a cut-system on each component, add them up and get g—1 curves. When we
also add the curve «a (respectively (3,7) we get a cut-system w; (respectively
wo,w3) on B and the cut-systems form a triangle. By Lemma 11 we can
connect wy to v; by an a-segment, ws to us and vy by [-segments and ws
to ug by a y-segment. Figure 6 shows that p can be replaced by an edge-
path which does not have a J-segment and the difference of the edge-paths
decomposes into a sum of null-homotopic paths by Lemmas 9 and 11. If
aU B does not separate S we can find a vertex w; = we which contains both
curves « and § and is connected by an edge to a vertex ws containing -.
The case of a U~ or 8 U~ non-separating is similar. If o U U~ does not
separate we can find a vertex w; = wo = w3 containing all three curves. The
argument using Figure 6 works in all cases. Lemma 12 follows by induction
on the number of segments. m
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«@ Jé] 5

U1 > U1 U2 > V2 — U3 > U3
o x / ;
w2
w

Fig. 6. Reduction of a path of radius 0

w1 3

The next lemma will be used to make a short-cut from a vertex u; to us
in the situation of Figure 7.

LEMMA 13. Let o, B, 71, 72 be non-separating curves on S such that
MmNyl =k |nna <m, eNal <mand |11 NGl =|yrnp =0.
Let uy and ug be vertices of X containing v1 and ~yo respectively. Then
there exists a path q connecting uy and uo such that all vertices of q have
distance zero from [ and have distance less than m from «, except possibly
for a final vo-segment of q which ends at us.

Proof. If |y31 N 2| = 0 then we can find vertices w; and ws connected
by an edge in X and containing 7, and 7, respectively (possibly one vertex
contains both). We can connect u; to w; by a 7;-segment and ws to uy by
a yo-segment, by Lemma 6, getting the required edge-path q.

If vy N y2] = k > 0 then, by Lemma 5, we can find a non-separating
meridian curve § such that 0N G| =0, [0Na| < m, [§ N~y < k, and
|0 Ny2| < k. Let w be a vertex containing §. By induction on k we can find
an edge-path q; between u; and w and an edge-path qo between w and us
such that both have radius zero around g, all vertices of q; have distance
less than m from « and all vertices of qo have distance less than m from
«, except possibly for the final vo-segment which ends at uy. Together they
form the required edge-path . =

Proof of Theorem 1. X is connected by Proposition 8. We want to prove
that every closed edge-path in X is null-homotopic. Suppose that a closed
path p has radius m around some curve a. If m = 0 then p is null-homotpic
by Lemma 12. We continue by induction on m. For fixed m we prove the
result by induction on the number of segments of p which have a common
curve at distance m from .

Let vg be a vertex of p containing a. We say that p begins at vyg.
Let v; be the first vertex of p which has distance m from «. Let qg be
the maximal segment of p which starts at v1, contains some fixed curve g
satisfying |5 N a] = m and such that no vertex of qg contains a curve [’
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satisfying |3’ Na| < m. Let vy be the last vertex of qg. Let u; be the vertex
of p preceding v1 and let us be the vertex of p following vs (see Figure 7).
The vertex u; contains a curve 7; such that |y1 N a| < m. The vertex us
contains a curve vz such that |y2 Na| < m or |y2 N a| = m and 7, is the
common curve of the next segment. Since the curves in the neighbouring
vertices are disjoint we have |[fNy1| = |F N 2| = 0.

B V2
u1 U1 V9 U

q

Fig. 7. Reduction of a path of radius m

We can now replace the part of p from u; to us by a path q from Lemma
13 (see Figure 7). The new path p; differs from p by a closed path of radius
zero around [, so p; is homotopic to p, and it has no f-segment (although
its y9-segment may be longer than in p). The number of segments in p; at
distance m from « is smaller than in p. Theorem 1 follows by induction. m

2. A presentation of M,. In this section we establish a presentation
of the mapping class group of a handlebody. We denote by B = B, a han-
dlebody of genus g represented in Figure 1. We denote by S the boundary
of B, by M the mapping class group of B and by X the cut-system complex
of B.

For g = 1 one can compute the mapping class group directly:

THEOREM 14. The mapping class group My of a solid torus B 1is iso-
morphic to 7. @ 7.

Proof. If g = 1 then the curve a7 in Figure 1 is the only meridian
curve on the boundary S of B, up to isotopy. A homeomorphism h of B
either leaves the isotopy class of oy invariant or, up to isotopy, h fixes a;
setwise and reverses its orientation, so that h? leaves the isotopy class of
oy invariant. The z-axis in Figure 1 is shown for g even. For odd genus
the z-axis passes through the middle handle. In the case of genus one the
rotation z through 180 degrees around the z-axis reverses the orientation of
ai, and 22 = 1. So for every h € M either h or zh preserves the isotopy
class of . If a homeomorphism A preserves the isotopy class of a; then it
is isotopic to a homeomorphism fixed on «;. It induces a homeomorphism
of the annulus S — a7 and thus it is a power of the Dehn twist a; with
respect to the curve ay (see Definition 1 below). The elements a; and z of
M commute. The theorem follows.
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From now on we assume that g > 1.

To shorten some formulas we adopt the following notation for conjuga-
tion: a b= aba~!. As usual, [a,b] = aba"1b1L.

REMARK 1. Some proofs of relations between homeomorphisms of a sur-
face are left to the reader. The general idea of the proof is as follows. We
split the surface into a union of disks by a finite number of curves (and arcs
with the end-points on the boundary if the surface has a boundary). We
prove that the given product of homeomorphisms takes each curve (respec-
tively arc) onto an isotopic curve (arc), preserving some fixed orientation of
the curve (arc). Then the product is isotopic to a homeomorphism point-
wise fixed on each curve and arc. But a homeomorphism of a disk fixed
on its boundary is isotopic to the identity homeomorphism, relative to the
boundary, by the Lemma of Alexander. Thus the given product of homeo-
morphisms is isotopic to the identity.

We start with some properties of homeomorphisms of the surface S.
Dehn proved in [4] that every homeomorphism of S is isotopic to a product
of twists of the following type.

DEFINITION 1. A (positive) Dehn twist with respect to a simple closed
curve « on an oriented surface S is the isotopy class of a homeomorphism h
of S, supported in a regular neighbourhood N of « (an annulus), obtained as
follows: we cut S open along «, rotate one side of the cut by 360 degrees to
the right (this makes sense on an oriented surface) and then glue the surface
back together, damping out the rotation to the identity at the boundary
of N. The Dehn twist (or simply twist) with respect to a will be denoted
by T,.

LEMMA 15. Let a be a curve on S, let h be a homeomorphism and let
o = h(a). Then T, = hT,h™1 .

Proof. Since h maps a to ¢/ we may assume that (up to isotopy)
it also maps a neighbourhood N of « to a neighbourhood N’ of /. The
homeomorphism ~A~! takes N’ to N, then T,, maps N to NN, twisting along
a, and h takes N back to N’. Since T, is supported in N, the composite
map is supported in N’ and it is a Dehn twist about o/. =

LEMMA 16. Let v1,...,7 be a chain of curves, i.e. the consecutive
curves intersect once and non-consecutive curves are disjoint. Let N denote
a reqular neighbourhood of the union of these curves. Let ¢; denote the twist
along ~v;. Then the following relations hold:

(i) The “commutativity relation”: cics = czcy.
(ii) The “braid relation”: c1ca(y1) = Y2, €1C2C1 = Cac1Ca.
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(iii) The “chain relation”: If k is odd then N has two boundary compo-
nents, 01 and 0o, and (cy ...cp)* 1t =Ty Tp,. If k is even then N has one
boundary component 9y and (cy ...c)*F+2 = Tp,.

(iv) (caciesea)(cacsesey)(cacicses) = (eqcsescey)(caciesca)(cacsescy).

Proof. Relation (i) is obvious. It follows immediately from the defi-
nition of Dehn twist that ca(vy1) = ¢ '(72). Both statements of (ii) follow
from this and from Lemma 15. Relation (iii) is a little more complicated,
but we shall only use it for £ = 2,3, for which it is well known (see [14]).

We prove (iv). The proof involves a long sequence of braid transforma-
tions (relations (i) and (ii)):

(caciczea)(cacsesea)(cacicaca) = cacsercacacsezcacacsciCy

— (C2C3C4C1C5C2C3C2C4C3C1C2 = (C2C3C4C3C1C5C2C3C4C3C1Co
— C4C2C3C4C1CHCoC4C3C1CoCY4 — C4C9C3C1C4C5C4C2C3C1C2Cy
— C4C5C9C3C1C4C2C3C1C2C5CYy — C4CrC2C3C1C2C1C4C3C2CrCy
— C4C5C3C2C3C4C1C2C3C2C5C4 — C4C5C3C2C3C4C3C1C2C3C5Cy
= C4C5C3C4C2C3C4C1C2C3C5C4 = (CaC5C3C4)(Cac1C3C2)(CaC3C5C4).

LEMMA 17. Let U be a disk with outer boundary 0 and with n inner
holes bounded by curves 01,...,0,. For 1 <i < j < nlet a;; be the simple
closed curve in U shown in Figure 8, separating two holes 0; and 0; from
the other holes. Let d be the twist along 0, let d; be the twist along 0;, and
let a; ; be the twist along o, j. Then

— 2—n
d= (a172a1,3 -1 n023...02 nA3 4 - .. an_g,n_lan_g,nan_lm)(dl PN dn) .

O O O O

9 9 9; 0;

Fig. 8. Disk with holes and the curves a; ;

Proof. If we allow isotopies which rotate the curves 0; then the group
of the isotopy classes of homeomorphisms of U is isomorphic to the group of
the isotopy classes of homeomorphisms which preserve punctures of a disk
with n punctures. This is the classical pure braid group on n strings. The
elements a; ; represent the standard generators of the pure braid group and
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d is equal to the generator A2 of the centre. Therefore, modulo the twists d;,

d= (a1,2a1,3 <. A1 nG23...02 nA3 4 - . - an—Z,n—lan—Z,nan—l,n)-

The factor corresponding to the twists d; can be checked by induction (by
drawing many pictures). m

The special case of the above lemma, for n = 3, was observed by Dennis
Johnson [10] and called a lantern relation.

We now fix some curves on S. The handlebody B consists of g handles
attached to a 3-ball. Fori =1,...,gand j=1,...,9 — 1 we fix curves q;,
Bi, €; (see Figure 1). The curve «; is a meridian curve across the ith handle,
B; is a curve along the ith handle and &; runs along the ith handle and the

(7 + 1)st handle. The curves ay,...,a, form a cut-system.
We denote by Ij the set of indices {—¢,1—g¢,...,—1,1,2,...,¢}.
When we cut S open along the curves aq,...,a, we get a sphere Sy

with 2g holes bounded by curves 0;, ¢ € Iy, where 9; and J_; correspond to
the same curve o; on S (see Figure 10). The glueing back map identifies 0;
with 0_; according to the reflection with respect to the xz-axis. Curves on
S can be represented on Sy. If a curve on S meets some curves «; then it
is represented on Sy by a disjoint union of several arcs. In particular g; is
represented by two arcs joining 0_; to 0_;—1 and 0; to 0;+.1. We denote by
di,j, 1 < j € Iy, the curves represented in Figures 1 and 10. The curve §; ;
separates the holes 9; and 0; from the other holes on Sj.

DEFINITION 2. For each subset I = {iy,...,i,} of Iy with iy < ... <1,
we define a standard curve é; in Sy (see Figure 9), which separates the holes
0,5 -..,0;, from the other holes in Sy. We see that if ¢,5 € I then §; ; is
contained inside 6;. If I contains just two indices ¢,j then d; = J; ;, as in
Figure 10. Fori < je€ lpand I ={k € Iy | i < k < j} we define a curve

Yi, i = 1.
o 9 9i, )
O O O

X-axis CDQ
>

Fig. 9. Standard curve d; on Sy for I = {i1,...,in}

o

We now fix some elements of M. A homeomorphism A of S represents
an element in M if it takes curves of some cut-system (71, ...,7,) to curves
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Q@

i J-i

iy
QO

N
e

w

O Ol O Ep OO P
SO o™ oo
CH 9, 935 3 Jiq |9 dg

Fig. 10. Curves J; ; and A on So

of a cut-system. Indeed, we can extend h to disjoint meridian disks bounded
by v1,...,7g. When we cut B open along the meridian disks we get a ball
and h can be extended from the boundary of the ball to its interior. A twist
with respect to a curve a belongs to M if and only if « is a meridian curve.
A curve which is disjoint from all curves of some cut-system is a meridian
curve.

DEFINITION 3. We denote by a;, b;, e; the Dehn twists along the curves
«;, 3, €; respectively and we denote by d; » the Dehn twist with respect to
01,2. For ¢ € Iy we denote by d; the twist of Sy along the curve 0;. It can
be identified with the twist a|; of S. We fix the following elements of M:

s =biajaiby,
t; = ea;a;41¢; fori=1,...,g—1.
For i < j € Iy we let
dij= (ticati—o.. . titj1tj_o...ta)*dio ifi>0,
dij= ("] (17 o A7 s gt o ta)xdy1o  ifi<Oandi+j>0,
dij= " ) ooty s g ) dyg
ifi<0,j>0andi+j <0,
dij = (t) qtT5 oo by 2] gt oty s s T Y wdy i <0,
dij = (62 dj_1 5t gds o1t My o) % (s%a?)  if i+ =0,
dr = (diy indiy iy - - - diy i, d colig i Qig iy - din i) (@i - ag,
where I = {i1,...,i,} C o, i1 < ... <ip,
¢ij=dr, wherei<jelyandI={kely|i<k<j},
rij = bjajc; jbj, wherei <jelpand I ={kely|i<k<j},
k; = ajaj+1tjd;;+1 forj=1,...,9—1,

)Q—n

11,80 Yig,i3 -

si=s, ands;=(kj_1kj_2...k1)xs; forj=2,...,g,
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Z=a10a9... agstltg N tg_18t1 N tg_QS N Stlsd] where I = {1, N ,g},
Zj = (kj_lkj_g...kg+1_j)*z lf] >g/2.

Most of the products in the above definition represent very simple el-
ements of M and we now explain their meaning. We first define special
homeomorphisms of Sj.

DEFINITION 4. A half-twist h; ; along a curve ¢; ; is the isotopy class (on
Sp relative to its boundary) of a homeomorphism of Sy which is fixed outside
d;,; and is equal to a counterclockwise “rotation” through 180 degrees inside
0;,;. In particular h; ; switches the two holes 0; and 0; inside §; ; so it is not
fixed on the boundary of Sy, but h% ; 1s fixed on the boundary of Sy and is
isotopic to the full Dehn twist along d; ;.

One can check that t; = hi7i+1h_i_17_ia;1a;r11 and s = h_171a1_2. So t;
switches the holes 0; and 0,41 rotating the interior of §; ;41 counterclockwise
and it switches the holes 0_;_; and 0_; rotating the interior of d_;_1 _;
counterclockwise, and s switches the holes 9; and 0_; rotating the interior
of 6_1,1 counterclockwise. This interpretation of ¢; and s is very useful in
the investigation of their action on curves in Sp.

It follows from Lemma 16 that s(ay;) = o, fori =1,...,9, t;(a;) = ait1,
ti(oiy1) = o, and t;(oj) = o for j # 4,7+ 1. Thus the elements a;, s, and
t; belong to M.

We now consider the products d; ;. For ¢ # —j we start with 4, » and
apply consecutive factors t; and s, one at a time. We check that the result
is 0; ; so d; ; is the twist along d; ;, by Lemma 15. For d_; ; we use Lemma
16(iii). The curve 0_1 ; is the boundary of a regular neighbourhood of oy U3,
and (a1b1)® = s%a} by Lemma 16(i), (ii), therefore d_;; = (a;b1)® is the
twist along 6_1 1 by Lemma 16(iii). Now we apply a suitable product of ¢;’s
and d; ;41’s to 6_1,; and get 6_; ;. Thus d; ; is the twist along 9; ; for all ¢, 5.

It follows from Lemma 17 that d; is equal to the twist along é;. In
particular ¢; ; is the twist along the curve ~; ;.

Now it follows from Lemma 16 that r; ;(a;)=; ;. Also the curves aq,...
ey OG1,%i,j, 01, - - -, g form a cut-system. Thus r; ; belongs to M.

One can check, by drawing pictures, that k;(a;) = oj41 and k;(5;) =
Bj+1, hence s; = bja?bj is essentially the half-twist along a curve surround-
ing the holes 9; and 0_; (see Definition 4 and the interpretation of s).

We may assume that the handlebody B has a rotational symmetry with
respect to the z-axis (the vertical axis in Figure 1), so the 180 degrees
rotation around the z-axis takes the B onto itself and takes the ith handle
onto the (¢ + 1 — ¢)th handle. This rotation induces the rotation of Sy
through 180 degrees around the origin, which takes 0; onto 0;_,—1 and
0_; onto Oyqq1—; for i = 1,...,9. We now check that the element z from
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Definition 3 represents the rotation. Let z’ be the rotation. Consider loops
around the holes 9;, i < 0, which descend from above, from the common
base point at oo, and are disjoint outside co. Consider also loops around the
holes 9;, i > 0, which ascend from below, from the common base point at oo,
and are disjoint outside co. It is easy to check, using Definition 4, that z and
2" act in the same way on these loops. Since the complement of these loops
is a union of a disk and of annuli around 9;’s, it follows that z and 2z’ may
only differ by a product of a;’s. It is easy to check that z(5;) = 2/(51) = .
Since a4(8y) # B4 the power of a,4 in z must be correct. Drawing some more
pictures one can check that z(3;) = 2/(3;) = Bg4+1—;, therefore the power
of agy1—; in z must be correct for j = 1,...,9. So z = 2’ is the rotation.
From this one can check that z; leaves the curves o; and v;_, ; invariant.
We can now state our main result, a finite presentation for M:

THEOREM 18. The mapping class group Mg of a handlebody of genus g
admits the following presentation:

The set of generators consists of ai,...,aq, d12, 8, t1,...,tg—1 and 7 ;
fori<jelpandi=1o0r(i<0,i+7>0,75—1i<g).

The set of defining relations is:

(P1) [as,a] =1 and [a;,d; ) =1 for all i, j, k € .
(P2) Pure braid relations

(a)d;i*divj:divj ifr<s<i<jelyori<r<s<jely,
(b) d;ﬂl *di,j :dr,j *divj if r<i<jé€ ly,
(C) d,:sl * di,j = (di,jds,j) * di,j ’Lf 1< s <] € ly,
(d) d;’; * di,j = [dr,jy ds,j] * di,j ’Lf r<i<s< j € IO.
dr, = 1.
dr, = ay| for every k € Iy where Iy, = In — {k}.
D) titit1ti = tipatitiya fori=1,... , g9 — 2 and [ti,tj] =1 Zfl <i<
j—1<g—1.
(P6) s> =d_11a7* and t? = di7i+1d_i_17_ia;2ai__i_21 fori=1,...,9—1.
(P7) [s,a;] =1 fori =1,...,9, ti xa; = a;41 fori=1,...,9—1,
la;, tj] =1 forj#i,i—1and[t;,s]=1fori=2,...,9—1.

(P8) [s,da3] =1, [s,d_22] = 1, stisty = tyistys, and [t;,di 2] =1 for
1 # 2.

PI) Ifi<jelpandi=1o0r(i<0,i+75>0,75—1<g) then
Ti2j = 55C;,55;C

k] Z’J :

(PlO) If i<jelpandi=1or(i<0,i4+j>0,j—i<g) then
(a) mijxa; =c¢; and [r; j,a;] =1 for k # j,
(b) [rij tel =1if E<l|i| or]i| <k<j—1lork>jork=i=
1<j—1,
(¢) [rij,sul =1if k<|i| or k> j or k= —i,
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(d) [rij dem] =1 if kym e {i,...,5 — 1} or k,m & {—j,i,i +
1,...,7},
e) [rij.zj]=1if j=gorj—i=yg,
£) rijxd;; =dy where J={kely:i<k<j},
g) r1,5 % d—j,l—j = (tj_gtj_g .. .tl) *C_1,5,
h)ifi <0and j+i>1thenr j*d_j1_; = (tj_otj_z...t1_;)*
Ci—1,55
(k) if 7 < g then 7“;]-1 *xd_j_1,-j = sj_il * Cj j41-
(Pl If i<jelpandi=1o0r (i <0,i4+35>0,75—1i<g) then
Ti,j % tj—l = tj__ll * T,
(P12) Forg>j>2andi=1or (i<0,i4+j>0,j—1<g)

(
(
(
(

1§ = 85€1,585C1 jRj-1a5c1 5 -atj1¢y Uy o Sj-1hary ghy TRy, with
_ 141 -1 ~1
ho =k; 4t ot 5.ty kj1kj—2. .. ko,
o lp—1o -1 -1 -1 -
r—1,j = haryshg sjry jeZy j_jc1j—1a18ic_q jsicy i with

hg = Slkj—lkj—Z e ]{32,

171 1 1 -1 - '
i = haryghs "sjri 0y ¢ i 1Cit1,j—10-8;C; 5S¢, i for i < —1 with
hg=s ity 4 5 ;.17 'k 1k ksk
3=S8_4l_q1_4;l o ;---1q j—1Rj—2 ... K3k2.

Although Theorem 18 is very long and complicated it has some simple
and interesting consequences.

THEOREM 19. For g > 1 the mapping class group M of a handlebody B
of genus g is generated by five elements: ay, s1, r1,2,t1 and u =1y ...t;_1.

Proof. Let G be the subgroup of M, generated by a1, si, 712, t1, u.
We have to prove that G contains the generators a;, s,d; 2,t; and 7; ; of M.
We have u xt; = t;11 by (P5), sot; € G for all j. Now t; * a; = a;4+1 by
(P7), so a; € G for all i. By (P10) we have r; 9% as = di 2 € G. Now all
elements d; ;, s;, k; belong to G, by Definition 3. Finally, r; ; € G by (P12)
and induction. m

THEOREM 20. The abelianized mapping class group A = Mg /[Mg, M,]
is wsomorphic to Zo @ Zo for g =2 and to Zs for g > 2.

Proof. Elements conjugate in M, become equal in A. By (P7) all
elements a; become equal in A to an element which we denote by a. We
have 712 % aa = dy 2 by (P10), and by Definition 3 all d; ; with i # —j
become equal to a in A. By (P5) all elements ¢; become equal in A to an
element which we denote by ¢. Also all elements r; ; are equal to ¢ in A by
(P11). All elements s; become equal in A to an element which we denote
by s. So A is generated by t, s and a. Now t? = s2 by (P9), and t? = a2
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by (P6). Consider the relation in (P12) defining 71 3. Reducing modulo the
commutator we get t = s3¢~2a in A. Since t? = s? we get t = sa. Squaring
both sides we get t?> = s2a?, hence a? = 1> = s> = 1. So A is generated by
a and s and a® = 5% = 1.

We now consider separately the cases g = 2 and g > 2. If ¢ = 2 then all
edges of X are equivalent to e; 2. The relations (P12) become empty. We
have very few standard curves and very few corresponding elements d;: dj,,
dr, where I = Iy —k for k € Iy, and d; ; with 7 < j. In A the elements d_; ;
and d_s > become trivial by the definition and by the previous relations.
We have seen that d; ; becomes equal to a for i # —j so dj, is equal to 1
in A and d; is equal to a in A for I = Iy — k. All relations (P1)—(P11)
become trivial modulo the commutator and the relations a? = s> = 1. Thus
A=1Zs®Zs.

Consider now the case g > 2. From the definition of ¢; 3 and from the
previous relations we get ¢13 = 1 in A. By (P10)(a) we get a = 1, so A is
generated by s and s? = 1. Now all relations (P1)—(P12) become trivial so
A - ZQ. |

2.1. The stabilizer of a vertex. The main task of this subsection is to
establish a presentation of the stabilizer H of the vertex vy of X.

ProrosSITION 21. The group H admits a presentation with generators
ai,i=1,...,9,d12, s and t;,i=1,...,9—1, and with relations (P1)—(P8)
of Theorem 18.

The group H can be defined by two exact sequences:
(1) 125 —+X, - X, —1,
(2) l1—-Hy— H—+Y,— 1.

Before defining the objects and the homomorphisms in these sequences
we explain how from an exact sequence 1 — A — B — C' — 1 and from
finite presentations of the groups A and C' we can construct a finite presen-
tation of B.

e We write generators a; and relations ; in A.

e We write generators ¢; and relations W; in C.

e We lift generators ¢; to elements b; in B.

e We substitute b; for ¢; in W; getting a word R; in the letters b;, which
represents an element d; of A. We write d; as a product of a;’s.

e Finally, for every a; and b; the conjugate b, * a; represents an element
a; j of A, which we write as a product of the generators a;.

e B has a presentation with generators a; and b; and with relations
Qi = ]., Rj = dj, and bjaibj_l = Q4 5-
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We now describe the sequence 1 and the group 42/;. This is the group
of permutations of the set Iy = {—g,1 —g,...,—1,1,2,..., g} such that
o(—i) = —o(i). The homomorphism +X;, — X, forgets the signs. A
generator of the kernel changes the sign of one letter. The sequence splits, 2,
can be considered as the subgroup of the permutations which take positive
numbers to positive numbers. Let 7, = (i,4 + 1) be a transposition in X
fori=1,...,9—1. Then

(S1) [m, 7] =1 for |i — j| > 1,

S2) T kT =T kT fori=1,...,9—2,
+ i+1

(S3) r2=1fori=1,...,g— 1.

This defines a presentation of X,. Further, let o; for i =1,..., g denote
the change of sign of the ith letter in a signed permutation. Then o7 = 1 and
[0i,0;] = 1for all 4, j. Finally, conjugation gives 7;%0; = 041, Ti* 041 = 0;
and [0, 7;] = 1 for j # i and j # i+1. In fact, it suffices to use one generator
o = o1 and the relations 0; = (1,_17;—2...71) * 0. We get the relations

(S4) 02 =1,
(S5) (i1 ...m) *0,7;] =1for j #iand j #i+1,
(S6) [(sTi—1...T1) %0, (TjTj_1...71) % 0] = 1 for all i, 7.

The group £2X'; has a presentation with generators o,7q,...,7,-1 and
with defining relations (S1)—(S6).

We now describe the sequence (2). A homeomorphism in H may permute
the curves «; and may change their orientations. We fix an orientation of
each curve a; and define a homomorphism ¢; : H — £, as follows: a
homeomorphism & is mapped to a permutation ¢ — =+j if h(a;) = «; and the
sign is “+” if the orientations of h(c;) and of a; agree, and “—" otherwise.
If h preserves the isotopy class of a; and preserves its orientation then it is
isotopic to a homeomorphism fixed on «;. The kernel of ¢; is the subgroup
Hj of the elements of H represented by the homeomorphisms which keep
the curves aq,...,a, pointwise fixed. Such a homeomorphism induces a
homeomorphism of the surface Sy obtained by cutting S open along the
curves a;.

We shall study the mapping class group of Sy and from it we shall deduce
a presentation of Hy. We want to make the presentation symmetric with
respect to all holes so it is relatively complicated but it will simplify the
subsequent treatment of the mapping class group M. We use the notation
from Definition 3.

LEMMA 22. The mapping class group of Sy has a presentation with
generators d;, © € Iy, and d; j, i < j € Iy, and with relations

(Q1) [di,d;] =1 and [d;,dj ] =1 for alli,j, k € Iy,

(Q2) pure braid relations
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(a)ditxdij=dijif r<s<i<jelyori<r<s<jel,
(b) d;. *d”—d”*dljzfr<z<j€[0,
(C) :(di,jds,j)*di,j ’Lf’L<8<] EIO,

(d) *dzj _[d’r,j7ds,j]*di,j Z'f’l”<i<8<j€_[0,
(Q3) dg, =
(Q4) di = dlk for every k € Iy where I}, = Iy — {k}.

Proof. We start with a big disk D in Sy which contains all holes 9;,
i € Ip. When we glue a disk with a distinguished centre to each curve
0; we get a disk with 2¢g distinguished points. Its mapping class group
is isomorphic to the pure braid group P, with generators d; ; and with
relations (Q2). In the passage from the mapping class group of D to the
mapping class group of the punctured disk we kill exactly the twists d;,
which commute with everything. One can check that the removal of the
disks does not affect the relations (Q2) so the mapping class group of D
has a presentation with relations (Q1) and (Q2). Now we glue a disk with
a distinguished centre P to the boundary 9 of D. This kills the twist d
around the boundary 0 and we get (Q3), by Lemma 17. Finally, we forget
the distinguished point p and get the sphere Sy. By [2], Theorem 4.3, the
kernel of the homomorphism induced by this forgetful map is generated by
spin maps with respect to some set of generators of m(Sp, P).

We can choose a base point P on the x-axis to the right of all the holes
and choose generators of m; (Sp, P) to be simple loops A such that A\;, moves
parallel to the z-axis, turns around the hole d; and comes back to P parallel
to the z-axis (see Figure 10). A spin map with respect to Ay is isotopic to a
quotient of twists with respect to the boundaries of a regular neighbourhood
of A\x. We can homotope these boundaries into D, without passing over P.
Then one is isotopic to J; and the other is isotopic to the standard curve §;
with I = Iy — {k}. By Lemma 17 we get (Q4). m

We now go back to the presentation of Hy. When we glue back the
corresponding pairs of boundary components of Sy we get the surface S.
This glueing map induces a homomorphism from the mapping class group
of Sy into Hy. In fact, it is onto Hy—a homeomorphism fixed on oy, ..., a4
induces a homeomorphism of Sy3. One can prove that the kernel is gen-
erated by the products did:} so both twists are identified with a; in Hj.
Considering the presentation of the mapping class group of Sy established
in Lemma 22 we see that Hy has a presentation with generators aq,...,a,
and d; ; for i < j € Iy and with relations (P1)—(P4). In these relations d; ;
is represented by a Dehn twist along 9; ;.

We now lift the generators of +£X,. Recall that ¢;(cy;) = 41, and
ti(oit1) = g, and ti (o) = ay, for k # 1,1+ 1. s(aq) is equal to oy with the
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opposite orientation and s is fixed on the other «;’s. Thus we can lift 7; to
t; and o to s.

When we lift the relations in £, and establish the conjugates of the
generators of Hy by the lifted generators of £/, we get a presentation of
H. In order to prove Proposition 21 we consider an abstract group defined
by the generators and relations in Proposition 21. We map this group onto
H where a;, dq2, s and t; are mapped onto corresponding elements in H.
By the previous discussion the products d; ; from Definition 3 are mapped
onto corresponding twists. Therefore relations (P1)—(P4) are mapped onto
true relations in H. Now we check that (P5)—(P8) are also mapped onto
true relations in H. We use Lemma 15 and relations (i)-(iv) of Lemma 16.

Relation (P5) follows from the definition of ¢; and from (i) and (iv).

We already know that d_1 ;= s?a}. By (i) and (ii), t?a?, ;a?= (a;e;a;41)*

for i < g. The boundary of a regular neighbourhood of a; U e; U a;11 is
equal to 0; ;41 Ud_;_1 _;. Thus (P6) follows from (iii).

The relations in (P7) follow easily from Lemma 15 and (i).

Since t1(a1) = ao and s(ag) = ay we have [t;st1,a1] = 1 by Lemma 15.
Also t1sty = ejaibiaseialejagbiarby by (i) and (ii), and the last expression
commutes with b; by (i) and (ii), hence it commutes with s. d_3 o is sup-
ported inside 6_5 2 and s is supported inside 6_1 1, so they commute. We
have further [s,ds 3] = 1 and [t;,d; 2] = 1 for i # 2 by (i). Thus (P8) is also
satisfied in H.

It remains to lift the relations of £, to H, compute the conjugation
relations of the generators of Hy by the lifted generators of £/, and prove
that all these relations follow from (P1)—(P8).

Relations (S1) and (S2) lift to (P5).

Relations (S3) and (S4) lift to (P6).

Relation (S5) lifts to [(t;ti—1...t1)*s,t;] =1for j #dand j #i+1 and
this follows from (P5) and (P7).

We shall deal with (S6) a little later. We now pass to the conjugation by
s and tg. Since s> € Hy and t2 € Hy by (P6), it suffices to know the result
of the conjugation of each generator of Hy by either s or s~1, and by either
i or t;l (the other follows). We have s*a; = a; by (P7). The result of the
conjugation t; * a; is determined by (P7).

We now prove that the result of the conjugation of d; ;, by either ¢
or t;.!, and by either s or s7!, is determined by (P5), (P7), (P8) and the
definitions of d; ;. Consider first the conjugation by s.

If i > 1 then di,j = (ti—l e tgtj_l e tg) * d273 by (P5), SO S * d@j = d@j
by (P7) and (P8).

If i =1 then s7'*dy ; = d_; ; by (P7) and the definitions.
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Ifi<—land j+i>0thend; ;= (£} | ...t5 ;1. tat; s~ o) *dy o
by (P5) and (P7). Now
(s_ltl_ls_ltg) * di o 5_1t1_18_1t1 ) *das
(ty s ) xdos  (by (P7) and (PS))
(ty

1t2) * d172.

Thus s~ *d; ; = d; ;.

The case of i < —1 and j > 1 and ¢ + j < 0 is similar.

If j=—1thend; ;= (t=; ,...t; s 7 s ') *dy 2. Now

(styts ™ s ) wdyo = (t7 s ) * di o (by (P7))

hence s xd; _1 = d; 1.

If j < —1then dij = (t2_y ... 15 t2] 4 .. t5 ty ity ' s™H Ts™ ) s dy o
Now

s (Mt s s ) w dy )

sTU s T g T s T ) x d g

tr s s T g M s T )  dy o

trts Ty s T ) xdy s (as before)

= (
(
(s g ) * (sTH s T ) * dy 2)
(
(

trtsT iy s xdio  (by (P7) and (P5)).

Hence s™' xd,; ; = d, ;.

If i = —j then s * dy g1 = di k41 for £ > 1, as above, hence s * d; ; =
(t; 2y dj1 ..ty 'da3s) x d_g o = d; ; by (PT).

We now check conjugation by ti. If i # —j then it follows easily from
(P5), (P7) and (P8) that d, ; either remains invariant under the conjugation,
or is transformed into a “neighbouring” d, ,. In particular, ¢; commutes
with d; ;41 if k <i—1or k =ior k > i+ 1 Now, by (P5) and the
definitions, ty *d_j; =d_j; if k #j—1,j,t;" «d_;; =d; 1, *d_;; and
tji-ixd-jj=dj_15%d_j;.

Finally, we lift (S6). We start with the case [my * &1,&1]. It lifts to

tystytstys T s T = tystytss T sy (by (PT))
= tysty s M
We have t7 € Hy by (P6), and the conjugation of an element of Hy by s and
t; is already determined by (P5)—(P8). So we know how to lift [1 %&£, &1] = 1.

In the general case we have a commutator [(t;t;—1...t1)*s, (tjt—1...t1)*s].
If i > j then, by (P5) and (P7), this commutator is equal to the conjugate
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of [t1 * s,s] by titj—1...tititi—1 ... t2. This is a conjugation of an element
of Hp by t1’s so the result is determined by (P5)-(P8).
This concludes the proof of Proposition 21. m

2.2. Proof of the main theorem. We now return to the action of M on
X. A homeomorphism h of B takes meridian curves to meridian curves and
cut-systems to cut-systems. If we let h({y1,...,74)) = (h(71),-.., k(7))
we get an action of M on the vertices of X which extends to a simplicial
action on X. Conversely, if h is a homeomorphism of S which takes a
cut-system v = (7y1,...,7y) onto a cut-system w then h belongs to M (h
can be extended to the interior of B).

We now sketch the rest of the proof of Theorem 18. We prove that M
acts transitively on the vertices of X and that there are only a finite number
of edge-orbits of the action. We choose representatives e; ; of the edge-orbits
and prove that the chosen element r; ; of M switches the vertices of e; ;.
We prove that M is generated by r; ;’s together with the generators of H.

Now to every word in the generators we assign an edge-path in X. To
a word representing the identity in M corresponds a closed edge-path. We
establish relations between words which induce the same edge-path or edge-
paths which differ by cancelling trivial “tails” and we prove that the relations
follow from (P9) and (P10). We show that there are only a finite number of
face-orbits of the action of M on X. We choose representatives of face-orbits
and for each of them we choose a word which represents the identity in M
and to which corresponds the boundary edge-path of the face. These words
correspond to (P11) and (P12). Now if a word w in the generators represents
the identity in M then it induces a closed edge-path. By Theorem 1 this
path is a sum of triangular paths (with tails). It follows easily that w is a
product of the relators (P1)-(P12).

We now prove that M acts transitively on the vertices of X. If v and
w are cut-systems and we cut S open along the curves of v (respectively
w) we get a sphere with 2¢g holes. We can construct a homeomorphism of
one sphere onto the other which respects the identification of the boundary
components corresponding to the same curve of v (respectively w). It induces
a homeomorphism of S which takes v onto w and thus belongs to M.

We want to classify the edges of X modulo the action of M. Let e =
(v,w) be an edge of X connecting the vertices v and w. When we cut S
open along the curves of v we get a sphere S; with 2g holes. The vertex w
has one new curve 7 disjoint from the curves of v. When we cut S; along
v we get two components Dy and Do homeomorphic to spheres with holes.
We may assume that Dy has at most g + 1 holes. Some of its holes come
in pairs corresponding to the same curve of v and some are single holes,
with the corresponding holes in Dy. Let now € = (v/,w’) be another edge
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and let D] and Dj be the corresponding spheres with holes. There exists
a homeomorphism h of S which takes v onto v" and w onto w’ (and thus
induces a homeomorphism of D; onto Dj) if and only if the numbers of
pairs of holes and of single holes in D; are the same as in Dj.

Consider the vertex vg = (a1, ...,aq) which was fixed in the previous
section. For any pair of natural numbers p, ¢ such that 2p+q < g there exists
a unique curve v; ; (see Definition 2) such that +; ; contains inside exactly p
pairs of holes of Sy and ¢ single holes of Sy andi < j € [y andi =1 or (i < 0,
i+j>0,j—1<g). Figure 12 shows a curve ~; j_1 for i < 0. If we replace a
curve «; of the cut-system vy = (a1, ..., a4) by the curve v; ; we get another
cut-system v; ; which is connected to vy by an edge €; ; = (vo,v; ;) in X.
By the above argument every edge e of X can be mapped by an element of
M onto the unique edge e; ;. We say that e has type (i, 7).

For each edge type (,7) with i,j € Iy, i < 1,i+j >0, j—i < g, we have
chosen an element r; ; = bja;c; ;b; of M. By Lemma 16(ii), r; (o) = i 5,
ri.i(7i,;) = o and clearly r; j(og) = oy for k # j. Thus r; j(vo) = vij,
rij(vij) =vo and 77, € H.

We now describe precisely a construction from [11] and [7] which will let
us determine a presentation of M.

To every edge-path p = (vg,v1,...,v,) which begins at vy we assign
a product of elements of M of the form g = hyrihers ... hgrghgye, such
that for m = 1,...,k we have hyry ... hyrm(vg) = vy, where hy,, € H and

rm = 1i; if the edge (vm—1,vm) has type (i,7). We call such a product
an h-product corresponding to p. We construct it as follows. If the edge
(v, v1) has type (i,7j) then there exists h; € M such that hy(vg) = vy and
hi(v; ;) = vi. Then for ry = r; ; we have hiri(vy) = v1. Next we transport
the second edge to vg. We have (hy1r1) " (v1) = vg and (hyr1) H(ve) = ). If
the second edge has type (p, ¢) and we let ro = 1, , then there exists hy € H
such that horo(vg) = v] and hyrihore(vg) = ve, and so on. Observe that
the elements h; in the h-product corresponding to an edge-path p are not
uniquely determined. The construction implies

LEMMA 23. The generators of H together with the elements r; ; generate
the group M.

Proof. Let ¢ € M. Then g(vy) is a vertex of X and it can be
connected to vy by an edge-path p=(vg,v1,...,ux = g(vg)). Let g1 =
hirihary ... hgri be an h-product corresponding to p. Then g;(vg) = v =
g(vo), therefore g~1g; leaves vy fixed and belongs to the stabilizer H of vg.
It follows that g = hyrihery ... hgrphgyr. =

By the inverse process we define an edge-path induced by the h-product
g = hiriharse ... hgripheo1. The edge-path starts at vy, then vy = hyry(vg),
vy = hyr1hara(vg) and so on. The last vertex of the path is v = g(vg).
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REMARK 2. An h-product g represents an element in H if and only if
v, = vg. This happens if and only if the corresponding edge-path is closed.
We can multiply such a g by a suitable element of H on the right and
get an h-product which represents the identity in M and induces the same
edge-path as g.

We now prove that relations (P9) are satisfied in M.
Proof. By Lemma 16(i), (i),

Tij = bJaJC%,ijach,JbJ = Sij a; Cwbjajcwbj
= Sjbj Ci ja; bja]cwb] = sjbj cwbjajbj ci,;bj

—1
2,7 °

We next prove that relations (P10) are satisfied in M. For a fixed edge
type (4, j) they are related to the stabilizer H; ; of the edge e; ; in H. Every
element h € H; ; takes o; onto itself and takes ; ; onto itself, and permutes
the other «;’s. Since 7; ; switches a; and +; ; and is fixed on the other ay;’s
we have r; jhr; jl € H; ;. To make this statement into a finite set of relations
we must find a finite set of generators for H; ; and find the corresponding
conjugate of each generator.

= sjc; jbjc; asc; jbjc; - = s;¢; 585¢

LEMMA 24. The group H; ;j which stabilizes the edge e; ; is generated by
the following elements:

®ai,...,a,,

o iy where k < |i|, ork>j,or|i|l<k<j—1,ork=i=1<j—1,
o s, where k < |i|, ork>j, ork=—1>0,

® di., where k,m € {pli <p<j} orkme{p|p<iorj<p},
ezjifi=1landj=g,ori<0andj—i=g.

Proof. A homeomorphism h in H; ; takes 7, ; onto itself. If 7, ; contains
exactly g holes then h may switch the two components of Sy —; ;. This can
be done by the homeomorphism z;, which preserves «; ; and ;. Modulo z;
we may assume that h leaves each component of Sy —; ; invariant. It must
leave 0; fixed, and may switch 0y, and 0_j, if they are in the same component
of So — ;5. This corresponds to the reversal of the orientation of ay and
can be done by si. Also, h may permute single holes in a component of
So—"i,; (and permute in the same way the corresponding holes in the other
component). It may also permute pairs of holes 0, 0_j lying in the same
component of Sop —; ;. All these permutations are induced by the suitable
tr’s (see Definition 4). Modulo these homeomorphisms we may assume that
h is fixed on all curves J;. The restriction of h to each component of Sp—; ;
belongs to the mapping class group of the component. As in Lemma 22 each
mapping class group is generated by the twists d; for d; in the component
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and the twists d_,, for 0y ,, in the component. (The curves 0y ., with k < i
and m > j can be pushed over the point at infinity and drawn around the
right hand side of Figure 10. Then they look more like the curves in Figure 8
containing two holes in the component outside 7; ;.) m

We now have to compute the result of the conjugation of the generators
of Hz‘,j by Ti5-

LEMMA 25. Relations (P10) are satisfied in M and they determine the
result (in H) of the conjugation of the generators of H; ; by r; ;.

Proof. Relations (a)-(d) of (P10) follow immediately from the defini-
tions and from Lemma 16(i), (ii).

zj takes each of the curves «;, §;, and ~; ; onto itself so it commutes
with r; ; by Lemma 15.

The last four relations follow by Lemma 15. One has to draw several
pictures to prove it. Since 77, € H (by (P9)) it suffices to know the result

of the conjugation of each generator of H; ; by either r; ; or r;- jl. Not all
generators dy ., from Lemma 24 appear in the last four relations of (P10)
but the other generators are obtained from these by conjugation by suitable
products of s and ¢;’s which are already in H; ;. =

From (P9) and (P10) we get information about h-products.

CrAmM 1. If two h-products represent the same element in M and induce
the same edge-path then they are equivalent modulo (P1)—(P10).

Proof. If two h-products g1 = hi71 ... 7hg41 and go = fir] ... 7 fut1
induce the same edge-path p = (vg,v1,...,vx) then hyri(vg) = firi(vo).
Therefore hy*fir}(vo) = r1(vo). Since hy'fi preserves the edge type of
the edge (vo,7}(v0)), say (i,4), we have ry = rf = r;; and hy'f1 € H, ;.
By (P10) we have fir]fo = hlhl_lflrlfg = hyrih fo = hirifs. Therefore
g2 is equivalent to a new h-product hiry forh farg ...} fr4+1 which induces
the same edge-path p. If we apply rl_lhl_l to the vertices (vq,...,v;) of p
we get a shorter edge-path which starts at vy and is induced by two shorter
h-products hars ... rghky1 and forh ... 7 fr+1. Claim 1 follows by induction
onk. m

Two different edge-paths may be homotopic in the 1-skeleton X!. This
means that there is a backtracking v;,v;11,v; along the edge-path.

CLAM 2. If two h-products represent the same element in M and in-
duce edge-paths which are equal modulo backtracking then the h-products are
equivalent modulo (P1)-(P10).

Proof. Consider an h-product g = g;h;117i41hir27i12, Where g; is
an h-product inducing a shorter edge-path p and the edge-path induced
by ¢ has a backtracking at the end. Then g¢;(vo) = vi, gihit17i+1(vo) =
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Vit1, and g;h;17iv1hiveriia(vo) = v;. Since r;11 and r;1o correspond to
the same edge (v;,v;+1) of a fixed edge type, they must be equal. Clearly
the h-product g;h;y17:+17i+1 induces the same edge-path. In particular
gihiHr?H(vo) = wv;, hence there exists ' € H such that gihiHr?Hh’ =
gihit17i+1hiror;re. Now by Claim 1 the h-products are equivalent modulo
(P10). But g;hi117r7 (k' is equivalent modulo (P9) to a shorter h-product
which induces the edge-path p. Claim 2 follows by induction on the number
of backtrackings. m

The final set of relations corresponds to the faces of X, the closed tri-
angular edge-paths. To every closed edge-path corresponds an h-product
which is equal in M to an element of H. This gives a relation in M. We
shall see that it suffices to consider the triangles modulo the action of M.

Up to an action of M we may assume that the path starts with vg and
that the second vertex is v; ;. The third vertex has only one curve which
does not belong to (a1, ..., ), because the next vertex is again vy.

CASE 1. Suppose first that «; ; remains fixed in the next simple move.
Then some oy, is replaced by «;. 05 must be a single hole inside +; ; with
0_y, outside v; ;. Applying the product t;_ot;_3...t; we can map 0y onto
0;—1 leaving a; and ; ; fixed. Thus we may assume that our path, read
backwards, has the form

P1 = (@j-1,05) = (Vi a5) = (Vigr @j—1) = (@, @j—1).

This path can be represented by the h-product (t;_17; ;)3. Indeed, for
g = tj_1ri; we have g(oy) = i3, 9(7i,5) = @j-1, g(@j—1) = o and g leaves
other curves ay, fixed.

Since g* represents a closed edge-path it represents an element of H in
M. The relation r; ;*t;_1 = tj__ll x71; ; of (P11) is satisfied in M by Lemma
16(iv). From (P11) we get g3 = tj_lriz’jtj_lrij. The last expression is
equivalent to an element f; of H modulo (P9). We let Vi = (¢;_17 ;)% f; .
Then Vi represents the edge-path p; and is equal to the identity modulo
(P1)—(P11).

CASE 2. Suppose now that «; ; changes in the second simple move of a
triangular path. Then g — 1 curves remain fixed at all three vertices of the
triangular path and only one curve changes. We call such a path a triangular
path of the second kind.

LEMMA 26. Every triangle of the second kind is a sum of triangles of the
second kind with at least one edge of type (1,2).

Proof. By the length of an edge (u,v) we mean the minimal number of
holes (boundary components) in a component of S — (v Uv), where (u U v)
denotes the union of the g + 1 curves appearing in the cut-systems u and v



224 B. Wajnryb

together. The length is an invariant of the edge type. An edge of type (1,2)
has length 3 and an edge of any other type is longer.

Consider a triangle of the second kind with all edges of length greater
than 3. We start with a cut-system (a1,...,a4). We have a path of simple
moves (a;) — (B) — (v) — (a;). We assume that the edge (a;) — (B) is
the shortest edge of the path. All curves are disjoint. The curve ~ splits S
into two components and [ lies in one of them. One boundary component
corresponding to «;, say 0;, lies inside (3 and the other lies outside =, in the
other component of Sy—~. We want to split the triangle into smaller, simpler
triangles. Every curve disjoint from aq,..., a4 is a meridian curve. We
choose [ inside 3 such that 3; contains 9; and exactly one more boundary
component J; inside 3. Our triangle splits into three triangles (a;) — (3) —
(Br) — (as), (i) = (Br) — () — (o), and (Br) — (8) — () — (B1). The
first two have an edge of length 3 and the last one has an edge (81) — (5)
shorter than (a;) — (). The required result follows by induction. m

We further investigate the triangles of the second kind with one edge of
type (1,2). Up to the action of M we may assume that the first edge of the
path is an edge e; ;, the second is of type (1,2), and the third is the longest.
The path has the form (a;) — (7i;) — (v) — (a;).

The curve 7 is disjoint from =; ;, it is separated from ~; ; by a single hole
Ok, k # j, and the edge represented by the simple move (y) — (¢;) is the
longest edge of the path. It follows that v must lie outside 7; ; and up to
the action of H; ; we may assume that v = v; j41, or v = v—1,; (y-1,; if
i = 1). For each of these triangles we have a relation in M. Some of these
relations are listed in (P12) and the other relations follow from these.

Consider first the case ¢ = 1 and the path

P2 = {(a;) = (nj4+1) = (115) = (o).
Let
—1,—1 ,—1 -1
ho =k; "t 4t .. 1y kjkj_1.. ko
We want to prove that
g =kj 'r1jsakihoryohy sy ey

represents the edge-path ps. Recall that 71 (o) = 71,5, kj(oy) = t5(ay) =
541 and k](ﬂ]) = Bj+1 for all j It follows that hg(ag) = Oy, hg(ﬂg) = Bj'
Also k7!« rij+1 = bjajcy j41b; by Lemma 15. It is also easy to check
that hg(&l’g) = 0j,5+1- Therefore hg *T1,2 = bjajdj,j+1bj- We get g =
bjajCl,j+1bjbjdj,j+lcl,jbj- We have to check that

ke jea(vo) = (@, o1, Mg, Qs - Q)

k;lrl,j+1kjbjajdj7j+1bj (7)0) = <CM1, cee s Q171,55 1y - - 7Oég>7 g(vg) = Vp.-
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Everything follows from what we already know with the exception of the
following two facts, which have to be checked by drawings:

ki try jeakibjaid; jpabi(og) =y, and  g(oy) = aj.

0. j

O O
@ O O] O

01

[uy

X-axis

0.

yl,j-l aj-l aj aj+1

Fig. 11. The first lantern relation for triangles of type 2

We want to find an element of H which is equal to g in M. Consider the
domain in Sy bounded by the four curves v1 j41, y1,j—1, 0; and 0j41 (see
Figure 11). By the lantern relation (Lemma 17)

C1j4101, 51050541 = dj jrrcrj(tien it )
(tjclvjtj_l =d; with I = {1,2,...,j — 1,j + 1}). Therefore d; j1ic1,; =

1

—1,—1 —
ajcl,j+1cl,j_laj_,_ltjcl’jtj . Also C1,5—1, Aj41 and tjcl,]

bj, by Lemma 16. Hence

tj_l commute with

g = bjajcr j+1bjbid; 101,505

= (bjajerjpaby) aj e joatier ity =k T kiag e oater it

= kj_l8j+161,j+18j+161_,}+1kj%+161,3‘—1153‘01_,}15}1 = fo € H.
From this equation we can compute ry ;41 in terms of ry 5, £ < 7+ 1, and
the generators of H. We get a formula from (P12). The relation g = fo
becomes trivial modulo (P1)-(P12). If we let Vo = gf; ' then V5 is an
h-product which represents the path ps and is equal to the identity modulo
(P1)—(P12).

Consider now the edge-path

Ps = () — (Vij) — Yi-14) — (@)
(or pg = (o) = (11,5) = (Y-14) = (a;) if i = 1). We let
hy =81 gt ;171 ..ty ke kj o ke

(hg = Slkj_lkj_g e ]{22 if ¢ = 1)

We consider in detail the case ¢ < 0. The case ¢ = 1 requires only a
suitable change of indices. We want to prove that

—1 —1
g =T1i;8; harighg i1
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is an h-product representing ps. It is easy to check that hz(f2) = f;,
hs(az) = «a; and hs(d1,2) = 7, where v is the curve in Figure 12. By
Lemma 15, hgrl’ghgl = bjajcb;, where c is the twist around ~. Thus g is
equal in M to g = b;c; jcbjbjaj;c;—1 jbj. We have to check that
Ti,j(vo) = <061, e 704]'—1771',]‘»05]‘—&-17 e ,Oég>,
bjci jcbj(vo) = (Qy vy 1, Vi 1,55 Qjp1s -+ 5 Og),
and g(vg) = vo. Everything follows from relations which we already know

with the exception of the following two facts, which have to be checked by
drawings:

bjci,jcbj(aj) = ’)/Z‘_Lj and g(Oéj) = Oéj.

9.1 di dial| | 9z

O] 10110
O OO O
9; Vi1 91 aJ'-l % Y m

O
Q X-axIs

Vi1,

Fig. 12. The second lantern relation for triangles of type 2

We now want to find an element of H which is equal to g in M. Consider
the domain in Sy bounded by the four curves v;_1 j, vi,j—1, 0;—1 and 9; (see
Figure 12). By the lantern relation (Lemma 17)

Ci—1,jCi,j—10;—-105 = Cj—1,j-1C4,5C.
Therefore ¢; jc = Cily j—1Ci,j—10i—1Ci—1,50;. Moreover ¢;_1 1, ¢ j—1 and
a;—1 commute with b; by Lemma 16. Therefore

g =bjcijcbjbjaiciq ;b5 = Ci—1,j—1Ci,j—1Ai—1T;_1 5
=Ci1,j-1Ci,j—1i-155Ci—1,55;C; 1 j = f3 € H.

From this equation we can compute 7;_1 ; in terms of r ;, j —k < j+1—1,
and the generators of H. We get a relation from (P12). The relation g = f3
becomes trivial modulo (P1)-(P12). If we let V3 = gf; * then V3 is an
h-product which represents the path p3 and is equal to the identity modulo

(P1)—(P12).
Consider now the diagram in Figure 13. Every triangle in this diagram
has at least one edge of type (1,2). (In the case of i = —1 we should

replace ¢ + 1 by 1.) By the previous discussion every triangle with an edge
of type (1,2) is equivalent modulo the action of M to the outside triangle
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Fig. 13. Reduction for triangular paths

on the diagram or to the triangle on the right hand side of the diagram.
The outside triangle and the right hand side triangle have the longest edge
of length j —i+42 (j+ 2 if i = —1) and the other triangles have the longest
edge of a smaller length.

If ¢ # 1 then the outer triangle is represented by an h-product V3 which
is trivial modulo (P1)—(P12), by the definition of r; ;. The triangle on the
right hand side is a sum of the remaining triangles. If ¢ = 1 then the
triangle on the right hand side is represented by an h-product V5 which is
trivial modulo (P1)-(P12), by the definition of 7; ;. The outside triangle is
a sum of the remaining triangles.

We can now complete the proof of Theorem 18. Let W be a word in the
generators of M which represents the identity in M. It has the form of an
h-product g which represents a closed edge-path p. We want to prove that
g is equivalent to the identity modulo (P1)-(P12). By Proposition 1 and
the above discussion, p is equal modulo backtracking to a sum of paths of
the form qlngl_l, where q; starts at vy and qs is equivalent modulo the
action of M to one of the special paths p1, p2, ps or their inverses. By
Claims 1 and 2 it suffices to assume that g itself represents the edge-path
Cl1©12011_1-

Let g1 be an h-product representing q; and let f be an element of M
such that q2 = f(p;). Then ¢1(vo) = f(vo) is the first vertex of qs, hence
91 'f = h € H. If V; is the h-product representing p; then the h-product
g1hV; represents qiq2 and there exists an h-product g1 hV;gs which repre-
sents the identity in M and represents the edge-path qlngl_l. Clearly
g1hgs represents the edge-path qlql_1 null-homotopic by backtracking. By
Claim 1, g is equivalent to g;hV;gs, which is equivalent to g;hgs, which is
equivalent to the identity modulo (P1)-(P12).

A path inverse to p; is represented by some other h-product V but then
ViV represents a path contractible by backtracking. Thus V;V/ is equivalent
to the identity modulo (P1)—(P10) and V; is equivalent to the identity so V/
is also equivalent to the identity. This concludes the proof of Theorem 18. m
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