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LOCAL EXISTENCE OF SOLUTIONS OF

THE MIXED PROBLEM FOR THE

SYSTEM OF EQUATIONS OF IDEAL

RELATIVISTIC HYDRODYNAMICS

Abstract. Existence and uniqueness of local solutions for the initial-
boundary value problem for the equations of an ideal relativistic fluid are
proved. Both barotropic and nonbarotropic motions are considered. Exis-
tence for the linearized problem is shown by transforming the equations to
a symmetric system and showing the existence of weak solutions; next, the
appropriate regularity is obtained by applying Friedrich’s mollifiers tech-
nique. Finally, existence for the nonlinear problem is proved by the method
of successive approximations.

1. Introduction. In this paper we prove the local existence of solutions
to the equations of ideal relativistic hydrodynamics which are the following
system of conservation laws:

(1.1) T ij
,xj = 0, i, j = 0, 1, 2, 3,

and

(1.2) (δui),xi = 0,

where the summation convention over repeated indices is assumed and

(1.3) T ij = wuiuj + pgij

is the energy-momentum tensor, and gij is the space-time metric tensor of
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the form

(1.4) {gij} =



−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 .

Moreover, w = e+p, where w is the density of enthalpy, e the density of the
internal energy and δ the density of the fluid particles in a suitable system
of coordinates in which the volume element does not move. We denote by
p the pressure and by u = {ui}i=0,1,2,3 the four-velocity: uα = vα/(cβ),

α = 1, 2, 3, u0 = −1/β, where β =
√

1− v2/c2, c is the speed of light,
v2 = v21+v22+v23 , where v = (v1, v2, v3) is the velocity vector, and ui = gijuj ,
gij = gij , g

ijgjk = δik.

In the above notation the energy-momentum tensor takes the form

(1.5)

Tαγ = w
vαvγ
c2β2

+ pδαγ , α, γ = 1, 2, 3,

Tα0 = −w
vα
cβ2

, T00 =
w

β2
− p.

We consider problem (1.1)–(1.2) for t ∈ [0, T ] and x = (x1, x2, x3) ∈ Ω ⊂
R

3, with initial and boundary conditions

(p, u, δ)|t=0 = (p0, u0, δ0),(1.6)

Mz|∂Ω = g(x′, t),(1.7)

where z = (p, u, δ), and the matrix M is defined in Section 4.

To prove the existence of solutions to (1.1)–(1.2), we have to transform
our problem to a symmetric hyperbolic system (2.2). We present this sym-
metrization in Section 2. In Section 3 we introduce the necessary spaces and
norms; moreover, we rewrite the symmetric system (2.2) in the form (3.1)
(with the initial-boundary conditions (1.6)–(1.7) suitably transformed).

In Section 4 we consider the linearized problem (3.1); first in 4(a) we
prove the existence of solutions in a half-space, in 4(b) we obtain the regu-
larity of solutions and in the last part of the section, using a partition of unity
and a localized problem, we transform the results of 4(a) and 4(b) to the
case of a bounded domain. Using the properties of the solutions obtained,
we prove the existence and uniqueness of local solutions to the nonlinear
problem (3.1) by the method of successive approximations in Section 5.

Finally, in Section 6 we specify the results of Sections 4 and 5 for problem
(2.2). In Section 7 the barotropic case is considered.

To prove existence of solutions to problem (1.1), (1.2), (1.6), (1.7) we
need to know that the form (6.1) is uniformly positive definite. To show it
we choose a state equation (here p = RδT ). This implies strong restrictions
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on the initial velocity (see Remark 6.1). In the barotropic case we do not
have such restrictions so we can also consider near light motions.

2. Symmetrization. To symmetrize equations (1.1)–(1.2) we use con-
siderations from [1], [2]. We have a system of conservation laws; now we
write a new conservation law, which is a consequence of the old ones. (1.1)
implies

ui
∂(wuk)

∂xk
+ wuk ∂ui

∂xk
+

∂p

∂xi
= 0.

Multiplying by ui, summing over i and using

(2.0) uiui = −1, ui ∂ui

∂xk
= 0

we get

−∂(wuk)

∂xk
+ ui ∂p

∂xi
= 0,

which is equivalent to

∂

∂xk

(
w

δ
δuk

)
− 1

δ

∂p

∂xk
δuk = 0.

From this and (1.2) we obtain

δuk

[
∂

∂xk

(
w

δ

)
− 1

δ

∂p

∂xk

]
= 0

so using the thermodynamical identity, we can write

Tδuk ∂

∂xk

(
s

δ

)
= 0

where s is the entropy.

Finally, because uks
(
− 1

δ

)
∂δ
∂xk = s∂xk

∂xk from (1.2), we get T ∂
∂xk (su

k) = 0,
so

∂

∂xk
(suk) = 0

is a new conservation law.

We have shown that equations (1.1)–(1.3) are linearly dependent, that
is, there exist functions λm such that

λi ∂T
k
i

∂xk
+ λ4 ∂(δu

k)

∂xk
+ λ5 ∂(su

k)

∂xk
= 0

for arbitrary functions zj(p, u1, u2, u3, δ), where λi = ui, i = 0, 1, 2, 3; λ4 =
(w − sT )/δ, λ5 = T and T = T (δ, p), s = s(δ, p).
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Equations (1.1)–(1.3) can be written in the form

∂zj qkm(z)
∂zj

∂xk
= 0, m = 0, 1, . . . , 5,

and multiplying by ∂zτλm we obtain

∂zτλm∂zjqkm(z)
∂zj

∂xk
= 0 ⇔ Ak

τj

∂zj

∂xk
= 0

where the matrices Ak(z) are symmetric (see [1], [2]).

The matrices ∂zq
k(z) take the form

∂zq
0 =




1− 1
β2
−

1
β2
∂e
∂p −2u1w −2u2w −2u3w −

1
β2
∂e
∂δ

1
β u1 + 1

β u1
∂e
∂p βu21w + wβ βu1u

2w βu1u
3w

u1
β
∂e
∂δ

1
β u2 + 1

β u2
∂e
∂p βu2u

1w βu22w + w
β βu2u

3w
u2
β
∂e
∂δ

1
β u3 + 1

β u3
∂e
∂p βu3u

1w βu3u
2w βu23w + w

β

u3
β
∂e
∂δ

0 βu1δ βu2δ βu3δ 1
β

−

1
β
∂s
∂p

βu1s βu2s βu3s 1
β
∂s
∂δ




,

∂zq
1 =




−

u1

β −
u1

β
∂e
∂p −βu21w −

w
β −βu1u3w −βu1u2w −

u1

β
∂e
∂δ

1 + u21 + u21
∂e
∂p 2u1w 0 0 u21

∂e
∂δ

u1u2 + u1u2
∂e
∂p u2w u1w 0 u1u2

∂e
∂δ

u1u3 + u1u3
∂e
∂p

u3w 0 u1w u1u3
∂e
∂δ

0 δ 0 0 u1

u1 ∂s∂p s 0 0 u1 ∂s∂δ




,

∂zq
2 =




−

u2

β −
u2

β
∂e
∂p −βu2u1w −βu22w −

w
β −βu3u2w −

u2

β
∂e
∂δ

u2u1 + u2u1
∂e
∂p u2w u1w 0 u2u1

∂e
∂δ

1 + u22 + u22
∂e
∂p 0 2u2w 0 u22

∂e
∂δ

u2u3 + u2u3
∂e
∂p

0 u3w u2w u2u3
∂e
∂δ

0 0 δ 0 u2

u2 ∂s∂p 0 s 0 u2 ∂s∂δ




,

∂zq
3 =




−

u3

β −
u3

β
∂e
∂p −βu3u1w −βu3u2w −βu23w −

w
β −

u3

β
∂e
∂δ

u3u1 + u3u1
∂e
∂p u3w 0 u1w u3u1

∂e
∂δ

u3u2 + u3u2
∂e
∂p

0 u3w u2w u3u2
∂e
∂δ

1 + u23 + u23
∂e
∂p 0 0 2u3w u23

∂e
∂δ

0 0 0 δ u3

u3 ∂s∂p 0 0 s u3 ∂s∂δ




.
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The matrix ∂zτλm has the form



0 0 0 0 ∂
∂p

(
w−sT

δ

)
∂
∂p

T

βu1 1 0 0 0 0

βu2 0 1 0 0 0

βu3 0 0 1 0 0

0 0 0 0 ∂
∂δ

(
w−sT

δ

)
∂
∂δ
T




so we get

A0 =




1
β

∂s
∂p

∂T
∂p βu1 βu2 βu3

1
β

∂s
∂p

∂T
∂δ

βu1 −βu2
1w + w

β −βu1u
2w −βu1u

3w 0

βu2 −βu2u
1w −βu2

2w + w
β −βu2u

3w 0

βu3 −βu3u
1w −βu3u

2w −βu2
3w + w

β 0

1
β

∂s
∂p

∂T
∂δ 0 0 0 1

β
∂T
∂δ

(
∂s
∂δ − s

δ

)



,

A1 =




u1 ∂s
∂p

∂T
∂p

1 0

1 −β2u3
1w + u1w −β2u2

1u
2w

0 −β2u2
1u2w −β2u1u2

2w + u1w

0 −β2u2
1u3w −β2u1u2u3w

u1 ∂s
∂p

∂T
∂δ 0 0

0 u1 ∂s
∂p

∂T
∂δ

−β2u2
1u

3w 0

−β2u1u2u
3w 0

−β2u1u2
3w + u1w 0

0 u1 ∂T
∂δ

(
∂s
∂δ − s

δ

)




,

(2.1)

Ak
00 = uk ∂s

∂p

∂T

∂p
, A0

α0 = βuα, Ak′

α0 = δk
′

α , α, k′, γ = 1, 2, 3,

Ak
40 = uk ∂s

∂p

∂T

∂δ
, Ak

αγ = −β2ukuαu
γw + ukwδγα,

Ak
4α = 0, Ak

44 = uk ∂T

∂δ

(
∂s

∂δ
− s

δ

)
.

Now we consider the following symmetric system:

Ak(z)




p,xk

u1
,xk

u2
,xk

u3
,xk

δ,xk




= 0;
k = 0, 1, 2, 3,

z = (p, u1, u2, u3, δ),
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or, because x0 = ct,

(2.2) A0(z)zt + c

3∑

i=1

Ai(z)zxi = 0.

3. Notations. In the next sections we will use the following norms,
spaces and notations.

We will consider initial-boundary value problems in ΩT = Ω × [0, T ]
where Ω ⊂ R

3, x ∈ Ω, t ∈ [0, T ]. We write

Dγ
t,x =

∂γ0

∂tγ0

∂γ1

∂xγ1

1

∂γ2

∂xγ2

2

∂γ3

∂xγ3

3

, |γ| = γ0 + γ1 + γ2 + γ3,

and we denote by Hs(ΩT ) the Sobolev space with the norm

‖u‖Hs(ΩT ) =
( ∑

|γ|≤s

T\
0

\
Ω

|Dγ
t,xu|2 dx dt

)1/2

= ‖u‖s,2,ΩT .

Similarly, we introduce Hs(Ω) and Hs(∂ΩT ) with norms ‖ ‖s,2,Ω and
‖ ‖s,2,∂ΩT . We will use Lp(Ω

T ) and Lp(Ω) with norms ‖ ‖p,ΩT and ‖ ‖p,Ω ,
respectively.

For α ∈ R we denote by Hs
α(Ω

T ) the weighted Sobolev space, the closure
of Cs(ΩT ) in the norm

‖u‖Hs
α(ΩT ) = ‖u‖s,ΩT ,α =

( ∑

|γ|≤s

T\
0

\
Ω

|Dγ
t,xu|2e−2αt dx dt

)1/2

so we obtain L2,α(Ω
T ) = H0

α(Ω
T ) with ‖ ‖L2,α(ΩT ) = ‖ ‖ΩT ,α.

Let

u ∈ Ls
∞(0, T ;Hi(Ω)) ⇔ ess sup

t∈[0,T ]

∥∥∥∥
∂s

∂ts
u(t)

∥∥∥∥
i,2,Ω

< ∞.

Then we define

Π l
k(Ω

T ) =

l⋂

i=k

Ll−i
∞ (0, T ;Hi(Ω))

with ‖u‖Πl
k(Ω

T ) = ‖u‖l,k,∞,ΩT . Finally, we introduce Γ l
0(Ω) by

‖u‖Γ l
0(Ω) = |u|l,0,Ω =

(∑

|γ|≤l

\
Ω

|Dγ
t,xu|2 dx

)1/2

.

Furthermore, Γ
◦

l
0, H

◦

s
α denote the sets of functions in the respective spaces

vanishing on the boundary ∂Ω; |u| is the Euclidean norm.
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To simplify the following considerations, in Sections 4 and 5 we will
consider the mixed problem

(3.1)

Lu ≡ E(t, x, u)ut +

3∑

i=1

Ai(t, x, u)uxi
= F (t, x),

M(t, x′, u)u|∂Ω = g(t, x′), x′ ∈ ∂Ω,

u|t=0 = u0(x),

where u takes values in R
m, x ∈ Ω ⊂ R

3, t ∈ [0, T ], E,Ai are real m ×m
matrices, the values of u lie in an open domain G and the values of the initial
data u0 belong to an open subset G0 such that G0 ⊂ G. Next, assuming
u := z ∈ R

5, z = (p, u1, u2, u3, δ) we will formulate results for problem (2.2)
with initial and boundary conditions (1.6), (1.7).

4(a) The existence of solutions for the linearized equations in a half-

space. In this part we shall consider the linearized problem (3.1) in the
half-space x1 > 0:

(4.1)

Lu = E(t, x)ut +
3∑

i=1

Ai(t, x)uxi
= F (t, x),

M(t, x′)u|x1=0 = g(t, x′),

u|t=0 = u0,

where x = (x1, x
′) and we assume that Ω = {x ∈ R

3 : x1 > 0}, ∂Ω = {x ∈
R

3 : x1 = 0}. In part (c) we shall obtain results for a bounded domain Ω,
using a partition of unity.

Lemma 4.1. (1) Let E,Ai, i = 1, . . . , 3, be symmetric matrices and

(4.2) Eu · u ≥ α0u
2, α0 > 0.

Let n be the unit outward vector normal to ∂Ω and assume −An̄ = A1 has

eigenvalues λµ, where λ+
µ , µ = 1, . . . , k, and λ−

µ , µ = k + 1, . . . ,m, are

respectively the positive and negative ones. Suppose that

(4.3) min
µ

min
ΩT

|λµ| ≥ c0 > 0

and

(4.4) max
ν∈{1,...,k}

max
∂ΩT

λ+
ν (x

′, t) ≤ c1,

where c0, c1 are constants.

(2) Let γ+
µ , γ−

µ be orthonormal eigenvectors of the matrix −An̄, corre-
sponding to the eigenvalues λ+

µ , λ
−
µ . Assume that the matrix M(t, x′) has
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the form

M =

k∑

µ,ν=1

αµν(t, x
′)γ+

µ (t, x′)γ+
ν (t, x′)(4.5)

+

k∑

µ=1

m∑

ν=k+1

βµν(t, x
′)γ+

µ (t, x′)γ−
ν (t, x′)

where

(a) max
∂ΩT

|α−1
µν (t, x

′)| ≤ δ−1
0 ,

(b) max
∂ΩT

|βµν(t, x′)| ≤ β0,(4.6)

(c) (c0 + c1)δ
−2
0 β2

0 ≤ 1
2
c0,

and δ0, β0 are constants.

(3) Let L̃ = (E,A1, A2, A3), L̃,M ∈ Π3
0 (Ω

T ) and suppose that α satisfies

(4.7) |L̃|3,0,∞,ΩT < αα0/2

and

(4.8) sup
ΩT

|E| ≤ c2, where c2 is a constant.

Then, for every u ∈ C∞(ΩT ) and t ≤ T we have the estimate

(4.9) α0e
−2αt

\
Ω

u2 dx+
αα0

2

\
Ωt

u2e−2αs dx ds+
α0

2

\
∂Ωt

u2e−2αs dx′ ds

≤ (c0 + c1)δ
−2
0

\
∂Ωt

|Mu|2e−2αs dx′ds

+
2

αα0

\
Ωt

|Lu|2e−2αs dx ds+ c2
\
Ω

u2 dx
∣∣∣
t=0

.

P r o o f. Multiplying (4.1)1 by ue−2αt and integrating by parts in Ω, we
obtain

(4.10)
d

dt
e−2αt

\
Ω

Eu2 dx+ 2αe−2αt
\
Ω

Eu2 dx+ e−2αt
\

∂Ω

Anu
2dx′

− e−2αt
\
Ω

( 3∑

i=1

Ai,xi
+ Et

)
u2 dx− 2e−2αt

\
Ω

Lu · u dx = 0.

Integrating (4.10) from 0 to t, using (4.2) and (4.8) we get

(4.11) α0e
−2αt

\
Ω

u2 dx+ 2αα0

\
Ωt

u2e−2αs dx ds+
\

∂Ωt

Anu
2e−2αs dx′ ds
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≤
\
Ωt

( 3∑

i=1

Ai,xi
+ Es

)
u2e−2αs dx ds

+ 2
\
Ωt

Lu · ue−2αs dx ds+ c2
\
Ω

u2 dx
∣∣∣
t=0

.

From (4.7) we get

max
Ωt

(
|Et|+

3∑

i=1

|Ai,xi
|
)
≤ 2c|L̃|3,0,∞,ΩT ≤ αα0

so using the Young inequality (with ε =
√

2/(αα0)) in (4.11) we have

(4.12) α0e
−2αt

\
Ω

u2 dx+
αα0

2

\
Ωt

u2e−2αs dx ds +
\

∂Ωt

Anu
2e−2αs dx′ ds

≤ 2

αα0

\
Ωt

|Lu|2e−2αs dx ds+ c2
\
Ω

u2 dx
∣∣∣
t=0

.

We have to consider the boundary term. From (2),

u =

k∑

µ=1

cµγ
+
µ +

m∑

µ=k+1

cµγ
−
µ = u′ + u′′ where cµ = uγµ,

u′ =

k∑

µ=1

cµγ
+
µ , so |u′|2 =

k∑

µ=1

c2µ, |u′′|2 =

m∑

µ=k+1

c2µ,

and

−An̄u
2 =

k∑

µ=1

λ+
µ c

2
µ +

n∑

µ=k+1

λ−
µ c

2
µ.

Using this and (4.3), (4.4) we get, from (4.12),

(4.13) α0e
−2αt

\
Ω

u2 dx+
αα0

2

\
Ωt

u2e−2αs dx ds

+ c0
\

∂Ωt

|u′′|2e−2αs dx′ ds

≤ c1
\

∂Ωt

|u′|2e−2αs dx′ ds

+
2

αα0

\
Ωt

|Lu|2e−2αs dx ds+ c2
\
Ω

u2 dx
∣∣∣
t=0

.
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Now, to express |u′|2 =
∑k

µ=1 c
2
µ by |Mu|2, we consider

Mu =

k∑

µ,ν=1

αµνγ
+
µ c+ν +

k∑

µ=1

m∑

ν′=k+1

βµν′γ+
µ c−ν′ =

k∑

µ=1

gµγ
+
µ

so

gµ =

k∑

ν=1

αµνc
+
ν +

m∑

ν′=k+1

βµν′c−ν′

and this implies

c+ν =

k∑

µ=1

α−1
µν gµ −

m∑

ν′=k+1

k∑

µ=1

α−1
µν βµν′c−ν′ .

Adding c0
T
∂Ωt |u′|2e−2αs dx′ ds, using (4.6) and the last expression, we ob-

tain

(4.14) α0e
−2αt

\
Ω

u2 dx+
αα0

2

\
Ωt

u2e−2αs dx ds + c0
\

∂Ωt

u2e−2αs dx′ ds

≤ (c0 + c1)δ
−2
0

\
∂Ωt

|Mu|2e−2αs dx′ ds

+
2

αα0

\
Ωt

|Lu|2e−2αs dx ds

+ (c0 + c1)δ
−2
0 β2

0

\
∂Ωt

|u′′|2e−2αs dx′ ds+ c2
\
Ω

u2 dx
∣∣∣
t=0

.

Finally, from (4.14) and (4.6)(c) we have (4.9).

To prove the existence of solutions to (4.1) we have to split it into a
Cauchy problem and a boundary value problem. Let χ ∈ C∞

0 (−δ, δ); we
assume that a solution of (4.1) has the form u = χu1 + u2, where

(4.15) Lu1 = 0, u1|t=0 = u0,

and

(4.16) Lu2 = F − Eu1
∂

∂t
χ, Mu2|∂Ω = g, u2|t=0 = 0.

Further, introducing w1 = u1 − ũ0 (where ũ0 denotes an extension of u0 to
the half-space t > 0) we get, from (4.15),

(4.17) Lw1 = −Lũ0, w1|t=0 = 0.

We define the formally adjoint operator L(∗) by

(4.18) L(∗) = −E∂t −
3∑

i=1

Ai∂xi
− Et −

3∑

i=1

Ai,xi
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so we have the identity

(4.19) (Lw1, v1)ΩT = (w1, L
(∗)v1)ΩT

for all w1, v1 ∈ C∞
0 (ΩT ) with w1|t=0 = 0 and v1|t=T = 0.

Next, for such w1, v1 we obtain by (4.9) the following estimates:

(4.20) α0e
−2αt

\
Ω

w2
1 dx+

αα0

2

\
Ωt

w2
1e

−2αs dx ds

≤ 2

αα0

\
Ωt

|Lw1|2e−2αs dx ds

and (with time travelling backward)

(4.21) α0e
2αt
\
Ω

v21 dx+
αα0

2

\
Ωt

v21e
2αs dx ds ≤ 2

αα0

\
Ωt

|L(∗)v1|2e2αs dx ds.

Now we use the following (see [3]).

Theorem 4.1. Let L denote the space of square integrable functions on

ΩT ,DL the domain of L consisting of u ∈ C∞(ΩT ∪ ∂ΩT ) which satisfy

the boundary (initial) condition, and DL(∗) the domain of L(∗) of those

v ∈ C∞(ΩT ∪ ∂ΩT ) which satisfy the adjoint boundary (initial) condition.

If there exists a constant c such that

c‖u‖ ≤ ‖Lu‖, c‖v‖ ≤ ‖L(∗)v‖,
for u ∈ DL̄ and v ∈ DL̄(∗) , then L and L(∗) map their domains one-to-one

onto L.
From this theorem and inequalities (4.20), (4.21) we get:

Lemma 4.2. There exists a unique weak solution u1 of (4.15) such that

w1 ∈ L
◦

2,α(Ω
T ).

Now we are looking for solutions of problem (4.16). For the adjoint L(∗)

we obtain the identity

(4.22) (Lu, v) = (u,L∗v) + (An̄u, v) = (u,L(∗)v)− (A1u, v)

where u, v ∈ C1
0 (Ω × R).

We can find the boundary matrix M∗ for the adjoint problem from
(A1u, v) = 0 for u ∈ kerM and v ∈ kerM∗ (see [10], [11]). Let F, g = 0
for t < 0 and t > T . Then we consider (4.16) in Ω × R and we can prove,
similarly to (4.9),

(4.23)
αα0

2

\
Ω×R

u2
2e

−2αs dx ds +
c0
2

\
∂Ω×R

u2
2e

−2αs dx′ ds

≤ (c0 + c1)δ
−2
0

\
∂Ω×R

|Mu2|2e−2αs dx′ ds+
2

αα0

\
Ω×R

|Lu2|2e−2αt dx ds.



232 J. Renc lawowicz and W. M. Zaja̧czkowski

We have to obtain an estimate for the adjoint problem. If we take L(∗), M∗

instead of L,M and we assume that the time is travelling backward, then
we can prove (in the same way as Lemma 4.1):

Lemma 4.3. Assume that (1) and (3) of Lemma 4.1 hold. Let

M∗ =

m∑

µ,ν=k+1

α∗
µν(t, x

′)γ−
µ (t, x)γ−

ν (t, x′)

+

m∑

µ=k+1

k∑

ν=1

β∗
µν(t, x

′)γ−
µ (t, x′)γ+

ν (t, x′),

with

(4.24) max
∂ΩT

|α∗−1
µν | ≤ δ−1

0 , max
∂ΩT

|β∗
µν | ≤ γ0, (c0 + c4)δ

−2
0 γ2

0 ≤ c0/2.

Moreover , let

(4.25) max
ν∈{1,...,m}

max
∂Ω×R

|λ−
ν (x

′, t)| ≤ c4.

Then for v2 ∈ C∞
0 (Ω × R) ∩ L2,−α(Ω ×R) we obtain

(4.26)
αα0

2

\
Ω×R

v22e
2αs dx ds+

c0
2

\
∂Ω×R

v22e
2αs dx′ ds

≤ (c0 + c4)δ
−2
0

\
∂Ω×R

|M∗v2|2e2αs dx′ ds+
2

αα0

\
Ω×R

|L∗v2|2e2αs dx ds.

Now, by (4.23), (4.26) and Theorem 4.1 we have

Lemma 4.4. Let g ∈ L2,α(∂Ω × R) with g|t<0 = g|t>T = 0 and F ∈
L2,α(Ω × R) with F |t<0 = F |t>T = 0. Let the assumptions of Lemmas 4.1
and 4.3 be satisfied. Then there exists a unique solution u2 ∈ L2,α(Ω × R)
of (4.16) such that u2|∂Ω ∈ L2,α(∂Ω × R).

In Lemmas 4.2 and 4.4 we can obtain strong solutions, using the tech-
nique of mollifiers (see [6], [12]) with respect to (x′, t) where x = (x1, x

′).
Then we have the sequence uε = Jεu = jε∗u (the operator Jε is the mollifier)
and from the properties of Jε we have the convergences

uε → u in L2(Ω
T ),

Luε → Lu = F in L2(ΩT ),

Muε → Mu = g in L2(∂ΩT ),

and uε is continuous up to the boundary.
Now for u = χu1 + u2 we formulate

Theorem 4.2. Let u0 ∈ H1(Ω), u0|∂Ω = 0, L̃ ∈ H1
α(Ω

T ) and F ∈
L2,α(Ω

T ), g ∈ L2,α(∂Ω
T ). Let the assumptions of Lemmas 4.1 and 4.3 be
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satisfied. Then there exists a unique strong solution u of problem (4.1) in

the half-space Ω such that u ∈ L2,α(Ω
T )∩L2,α(∂Ω

T )∩L∞(0, T ;Γ 1
0 (Ω)) and

(4.9) holds.

4(b) Regularity of solutions. To prove the existence of solutions of (3.1)
we have to use the method of successive approximations; so we need more
regular solutions of (4.1) such that u ∈ H3(ΩT ). Since u ∈ L2,α(Ω

T ) we
have to use mollifiers to derive the regularity of u. Let uδ = jδ ∗ u = Jδu,
where j(t, x) ∈ C∞

0 (R1 × R
n), j ≥ 0,

T
j(t, x) dx dt = 1 and jδ(t, x) =

δ−n−1j(t/δ, x/δ). We consider the problems

LDs
t,x′uδ = Ds

t,x′Luδ + (LDs
t,x′uδ −Ds

t,x′Luδ),

MDs
t,x′uδ|x1=0 = Ds

t,x′Muδ + (MDs
t,x′uδ −Ds

t,x′Muδ),(4.27)

Ds
t,x′uδ|t=0 = Ds

t,x′uδ|t=0,

for s = 1, 2, 3, where

Ds
t,x′u =

∑

|γ|=s

∂γ0

∂tγ0

∂γ2

∂xγ2

2

∂γ3

∂xγ3

3

u, |γ| = γ0 + γ2 + γ3,

Luδ = (Lu)δ − [(Lu)δ − Luδ]

= (Lu)δ −Cδu (Cδu is called the commutator).

Lemma 4.5. Assume that (1)–(3) of Lemma 4.1 hold , M ∈ H3
α(∂Ω

T ),
g ∈ H3

α(∂Ω
T ), u0 ∈ H3(Ω) and F ∈ H3

α(Ω
T ). Set

a = |L̃|3,0,∞,Ωt , b = |M |3,0,∞,ΩT + ‖M‖3,∂Ωt,α

for t ≤ T . Then there exist polynomials p0(a, b), ps(a, b), qs(a, b), 1 ≤ s ≤ 3,
such that the solution of problem (4.1) satisfies the following estimate:

(4.28) α0|u|2s,0,Ωe−2αt +
αα0

4
‖u‖2s,Ωt,α +

c0
2
‖u‖2s,∂,Ωt,α

≤ ps(a, b)[|Lu|2s,Ωt,α + |Lu|2s−1,0,Ω |t=0]

+ qs(a, b)‖Mu‖2s,∂Ωt,α + c2|u|2s,0,Ω |t=0

where

(4.29) α satisfies p0(a, b) ≤ αα0.

Moreover , there exist polynomials r such that

(4.30) |u|2s,0,Ω|t=0 ≤ r(|L̃|s−1,0,Ω |t=0, |Lu|s−1,0,Ω |t=0, ‖u0‖s,2,Ω).

P r o o f. For |s| = 1 and problem (4.27) we have by (4.9),
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(4.31) α0e
−2αt

\
Ω

|D1
t,x′uδ|2 dx+

αα0

2

\
Ωt

|D1
t,x′uδ|2e−2αs dx ds

+
c0
2

\
∂Ωt

|D1
t,x′uδ|e−2αs dx′ ds

≤ 2

αα0

\
Ωt

|D1
t,x′Luδ|2e−2αs dx ds

+
2

αα0

\
Ωt

|LD1
t,x′uδ −D1

t,x′Luδ|2e−2αs dx ds

+ c3
\

∂Ωt

|D1
t,x′g′δ|2e−2αs dx′ ds

+ c3
\

∂Ωt

|MD1
t,x′uδ −D1

t,x′Muδ|2e−2αs dx′ ds

+ c2
\
Ω

|D1
t,x′uδ|2 dx

∣∣∣
t=0

where

c3 = (c0 + c1)δ
−2
0 , g′δ = Muδ.

We have to estimate the second and fourth terms on the right-hand side of
(4.31). We can write\

Ωt

(LD1
t,x′uδ −D1

t,x′Luδ)
2e−2αs dx ds ≤

\
Ωt

|D1
t,x′ L̃|2|D1

t,xuδ|2e−2αs dx ds

≤ ca2
\
Ωt

|D1
t,xuδ|2e−2αs dx ds.

Because

(4.32) D1
x1
uδ = A−1

1 [Luδ − Euδt −A′uδx′ ], A′uδx′ =
3∑

i=2

Aiuδxi

and detA1 ≥ cm0 , |A−1
1 | ≤ cc−m

0 am−1 we get

(4.33)
\
Ωt

|D1
x1
uδ|2e−2αs dx ds ≤ ca2(m−1)(‖Luδ‖20,Ωt,α + a2‖uδ‖′21,Ωt,α)

(the prime denotes that the derivative Dx1
does not appear), so finally

(4.34)
\
Ωt

|LD1
t,x′uδ −D1

t,x′Luδ|2e−2αs dx ds

≤ ca2m‖Luδ‖20,Ωt,α + ca2(a2m + 1)‖uδ‖′21,Ωt,α.

For the boundary term we have
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(4.35)
\

∂Ωt

|MD1
t,x′uδ −D1

t,x′Muδ|e−2αs dx′ ds

≤
\

∂Ωt

|D1
t,x′M |2u2

δe
−2αs dx′ ds

≤ cb2
\

∂Ωt

|uδ|2e−2αs dx ds ≤ cb2
t\
0

e−2αs
\
Ω

|D1
xuδ|2 dx ds

≤ cb2
t\
0

e−2αs
\
Ω

(|D1
x1
uδ|2 + |D1

x′uδ|2 + |D1
t uδ|2) dx ds

≤ cb2[‖uδ‖′21,Ωt,α + ‖D1
x1
uδ‖20,Ωt,α]

≤ cb2‖Luδ‖20,Ωt,α + cb2(a2m + 1)‖uδ‖′21,Ωt,α.

Assuming

αα0

4
≥ c

[
2

αα0
a2(a2m + 1) + b2c3(a

2m + 1)

]

we obtain from (4.9), (4.31), (4.34) and (4.35),

(4.36) α0|uδ |′21,0,Ωe−2αt +
αα0

4
‖uδ‖′21,Ωt,α +

c0
2
‖uδ‖′21,∂Ωt,α

≤ cp̃1(a, b)‖Luδ‖21,Ωt,α + cq̃1(a, b)‖Muδ‖21,∂Ωt,α + c2|uδ|′21,0,Ω |t=0

where p̃1, q̃1 are polynomials.

Using (4.32) we have

(4.37) ‖uδx1
‖20,2,Ω ≤ ca2(m−1)(‖Luδ||20,2,Ω + a2‖uδ‖′21,0,Ω)

so finally from (4.33), (4.37) and (4.36),

(4.38) α0|uδ |21,0,Ωe−2αt +
αα0

4
‖uδ‖21,Ωt,α +

c0
2
‖uδ‖21,∂Ωt,α

≤ p1(a, b)(‖Luδ‖21,Ωt,α + ‖Luδ‖20,2,Ω)

+ q1(a, b)‖Muδ‖21,∂Ωt,α + c2|uδ |21,0,Ω|t=0

where p1, q1 are polynomials.

Using the convergence uδ → u in H1, and Luδ = Fδ − Cδu → F = Lu
in H1 (because Cδu → 0 in L2 and H1 for sufficiently regular L̃) we obtain

(4.39) α0|u|21,0,Ωe−2αt +
αα0

4
‖u‖21,Ωt,α +

c0
2
‖u‖21,∂Ωt,α

≤ p1(a, b)(‖Lu‖21,Ωt,α + ‖Lu‖20,2,Ω)

+ q1(a, b)‖Mu‖21,∂Ωt,α + c2|u|21,0,Ω |t=0

so we have (4.28) for s = 1.
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Let us consider the case s = 2. We have, using (4.9) to (4.27),

(4.40) α0e
−2αt

\
Ω

|D2
t,x′uδ|2 dx+

αα0

2

\
Ωt

|D2
t,x′uδ|2e−2αs dx ds

+
c0
2

\
∂Ωt

|D2
t,x′uδ|2e−2αs dx′ ds

≤ 2

αα0

\
Ωt

|D2
t,x′Luδ|2e−2αs dx ds

+
2

αα0

\
Ωt

|LD2
t,x′uδ −D2

t,x′Luδ|2e−2αs dx ds

+ c3
\

∂Ωt

|D2
t,x′g′δ|2e−2αs dx′ ds

+ c3
\

∂Ωt

|MD2
t,x′uδ −D2

t,x′Muδ|2e−2αs dx′ ds

+ c2
\
Ω

|D2
t,x′uδ|2 dx

∣∣∣
t=0

.

As before, we estimate\
Ωt

|LD2
t,x′uδ −D2

t,x′Luδ|2e−2αs dx ds

≤
\
Ωt

(|D2
t,x′ L̃|2|D1

t,x′uδ|2 + |D1
t,x′ L̃|2|D1

t,x′D1
t,xuδ|2)e−2αs dx ds

≤ ca2
(
‖uδ‖21,Ωt,α +

\
Ωt

|D1
t,x′D1

t,x′uδ|2e−2αs dx ds
)
,

(4.41)
\
Ωt

|D1
x1
D1

t,x′uδ|2e−2αs dx ds

≤ ca2(m−1)[‖Luδ‖21,Ωt,α + a2(‖uδ‖′21,Ωt,α + ‖D2
t,x′uδ‖20,Ωt,α)],

(4.42)
\
Ωt

|D1
x1
D1

x1
uδ|2e−2αs dx ds

≤ ca2(m−1)[‖Luδ ||21,Ωt,α + a2(‖uδ‖21,Ωt,α + ‖D1
x1
D1

t,x′uδ‖20,Ωt,α)]

≤ c[(a2(m−1) + a4(m−1))‖Luδ‖21,Ωt,α

+ (a2m + a4m)‖uδ‖21,Ωt,α + a4m‖D2
t,x′uδ‖20,Ωt,α]

where (4.41), (4.42) are obtained by differentiating (4.32) with respect to
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(t, x′) and x1, respectively. Hence

(4.43)
\
Ωt

|LD2
t,x′uδ −D2

t,x′Luδ|2e−2αs dx ds

≤ ca2[(1 + a2m)(‖uδ‖21,Ωt,α + ‖D2
t,x′uδ‖20,Ωt,α) + a2(m−1)‖Luδ‖21,Ωt,α].

For the boundary term we have\
∂Ωt

|MD2
t,x′uδ −D2

t,x′Muδ|2e−2αs dx′ ds

≤
\

∂Ωt

(|D2
t,x′Muδ|2 + |D1

t,x′M |2|D1
t,x′uδ|2)e−2αs dx′ ds

≤ cb2
\

∂Ωt

(|uδ |2 + |D1
t,x′uδ|2)e−2αs dx′ ds.

From the Sobolev embedding(
n

2
− n− 1

2q

)
1

µ
≤ 1 ⇒ Wµ

2 (Ω) →֒ L2q(∂Ω)

for n = 3, µ = 1, q = 1 we have

‖D1
t,x′uδ‖2,∂Ω ≤ ‖D1

t,x′uδ‖1,2,Ω , ‖uδ‖2,∂Ω ≤ ‖uδ‖1,2,Ω .
Using this and (4.41) we get

(4.44)
\

∂Ωt

|MD2
t,x′uδ −D2

t,x′Muδ|2e−2αs dx′ ds

≤ cb2[(a2m + 1)(‖uδ‖21,Ωt,α + ‖D2
t,x′uδ‖20,Ωt,α) + a2(m−1)‖Luδ‖21,Ωt,α].

If we take α such that

(4.45) c

[
2

αα0
a2(a2m + 1) +

αα0

2
(a4m + a2m) + c3b

2(a2m + 1)

]
≤ αα0

4

and use the inequality (following from (4.32))

(4.46) ‖D1
t,x′D1

x1
uδ‖20,2,Ω + ‖D2

x1
uδ‖20,2,Ω

≤ c(a4(m−1) + 2a2(m−1))‖Luδ‖21,0,Ω
+ (2a2m + a4m)‖uδ‖21,0,Ω + (a2m + a4m)‖D2

t,x′uδ‖20,2,Ω
we conclude (combining (4.38), (4.40)–(4.42), (4.46) and using (4.43)–(4.45))
that

(4.47) α0|uδ |22,0,Ωe−2αt +
αα0

4
‖uδ‖22,Ωt,α +

c0
2
‖uδ‖22,∂Ωt,α

≤ p2(a, b)(‖Luδ‖22,Ωt,α + ‖Luδ‖21,0,Ωe−2αt)

+ q2(a, b)‖Muδ‖22,∂Ωt,α + c2|uδ |22,0,Ω|t=0

where p2, q2 are polynomials.
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Moreover, using

(4.48) |F |2ν,0,Ωe−2αt ≤ c

α
|F |2ν+1,Ωt,α + |F |2ν,0,Ω |t=0

for ν = 1 and taking δ → 0, for u = limδ→0 uδ we obtain estimate (4.28) for
s = 2.

Finally, we consider s = 3; like before, by (4.9) we get

(4.49) α0e
−2αt

\
Ω

|D3
t,x′uδ|2 dx+

αα0

2

\
Ωt

|D3
t,x′uδ|2e−2αs dx ds

+
c0
2

\
∂Ωt

|D3
t,x′uδ|2e−2αs dx′ ds

≤ 2

αα0

\
Ωt

|D3
t,x′Luδ − LD3

t,x′uδ|2e−2αs dx ds

+
2

αα0

\
Ωt

|D3
t,x′Luδ|2e−2αs dx ds

+ c3
\

∂Ωt

|D3
t,x′Muδ −MD3

t,x′uδ|2e−2αs dx′ ds

+ c3
\

∂Ωt

|D3
t,x′Muδ|2e−2αs dx′ ds

+ c2
\
Ω

|D3
t,x′uδ|2 dx

∣∣∣
t=0

.

Because by (4.32),

(4.50)
\
Ωt

|D2
t,x′D1

x1
uδ|2e−2αs dx ds

≤ ca2(m−1)[‖Luδ‖22,Ωt,α + a2(‖uδ‖′22,Ωt,α + ‖D3
t,x′uδ‖20,Ωt,α)]

we can estimate

(4.51)
\
Ωt

|LD3
t,x′uδ −D3

t,x′Luδ|2e−2αs dx ds

≤
\
Ωt

|D3
t,x′ L̃ ·D1

t,xuδ

+D2
t,x′ L̃ ·D1

t,x′D1
t,xuδ +D1

t,x′ L̃ ·D2
t,x′D1

t,xuδ|2e−2αs dx ds

≤ ca2(‖uδ‖22,Ωt,α + ‖D2
t,x′D1

t,xuδ‖20,Ωt,α)

≤ ca2m‖Luδ‖22,Ωt,α + a2(a2m + 1)(‖uδ‖22,Ωt,α + ‖D3
t,x′uδ‖20,Ωt,α).
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Let us estimate

(4.52)
\
Ωt

|D1
t,x′D2

x1
uδ|2e−2αs dx ds

≤ ca2(m−1)[‖Luδ‖22,Ωt,α + a2(‖uδ‖22,Ωt,α + ‖D2
t,x′D1

x1
uδ‖20,Ωt,α)]

≤ c[(a2(m−1) + a4m−2)‖Luδ‖22,Ωt,α

+ (a2m + a4m)‖uδ‖22,Ωt,α + a4m‖D3
t,x′uδ‖20,Ωt,α],

(4.53)
\
Ωt

|D3
x1
uδ|2e−2αs dx ds

≤ ca2(m−1)[‖Luδ‖22,Ωt,α + a2(‖uδ‖22,Ωt,α + ‖D1
t,xD

2
x1
uδ‖20,Ωt,α)]

≤ c[(a2(m−1) + a4m−2 + a6m−2)‖Luδ‖22,Ωt,α

+ (a2m + a4m + a6m)‖uδ‖22,Ωt,α + a6m‖D3
t,x′uδ‖20,Ωt,α].

We have to consider\
∂Ωt

|MD3
t,x′uδ −D3

t,x′Muδ|2e−2αs dx′ ds

=
\

∂Ωt

|(D3
t,x′M)uδ +D2

t,x′M ·D1
t,x′uδ +D1

t,x′M ·D2
t,x′uδ|2e−2αs dx′ ds

≤ cb2
t\
0

(|uδ |22,∂Ω + |D1
t,x′uδ|22,∂Ω + |D2

t,x′uδ|22,∂Ω)e−2αs ds.

Using again the Sobolev embeddings

‖uδ‖2,∂Ω ≤ c‖uδ‖1,2,Ω ,
‖D1

t,x′uδ‖2,∂Ω ≤ c‖D1
t,x′uδ‖1,2,Ω,

‖D2
t,x′uδ‖2,∂Ω ≤ c‖D2

t,x′uδ‖1,2,Ω,
we obtain

(4.54)
\

∂Ωt

|MD3
t,x′uδ −D3

t,x′Muδ|2e−2αs dx′ ds

≤ cb2(‖uδ ||22,Ωt,α + ‖D3
t,x′uδ‖20,Ωt,α + ‖D1

x1
D2

t,x′uδ‖20,Ωt,α)

≤ cb2a2(m−1)‖Luδ‖22,Ωt,α + b2(a2m + 1)(‖uδ‖22,Ωt,α + ‖D3
t,x′uδ‖20,Ωt,α).

Let us assume that

(4.55) c

[
2

αα0
a2(a2m+1)+

αα0

2
(a2m+a4m+a6m)+c3b

2(a2m+1)

]
≤ αα0

4
.
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Then, adding to (4.49) inequalities (4.50), (4.52)–(4.53) and

(4.56) ‖D2
t,x′D1

x1
uδ‖22,Ω + ‖D1

t,x′D2
x1
uδ‖22,Ω + ‖D3

x1
uδ‖22,Ω

≤ c[(3a2(m−1) + 2a4m−2 + a6m−2)‖Luδ‖22,0,Ω
+ (3a2m + 2a4m + a6m)‖uδ‖22,0,Ω
+ (a2m + a4m + a6m)‖D3

t,x′uδ‖22,Ω ]
and using estimates (4.51), (4.52), by inequality (4.47), and the energy in-
equality (4.48) for ν = 2, we finally obtain

(4.57) α0|uδ |23,0,Ωe−2αt +
αα0

4
‖uδ‖23,Ωt,α +

c0
2
‖uδ‖23,∂Ωt,α

≤ p3(a, b)(‖Luδ‖23,Ωt,α + ‖Luδ‖22,0,Ω|t=0)

+ c2‖uδ‖23,0,Ω|t=0 + q3(a, b)‖Muδ‖23,∂Ωt,α

where p3, q3 are polynomials.

Moreover, by convergence in suitable spaces, after passing with δ to zero,
we obtain estimate (4.28) for s = 3. This concludes the proof.

Theorem 4.2 and Lemma 4.5 imply:

Theorem 4.3. Suppose the following assumptions are satisfied :

(1) Ω is a half-space, L̃ ∈ Π3
0 (Ω

T ), M ∈ Π3
0 (Ω

T ) ∩ H3
α(∂Ω

t), F ∈
H3

α(Ω
T ), g ∈ H3

α(∂Ω
T ), u0 ∈ H3(Ω) and u0|∂Ω = 0.

(2) We have

min
µ

min
ΩT

|λµ| ≥ c0 > 0 so |detAn̄| ≥ cm0 , and

max
ΩT

|λµ| ≤
maxΩT |detAn̄|

cm−1
0

≤ c
1

cm−1
0

|L̃|m3,0,∞,ΩT .

(3) Eu · u ≥ α0u
2.

Then there exists a unique solution of problem (4.1) such that u ∈ Π3
0 (Ω

T )∩
H3

α(Ω
T ) ∩H3

α(∂Ω
T ) and estimate (4.28) holds under assumption (4.29).

4(c) Existence of solutions for the linearized equations in a bounded do-

main. Now we want to prove Theorem 4.3 for a bounded domain Ω. Since
(4.9) holds in Ω, we have the existence of solutions to the linearized problem
(4.1) in L2,α(Ω

T ) (by Lemma 4.1 and Theorem 4.1). For higher regularity
we introduce a suitable partition of unity.

Take a system of ξi(x) ∈ C∞(Ω), ξi ∈ [0, 1], i ∈ M∪N , Ωi = supp ξi(x)
∩Ω, wi = {x : ξi(x) = 1},

i ∈ M ⇔ Ωi ∩ ∂Ω = ∅, i ∈ N ⇔ Ωi ∩ ∂Ω 6= ∅,
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⋃
Ωi =

⋃
wi = Ω, diamΩi ≤ λ, only finitely many Ωi’s are nonempty.

Next, let ηi(x) = ξi(x)/
∑

ξ2i (x) (so
∑

ηi(x)ξi(x) = 1). We define fi(x, t) =
f(x, t)ηi(x); from (4.1) we get

Lui = L(uηi) = E(uηi)t +

3∑

γ=1

Aγ(uηi)xγ

= E
∂

∂t
u · ηi +

3∑

γ=1

(
Aγ

∂

∂xγ
u · ηi +Aγu · ∂

∂xγ
ηi

)

= (Lu)ηi +
3∑

γ=1

Aγu · ηi,xγ

so

(4.58)

Lui = Fi + [L, ηi]u in Ωi,

Mui|∂Ω = gi,

ui|t=0 = u0i, where [L, ηi]u =

3∑

α=1

Aαuηi,xα
.

We consider two cases. For i ∈ M we have only the Cauchy problem
(4.58)1,3, so we obtain an estimate of type (4.28), but without the boundary
term and expressions with M ; denote it by (4.28)′. In the case i ∈ N , we
take a local coordinate system centred in the middle of ∂Ω ∩ Ωi such that
x1 > 0 belong to Ωi and x1 is a coordinate along the axis generated by
n(x̃i) and x′ = (x2, x3) are directions perpendicular to n. Then, if ∂Ω ∩Ωi

is described by x1−ϕ(x′) = 0, by the transformation y′ = x′, y1 = x1−ϕ(x′)
we get the half-space y1 > 0. We can write our problem in the form

L̂ûi = F̂i + [L̂, η̂i]u,

M̂ûi|∂Ω = ĝi,(4.59)

ûi|t=0 = û0i, where f̂(y) = f(x)|x=x(y),

and n = (−1, ϕx′)(1 + ϕ2
x′)−1/2 = −

(
∂y1

∂x1
, ∂y1

∂x2
, ∂y1

∂x3

)
(
∑3

i=1 y
2
1,xi

)−1/2 implies

3∑

s=1

Âs

(
−∂y1
∂xs

)( 3∑

i=1

y21,xi

)−1/2

= Â · n

so we have new matrices A′
1 = −Â · n, A′

2 = Â2, A
′
3 = Â3 (symmetric).

We can apply the considerations of part (b) to obtain an estimate for
system (4.59) of type (4.28). Notice that in both cases i ∈ M and i ∈ N we
must additionally consider the second term on the right-hand side of (4.58)1
and (4.59)1, respectively. We can write
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‖[L, ηi]u‖µ,Ωt,α =
∥∥∥

3∑

k=1

Akuηi,xk

∥∥∥
µ,Ωt,α

(4.60)

=
∥∥∥

3∑

k=1

Akuiξi(x)ηi,xk
(x)

∥∥∥
µ,Ωt,α

≤ c
∥∥∥

3∑

k=1

Akui

∥∥∥
3,Ωt,α

≤ ca‖ui‖3,Ωt,α

because ξi ≤ 1, ηi ∈ C∞(Ω).
We obtain, for (4.59) and i ∈ N ,

(4.61) α0|ûi|2µ,0,Ω̂i
e−2αt +

αα0

4
‖ûi‖2µ,Ω̂t

i ,α
e−2αt

+
αα0

4
‖ûi‖2µ,Ω̂t

i ,α
+

c0
2
‖ûi‖2µ,∂Ω̂t

i ,α

≤ pµ(a, b)[‖F̂i‖2µ,Ω̂t
i ,α

+ |F̂i|2µ−1,0,Ω̂i
|t=0]

+ qµ(a, b)‖ĝi‖2µ,∂Ω̂t
i ,α

+ rµ(a, b)|ûi|2µ,0,Ω̂i
|t=0.

where

(4.62) pµ(a, b) + ca2 ≤ αα0,

pµ, rµ, qµ, p0 are polynomials, Ω̂i = TΩi, F̂i = (L̂u)i, ĝi = (M̂u)i and T is
the transformation defined by y = y(x).

By summing inequalities (4.61) over i ∈ N and (4.28)′ over i ∈ M,
using u =

∑
i∈M∪N ui(x)ξi(x), we obtain an estimate of the form (4.28) for

a bounded domain Ω. Assuming

(4.63) αα0 ≥ p0(a, b) + ca2

for a bounded domain, we formulate:

Theorem 4.4. Let Ω be a bounded domain with ∂Ω ∈ C3. Let the

assumptions of Theorem 4.3 and (4.63) be satisfied for Ω. Then there exists

a unique solution w of the linearized problem (3.1), where u ∈ Π3
0 (Ω

t) ∩
H3

α(Ω
t) ∩H3

α(Ω
t) ∩H3

α(∂Ω
t) and (4.28) holds.

5. The existence and uniqueness of solution of problem (3.1).
We will consider the following iteration scheme:

(5.1)

L(um)um+1 ≡ E(t, x, um)um+1,t +

3∑

i=1

Ai(x, t, um)um+1,xi
= 0,

M(t, x, um)um+1 = g(t, x) on ∂Ωt,

um+1|t=0 = u0(x) in Ω,

for m = 0, 1, 2, . . .
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Define Q(G0, δ) = {u : Ωt → R
m : supΩt |u(x, s) − u0(x)| ≤ δ for some

u0 with values in G0}. Recall that we assume that G ⊂ G. If the values of
all functions in Q(G0, δ) lie in G (where δ depends on t and the system of
equations), we assume for u ∈ Q(G0, δ):

(a) The matrices E,Ai are symmetric, E is uniformly positive definite,
and the matrix −An̄ = −A · n, where n is the unit outward vector nor-
mal to the boundary ∂Ω, has eigenvalues separated from zero and positive
eigenvalues bounded in a neighbourhood of the boundary.

(b) The matrix M has the following form:

M =

k∑

µ,ν=1

αµν(t, x
′, u)γ+

µ (t, x′, u)γ+
ν (t, x′, u)

+

k∑

µ=1

m∑

ν=k+1

βµν(t, x
′, u)γ+

µ (t, x′, u)γ−
ν (t, x′, u)

and
max
∂Ωt

|α−1
µν | ≤ δ−1

0 , max
∂Ωt

|βµν | ≤ β0 ∀µ, ν.
(c) detAn̄(t, x, u(x, t)) 6= 0 in a neighbourhood of the boundary.
(d) The matrices E(x, t, u(x, t)), Ai(x, t, u(x, t)) are 3-times differentiable

functions with respect to t, x, u, and belong to L2(Ω) for each t.

We can guarantee that conditions (a)–(d) are satisfied for u ∈ Q(G0, δ) in
the following way. By Theorem 4.4 every solution of system (5.1) belongs to
Cβ(Ωt), β ∈ (0, 1). Using continuity of u with respect to t, condition (d) and
the assumption that conditions (a)–(d) are satisfied for u0(x) = u|t=0 ∈ G0

we have these properties for u ∈ Q(G0, δ) for sufficiently small t; so let t∗

be a time such that for t < t∗ we can use Theorem 4.4 for each um.
Let us assume u0|∂Ω = 0 and consider, for vm = um − u0, the following

system:

(5.2)

Lvm+1 = E(t, x, um)vm+1,t +
3∑

i=1

Ai(t, x, um)vm+1,xi

= −
3∑

i=1

Ai(t, x, um)u0,xi
,

Mvm+1|∂Ω = g,

vm+1|t=0 = 0.

We get, by Theorem 4.4,

|||vm+1|||23 ≤ p̂(Q, |||um|||3)[‖Au0,x‖23,Ωt,α + |Au0,x|22,0,Ω |t=0](5.3)

+ q̂(Q, |||um|||3)‖g‖23,∂Ωt,α

+ p̂0(Q, |||um|||3)|vm+1|23,0,Ω|t=0
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where |||v|||23 ≡ |v|23,0,∞,Ωt + ‖v‖23,Ωt,α, p̂0(Q, |||um|||3) ≥ |E(t, x, um)|,
p̂(Q, |||u|||3) > p(a, b), q̂(Q, |||u|||3) > q(a, b) and a, b are defined as before.
By the definition of v, we have

(5.4) |||u|||3 ≤ |||v|||3 + ‖u0‖3,2,Ω .
To prove convergence of {um} we have to know that if |||vm|||3 ≤ d then

|||vm+1|||3 ≤ d2; using (5.4) in (5.3) we have

|||vm+1|||23 ≤ p̂(Q, d+ |||u0|||3,2,Ω)[‖Au0,x‖23,Ωt,α + |Au0,x|22,0,Ω |t=0](5.5)

+ q̂(Q, d+ ‖u0‖3,2,Ω)‖g‖23,∂Ωt,α

+ p̂0(Q, d+ ‖u0‖3,2,Ω)|vm+1|23,0,Ω|t=0.

Remark. We have used p̂(Q, |||u|||3) and q̂(Q, |||u|||3) by Lemma 6.1
of [10].

We see that |||vm+1|||23 ≤ d2 for sufficiently small norms of u0,x and g,
where ‖g‖3,∂Ωt,α depends on the time t∗. This guarantees the convergence
of the sequence {um}. Introducing Um = um − um−1 = vm − vm−1 we have
the problem

(5.6)

L(um)Um+1 = −[L(um)− L(um−1)]vm

−
3∑

i=1

[Ai(um)−Ai(um−1)]u0,xi
,

M(um)Um+1 = −[M(um)−M(um−1)]vm,

Um+1|t=0 = 0, m ≥ 0, U0 = u0(x).

By (d) we can write

(5.7)
|||L̃(um)− L̃(um−1)|||3 ≤ |L̃|3,0,∞,ΩT |||um − um−1|||3,

|||M(um)−M(um−1)|||3 ≤ |M |3,0,∞,ΩT |||um − um−1|||3,
therefore by Theorem 4.4 for problem (5.6) we have

(5.8) |||Um+1|||22 ≤ h(Q, |||um|||3, |||um−1|||3)(|||vm|||23 + |||u0,x|||23)|||Um|||23.
By the smallness of |||vm|||3, adding the assumption that ‖u0,x‖3,2,Ω is

sufficiently small, we have the convergence of {um} to u in L∞(0, t;L2(Ω))
∩ L2,α(Ω

t) ∩ L2,α(∂Ω
t) and by (5.4), (5.5),

u ∈ Π3
0 (Ω

t) ∩H3
α(Ω

t) ∩H3
α(∂Ω

t).

Moreover, u is a unique solution. Assume, on the contrary, that u1, u2

are two solutions of the problem and U = u1 − u2. Then

L(u2)U = −[L(u1)− L(u2)]u1,

M(u2)U = −[M(u1)−M(u2)]u1,

U |t=0 = 0.
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Lemma 4.1 implies

α0‖U‖22,Ωe−2αt +
αα0

2
‖U‖20,Ωt,α +

c0
2
‖U‖20,∂Ωt,α

≤ 2

αα0
‖[L(u1)− L(u2)]u1‖|20,Ωt,α

+ (c0 + c1)δ
−2
0 ‖[M(u1)−M(u2)]u1‖0,∂Ωt,α.

We can estimate

‖[L(u1)− L(u2)]u1‖0,Ωt,α ≤ sup
G

sup
Ωt

|L′(ũ)| sup
Ωt

(|u1|+ |D1
t,xu1|)‖U‖0,Ωt,α,

‖[M(u1)−M(u2)]u1‖0,∂Ωt,α ≤ sup
G

sup
∂Ωt

|M ′(ũ)| sup
Ωt

|u1| · ‖U‖0,∂Ωt,α.

It is enough to assume that

sup
G

sup
Ωt

|L̃′(ũ)| sup
Ωt

(|u1|+ |D1
t,xu1|) ≤ (αα0)

2/8,(5.9)

(c0 + c1)δ
−2
0 sup

G
sup
∂Ωt

|M ′(ũ)| sup
Ωt

|u1| ≤ c0/4(5.10)

to obtain

α0‖U‖22,Ωe−2αt +
αα0

4
‖U‖20,Ωt,α +

c0
4
‖U‖20,∂Ωt,α ≤ 0

and this implies uniqueness.

Thus, we have proved:

Theorem 5.1. Suppose the following assumptions are satisfied :

(1) g ∈ H3
α(∂Ω

t), u0|∂Ω = 0, u0 ∈ H4(Ω).

(2) ∂Ω ∈ C3.

(3) The assumptions (a)–(d) are satisfied , and ‖u0,x‖3,2,Ω is sufficiently

small.

(4) t ≤ t∗.

(5) α satisfies αα0 ≥ p̂0(Q, d+‖u0‖3,2,Ω), p̂0(Q, d+‖u0‖3,2,Ω) ≥ p0(a, b)
+ ca2, where p0, p̂0 are polynomials.

(6) (5.9), (5.10) are satisfied for some solution u1 ∈ C1(Ωt).

Then there exists a unique solution u of (3.1) such that u ∈ Π3
0 (Ω

t) ∩
H3

α(Ω
t) ∩H3

α(∂Ω
t) and we have uniqueness in C1(Ωt).

6. Equations of relativistic hydrodynamics—existence and uni-
queness of solutions for the mixed problem. We have proved existence
and uniqueness of solutions for the initial-boundary problem (3.1) using
assumptions (a)–(d) (see Section 5). To apply these results to problem (2.2)
(that is, the symmetric system of relativistic hydrodynamics), we have to
check the assumptions of Theorem 5.1.
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We have

A0z · z =




p
βTpsp + βu2

1 + βu2
2 + βu2

3 +
δ
β spTδ

pβu1 − βu3
1w + w

β u1 − βu1u
2
2w − βu1u

2
3w

pβu2 − βu2
1u2w − βu3

2w + w
β u2 − βu2u

2
3w

pβu3 − βu3u
2
1w − βu3u

2
2w − βu3

3w + w
β u3

p
β spTδ +

δ
βTδ(sδ − s/δ)




T




p
u1

u2

u3

δ




= p2
spTp

β
+ 2pδ

spTδ

β
+ δ2

Tδ

β
(sδ − s/δ)

+ (u2
1 + u2

2 + u2
3)(2pβ + w/β)

− (u2
1 + u2

2 + u2
3)βw

so from u2
1 + u2

2 + u2
3 = 1/β2 − 1 we get

A0z · z = p2
spTp

β
+ 2pδ

spTδ

β
+ δ2

Tδ(sδ − s/δ)

β
(6.1)

+ (u2
1 + u2

2 + u2
3)(2pβ + wβ).

Lemma 6.1. Assume that there exists a constant ̺ ∈ (0, 1) such that for

the initial data z0 = (p0, u01, u02, u03, δ0), uα = vα/(cβ) (vα is the velocity)
we have

(6.2) v20 ≤ (1− ̺2)c2, p0 > 0, δ0 > 0,

and , for some ε > 0,

(6.3)

δ0 > c1(p0 + ε) + ε,

δ0 < c−1
1 (p0 − ε)

(
γ + log

{
p0 − ε

γ − 1
(δ0 + ε)γ

})
− ε

where c1 = 2/̺2 − 1 + 6ε2 and γ is the adiabatic exponent. Then for z ∈
Q(G0, ε) there exists α0 > 0 such that Ez · z ≥ α0z

2 where E = A0.

P r o o f. By definition of Q(G0, ε), |z(t)−z0| ≤ ε, so p > p0−ε, δ ≥ δ0−ε,
uα ≤ u0α + ε. (6.2) implies

β|t=0 =
√

1− v20/c
2 ≥ ̺2

so we have

1/β2 − 1 =
3∑

α=1

u2
α ≤

3∑

α=1

(u0α + ε)2 ≤ 2
3∑

α=1

u2
0α + 6ε2(6.4)

= 2(1/β2|t=0 − 1) + 6ε2 ≤ 2/̺2 − 2 + 6ε2

hence

(6.5) β ≥ (2/̺2 − 1 + 6ε2)−1.
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From the state equation p/δ = RT we calculate

(i) Tp =
1

R
· 1
δ
, Tδ = − 1

R
· p

δ2
.

Taking entropy in the form s − s0 = cv log{p/((γ − 1)δγ)} where cv is the
specific heat at constant volume, we get

(ii) sp = cv/p, sδ = −γcv/δ.

Assuming ε < min{p0, δ0} and using (i), (ii) and (6.4), by the inequality
2pδ < p2 + δ2, we can estimate

Ez · z ≥ p2spTp − (p2 + δ2)sp|Tδ |c1 + δ2(sδ − s/δ)Tδ

+ 3(p0 − ε)(2/̺2 − 1 + 6ε2)−1u2

= p2sp(Tp − c1|Tδ |) + δ2|Tδ|(|sδ |+ s/δ − c1sp)

+ 3(p0 − ε)(2/̺2 − 1 + 6ε2)−1u2.

Assumptions (6.3) guarantee that for z ∈ Q(G0, ε), Tp − c1|Tδ| > 0 and
|sδ|+ s/δ − c1sp > 0, so we can estimate Ez · z ≥ α0z

2, where

α0 = min{3c−1
1 (p0 − ε), sp(Tp − c1|Tδ|), |Tδ |(|sδ |+ s/δ − c1sp)},

which concludes the proof.

Remark 6.1. To satisfy (6.3) we need
(
1 + v20/c

2

1− v20/c
2

)2

< log
eγRT0

(γ − 1)δγ−1
0

,

where we used the fact that ε > 0 and is small. To have v0 close to c we
have to assume either T0 large, or δ0 small or γ close to 1.

Let us consider An̄ = c
∑3

i=1 A
i(z)ni, where c is the speed of light, and

n the unit outward normal vector to ∂Ω. The matrix An̄ has the form

An̄ = c




unspTp n1 n2

n1 unw(1 − β2u2
1) −β2unwu1u2

n2 −β2unwu1u2 unw(1 − β2u2
2)

n3 −β2unwu1u3 −β2unwu2u3

unspTδ 0 0

n3 unspTδ

−β2unwu1u3 0
−β2unwu2u3 0
unw(1 − β2u2

3) 0
0 unTδ(sδ − s/δ)


 .

From (6.5) we have

(6.6) det(−An̄ − λI)

= −c5(unw+λ′){(unTδ(sδ−s/δ)+λ′)[(unspTp+λ′)(unw+λ′)(unwβ
2+λ′)
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− (unwβ
2(u2

n + 1) + λ′)]− (unspTδ)
2(unw + λ′)(unwβ

2 + λ′)}
where λ′ = λ/c so λ1 = −cunw.

By local straightening of the boundary (given by the transformation
T : y = y(x), see 4(c)), we can assume

u2
n = (u1n1 + u2n2 + u3n3)

2 = u2
1 + u2

2 + u2
3 = 1/β2 − 1.

Therefore we get

det(−An̄ − λI) = (cunw + λ)2(λ3 + cbλ2 − c2aλ+ c3d)

where

a = (unspTδ)
2 − u2

nTδ(sδ − s/δ)spTp

− u2
nTδ(sδ − s/δ)wβ2 − u2

nspTpwβ
2 + 1,

b = unTδ(sδ − s/δ) + unspTp + unwβ
2,(6.7)

d = − (unspTδ)
2unwβ

2 − unTδ(sδ − s/δ)

+ u3
nTδ(sδ − s/δ)spTpwβ

2.

We examine the polynomial

f(λ) = λ3 + cbλ2 − c2aλ+ c3d

with derivative

f ′(λ) = 3λ2 + 2cbλ− c2a.

Using the solutions of f ′(λ) = 0:

x1 = −c
b+

√
b2 + 3a

3
, x2 = c

−b+
√
b2 + 3a

3
,

we can calculate the local maximum f(x1) and minimum f(x2) of f(λ);
next, solving f(x) − f(x1) = 0 and f(x) − f(x2) = 0 we find xr and xl,
respectively, such that

(6.8) xl < λ3 ≤ x1 ≤ λ4 ≤ x2 ≤ λ5 < xr

where λ3, λ4, λ5 are the roots of the second term of the characteristic
polynomial (6.6).

Moreover, for λ1 = λ2 = −cunw we have

(6.9) un ≤ 3(2/̺2 − 1 + 6ε2), w ≤ w0 + ε.

Hence we formulate

Lemma 6.2. Let the assumptions of Lemma 6.1 be satisfied and addition-

ally suppose that

(a) sp, Tp, Tδ, sδ − s/δ are bounded ,

(b) d = −(unspTδ)
2unwβ

2−unTδ(sδ−s/δ)+u3
nTpspTδ(sδ−s/δ)wβ2 6= 0.
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Then the eigenvalues λi of the matrix −An̄ = −c
∑3

i=1A
i(z)ni and the ma-

trix E = A0(z) satisfy conditions (a) and (c) of Section 5 and Theorem 5.1.

Now we are finally prepared to formulate the result:

Theorem 6.1. Suppose the following assumptions are satisfied :

(1) g ∈ H3
α(∂Ω

t), z0 ∈ H4(Ω), z0|∂Ω = 0.
(2) ∂Ω ∈ C3.

(3) For z0 = (p0, u01, u02, u03, δ0) we have

(a) p0 > 0, δ0 > 0,
(b) v20 = v201 + v202 + v203 ≤ (1− ̺2)c2, where ̺ ∈ (0, 1).

(4) sp, Tp, Tδ, sδ − s/δ are bounded and of the same sign.

(5) d 6= 0 (see (6.7) or Lemma 6.2).
(6) The matrix M(x, t, z) has the form described in 5.1(b),
(7) The matrices E(t, x, z(x, t)), Ai(t, x, z(x, t)) = cAi(t, x, z(x, t)) are

3-times differentiable functions with respect to t, x, z.
(8) ‖g‖3,∂Ωt,α and ‖z0,x‖3,2,Ω are sufficiently small , and t ≤ t∗ (see

Section 5).
(9) α satisfies αα0 ≥ p̂0(Q, d + ‖z0‖3,2,Ω) ≥ p0(a, b) + ca2 for some

polynomials p̂0, p0 and Q = Q(G0, ε) is defined in Section 5.

Then there exists a solution of (2.2) such that

z ∈ Π3
0 (Ω

t) ∩H3
α(Ω

t) ∩H3
α(∂Ω

t).

Moreover , under the assumptions

sup
Q

sup
Ωt

|L̃′(z)| sup
Ωt

(|z1|+ |D1
t,xz1|) ≤ (αα0)

2/8(6.10)

(c0 + c1)δ
−2
0 sup

Q
sup
∂Ωt

|M ′(z)| sup
Ωt

|z1| ≤ c0/4(6.11)

for some solutions z1 ∈ C1(Ωt) we have uniqueness.

Remark. Introducing the quantity z − z0 in the method of successive
approximations, we have avoided the assumption that z0 is small. We need,
in fact, the smallness of z0,x in H3 and of g(t, x) in H3

α(∂Ω
t). That is very

important in the relativistic case, where the condition |z0| < 1 means that
v20 < c2/2, which is very restrictive.

7. Barotropic case. We additionally consider the problem (1.1)–(1.2)
in the barotropic case (that means, the pressure p is an explicit function
of the density δ). As before, p and δ denote variables as measured in the
reference frame moving with the fluid.

We assume that

w = δc2 + δe0 + p,(7.1)
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p = δ2
∂e0
∂δ

,(7.2)

where e0 is the specific internal energy e0 = e0(δ).
We can write equations (1.1)–(1.2) in the form

∂

∂xk
[δ(c2 + e0) + p]uiu

k + [δ(c2 + e0) + p]
∂

∂xk
(uiu

k) +
∂

∂xi
p = 0,(7.3)

∂

∂xi
(δui) = 0.(7.4)

Notice that we now have 5 equations and 4 unknowns (because p is given
by (7.2)). Moreover, it is easier to find λi(z), where z = (u1, u2, u3, δ), such
that λi are the coefficients of linear dependence for equations (7.3)–(7.4).
By multiplying (7.3) by ui and summing over i we get

− ∂

∂xk
[δ(c2 + e0) + p]uk − [δ(c2 + e0) + p]

∂uk

∂xk
+

∂p

∂xi
ui = 0.

This implies

−(c2 + e0)
∂δ

∂xk
uk − (c2 + e0)δ

∂uk

∂xk
− δ

∂e0
∂xk

uk − p
∂uk

∂xk
= 0.

Using (7.2) we get

(7.5) −(c2 + e0)
∂

∂xk
(δuk)− δ

∂e0
∂δ

(
∂δ

∂xk
uk + δ

∂uk

∂xk

)
= 0

so adding the equation of continuity (7.4) with multiplier λ4 = c2 + e0 +
δ∂e0/∂δ ≡ c2 + e0 + p/δ ≡ w/δ to (7.5) we obtain zero.

In this way we have found λm = (u0, u1, u2, u3, w/δ) for system (7.3)–
(7.4). We calculate

∂zτλm =




βu1 1 0 0 0
βu2 0 1 0 0
βu3 0 0 1 0
0 0 0 0 1

δ
∂p
∂δ




because

∂

∂δ

(
w

δ

)
=

∂e0
∂δ

+
∂

∂δ

(
δ
∂e0
∂δ

)
= 2

∂e0
∂δ

+ δ
∂2e0
∂δ2

=
1

δ

∂p

∂δ
.

Rewriting (7.3)–(7.4) in the form

∂zj qkm(z)
∂zj

∂xk
= 0, m = 0, . . . , 4,

we obtain

Bk
τj

∂zj

∂xk
= 0 where Bk

τj
= ∂zτλm∂zjqkm(z), i, k, j = 0, . . . , 3,

and Bk(z) are symmetric.
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Let us consider B0(z) and the condition B0z · z > α0z
2. We calculate

∂zj q0m(z) =




−2wu1 −2wu2 −2wu3 pδ − 1
β2

w
δ

1
β
w + βwu2

1 βwu1u2 βwu1u3
1
β

w
δ
u1

βwu1u2
1
βw + βwu2

2 βwu2u3
1
β

w
δ u2

βwu1u3 βwu2u3
1
βw + βwu2

3
1
β

w
δ u3

βδu1 βδu2 βδu3
1
β




and multiplying by ∂zτλm gives

B0(z) =




−βwu1u
2
1 +

w
β −βwu1u2 −βwu1u3 βpδu1

−βwu1u2 −βwu2
2 +

w
β −βwu2u3 βpδu2

−βwu1u3 −βwu2u3 −βwu2
3 +

w
β

βpδu3

βpδu1 βpδu2 βpδu3
1
β

pδ

δ




so we find

B0z · z =




βwu1

(
1
β2 − u2

1 − u2
2 − u2

3

)
+ βpδδu1

βwu2

(
1
β2 − u2

1 − u2
2 − u2

3

)
+ βpδδu2

βwu3

(
1
β2 − u2

1 − u2
2 − u2

3

)
+ βpδδu3

βpδ(u
2
1 + u2

2 + u2
3 +

1
β2 )







u1

u2

u3

δ




= βw(u2
1 + u2

2 + u3
3) + 2βpδδ(u

2
1 + u2

2 + u2
3) +

pδ
β
δ.

Using (see Lemma 6.1) β ≥ (2/̺2 − 1 + 6ε2)−1, w ≥ p0 − ε and ∂p/∂δ > 0,
δ > 0 we have

B0z · z ≥ (2/̺2 − 1 + 6ε2)−1(p0 − ε)(u2
1 + u2

2 + u2
3) +

pδ
δ
δ2.

Because ∂p/∂δ > 0 we can find some constant c̃ such that ∂p/∂δ > c̃ > 0;
as δ ≤ δ0 + ε we hence obtain

B0z · z ≥ (2/̺2 − 1 + 6ε2)−1(p0 − ε)(u2
1 + u2

2 + u2
3)

+
c̃

δ0 + ε
δ2 ≤ α0z

2,

where

α0 = min{(2/̺2 − 1 + 6ε2)−1(p0 − ε), c̃/(δ0 + ε)}.
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