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On extremal and perfect o-algebras for flows
by

B. KAMINSKI (Toruf) and Z. 8. KOWALSKI {Wroctaw)

Abstract. [t is shown that there exists a flow on a Lebesgue space with finite entropy
and an extremal o-algebra of it which is not perfect.

1. Introduction. The theory of invariant o-algebras is an important
part of ergodic theory having applications in the spectral theory of dynam-
ical gystems ([7], [9]), statistical mechanics ([3], {4]) and probability theory
([10)-[13]).

The extremal and perfect o-algebras play the key role in the theory of
invariant o-algebras.

The paper [8] containg a positive solution to the Kwiatkowski question
whether there exists a Z%-action on a Lebesgue space and an extremal o-
algebra of it which is not perfect.

The purpose of thig paper is to give an affirmative answer to this question
in the case of Hows, The existence of perfect o-algebras for flows has been
proved by Blanchard [1] and Gurevich [6].

2. Result. Let {X, B, ) be a Lebesgue probability space and let (T7)
be a measurable flow acting on (X, B, ). Let 7((T*)) denote the Pinsker
o-algebra of (T).

Now we recall the definition of a special flow.

Let (¥,C, ) be a Lebesgue probability space, ' be an automorphism. of
Yand f:Y - " a measurable function such that inf{f(y) : y € ¥} >0
and f & LYY, v). Let Yy = {(y,u) € Y x RY : u < f(y)} and let Cf
be the restriction of the product ¢-algebra C ® £ to Yy, where £ denotes
the o-algebra of Lebesgue sets of RY. We denote by vy the measure on Cy
defined by
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vg = (Sfdz/)—l(y X A),

where A stands for Lebesgue measure. Let (T%) be the measurable flow on
(Yy,Cy,vy) defined as follows. For 0 < ¢ < inf{f(y) : ¥ € ¥} we put

Yy u+t ifw+t< fly),
T}(y,u) - { gg"y,u —I—)t - fly) fut+t>z fgy%.

For other values of ¢ the automorphism T]ﬁ is nniquely determined by the
condition that (T}) is a one-parameter group of automorphisms. The flow
(T%) is called the special flow built under the function £, the automorphism
T is called the base guiomorphism, and f is called the ceiling function of
(T3)-

Let D C C be a o-algebra such that 7D C D and let Dy he the
a-algebra obtained from P in the same manner as Cy from C.

Lemma L ([2]). TiDy € Dy iff f is measurable with respect to D.
LeMMA 2 ([5]). If f is measurable with respect to D then for any t <
inf{f(z): z € X} we have
H(TD|D)
Sx fou
Lemma 3 ([5]). If T is a K-automorphism with finite entropy, P is a
finite generator for T such that the o-algebra \[7,T™"P N\/20L, TP is
not non-atomic, f is measurable with respect to the algebra P* generated

by P and the values of f are independent over the field Q then {T}} is a
K-flow.

H(T}'Df | D) =1t

Let now (1) be an arbitrary measurable flow acting on a Lebesgue space
(X,B,u). A g-algebra A C B is said to be eztremal for (T*) if

(T*AC A t<0,
(i) Viep T*A = B,
(1) Mgy T%A = {(T%)).
If, in addition,
(V) A(T) = H(T*A| A),t > 0
then A is called perfect.

TurorREM. There exists a measurable flow and an extremal o-algebra of
it which is not perfect.

Proof. We construct the desired flow as a special flow.
First we describe the base automorphism of the flow. Let the space Z =
{-1,1}* be equipped with the product &r-algebra.C and let v be the Bernoulli
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measure determined by the probability vector p = (1/2,1/2). We dencte by
o the shift transfornation of Z.
Let
(Y, F.A)=(Z,C,v) x (Z,C,v).
We congider in ¥ the skew product transformation T defined as follows:
T(w,y) = (o), e y)),  (@,9) €Y,
where o means the identity transformation on Z.

Let & be a measurable partition of ¥ defined as follows: points (z,y),
(T,7) € Y are equivaleut if y = § and @; = ¥; for all i > 0. We define £
ag the collection of all the equivalence classes of this relation. Let T be the
o-algebra generated by €.

It is shown in [8] that 7' is a K-automorphism. It is easy to see that P
coincides with the o-algebra D defined in the proof of the Theorem in [8]
and, therefore, it is extremal and is not perfect, i.e.

(1) T-'DCD,
(2) \ D=7,
nz=()
(3) (T"D =N,
al}
where A denotes the trivial o-algebra,
(4) H(D|T™ID) < h(T).

Let P be the zero-time partition of Z, i.e.
P={A_1,41}, Ai={2(0)=14}, i=-11,
and let R=PVa P .
We consider the partition ¢ which is the product of P and R, i.e. @ =
P x R. First observe that

(e o] o0 [4,%)
(3 V1r'e=\o'Pa\ o*p,
fr() gz () deml)
Since T(w,y) = (o~ z,o ™" V~ly) it is enough to check the first
equality. Let n be an arbitrary positive integer. The atoms of Vio T°Q
have the form

b T " al] :
N TH(Py, x By) = (| *Py, x [ o DR,
k=0 oE] Foz=0)

where s, denotes the number of ones in the sequer;cce (41,-+ . ,in). Therefore,
! . . . ” X
every atom g of V52, T%Q is contained in [T T (Pi, X Rjy)-

o 0 o )
\ 1@ =\ o"Po\/s7*P.
PE]

fe=() =0
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Since s, — 0o modulo a set of measure zero we _have g C 8 X r where s
is an atom of /22, 0P and r is an atom of ;2o 0™ R. ‘

On the other hand, we have \/7g T°Q C Vieg 0P @ Vig o*P and so
s % r C ¢. Therefore 5 X r =g and (5) is valid.

From (5) it easily follows that @ is a generator and

o0 o0
(6) VTonV1e=0.
120 i=0
Now we want to check that A{T") < co. More precisely, we show that
{7} h(T) = log4.

It is easy to see that T' is a natural extension of the non-invertible endo-
morphism
(1w, U) = (S(’M), Su(O)-l-l,U),
where u,v € 2 = {~1,1}" and § is the one-sided shift. Let m : Z — 2
denote the natural projection and let #(z,y) = (rz, my). Then PoT = rod.
We denote by Q@ the partition of 2 x £2 given by the formula

Qt =Pt x (PTv& Pt
where Pt = wP. Let Afl and A“l* be the atoms of P. It is easy to see that
QT is a generator for 7. Let J, denote the Jacobian of 7 and let ¢ be the

Bernoulli measure on {2 determined by the vector p = (1/2,1/2). We put
AT = pt % pt. We have

WMT)=h(r)= | logJ.dx*
20
= | log2dd*+ | log8dr* =log4.
AT =02 Al xp

Let now f be an arbitrary positive function, constant on the atoms of
and such that its values are independent over the field of rationals.

Consider the special fow (T") with base automorphism 1" and ceiling
function f. Denote by (X, B, 1) the corresponding Lebesgue space on which
(T} acts. It follows from (7) and the well known formula for the entropy of a
special flow that the entropy of the flow (77) is finite. Let A = (D® L) NB.

It is easy to see that the atoms of @ belong to D, i.e. f is D-messurable.
Therefore, Lemma 1 implies that 7%4 C A,t < 0.

The equality V,cr T'A = B follows easily from (2).

Now the equalities (3), (6) and Lemma 3 imply (T*%) is a K-flow, i.c.

(T A =N = x((T).
<0
This means that A is extremal.
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Let now ¢ € (0,inf, ey f(y)). Lemma 2 gives

. H(TD | D)
H(T'A| A) = 2L
|.A) A
The inequality (4) and the formula for the entropy of a special flew imply
N ) ‘
H(T'A|A) <t = ey,
iy s T
ie. A ig not perfect, w
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