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1. Introduction. The Selberg trace formula (the original paper is [Se];
for a nice account see [I]) is obtained (e.g. for a co-compact Fuchsian group
I' with fundamental domain F' in H, where H is the upper half-plane) by
computing in two different ways (geometrically and spectrally) the integral

TrK = SK(z,z) dit,
F
where K (z,w) is an automorphic kernel function. We take here instead of
Tr K an integral of the form

Tr, K = S K(z,2)u(z) dp.,
F
where u is an automorphic eigenfunction of the Laplace operator, so we
write u(z) in place of the identically 1 function.

On the geometric side of our formula we get integrals of w on certain
closed geodesics of the Riemann surface I'\ H. On the spectral side integrals
of the form

§ sy ()/u(2) dps

F
appear (the u; run over an orthonormal basis of automorphic Laplace-
eigenforms), so our formula (Theorem 1) is a duality between such inte-
grals and certain geodesic integrals of u. New integral transformations are
involved depending on the Laplace-eigenvalue of u. We invert these integral
transformations in Section 5, Theorem 2.

We develop the formula for finite volume Fuchsian groups, so (as in the
case of the Selberg trace formula) {,. K (2, z)u(z) du, will not be convergent,
and we take instead

F

'K = S K(z,z)u(z)dp.,
F(Y)
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320 A. Biré

where F'(Y') is obtained from F' by cutting off the cuspidal zones at height Y.
We let Y — o0, and the main term (which is in our case a power of Y, while
in the case of the Selberg trace formula the main term is logY") will cancel
out. An interesting feature of our formula is the appearance of the Riemann
zeta-function in the contribution of the parabolic conjugacy classes.

In Section 6 we prove lemmas on special functions needed in Section 5.

Acknowledgements. I would like to thank Professor G. Haldsz for
introducing me to the Selberg trace formula.

2. Notations and statement of the main result. Let H be the open
upper half-plane. The elements (‘; Z) of the group PSL(2,R) act on H by
the rule z — (az+b)/(cz + d). The hyperbolic Laplace operator is given by

o[ 02 0?
a=1" (57 + )
It is well known that A commutes with the action of PSL(2,R).

Let I" C PSL(2,R) be a finite volume Fuchsian group, i.e. I" acts discon-
tinuously on H, and it has a fundamental domain of finite volume.

The constants in the symbols O will depend on the group I'. For a
function f we denote its jth derivative by f().

We fix a complete set A of inequivalent cusps of I', and we will denote
the elements of A by a,b or ¢, so e.g. >, > . or J, will mean that a and
c run over A. We say that o, is a scaling matriz of a cusp a if 0,00 = a,
o, Iyo, = B, where I, is the stability group of a in I', and B is the group
of integer translations. The scaling matrix is determined up to composition
with a translation from the right.

We also fix a complete set P of representatives of I'-equivalence classes
of the set {z € H : vz = z for some id # v € I'}. For a p € P let m,, be the
order of the stability group of p in I".

Let

PY)={z=z+4+iy:0<x <1, y>Y},
and let Y be a constant (depending only on the group I') such that for
any fixed Y > Yp the cuspidal zones F,(Y) = 0,P(Y) are disjoint, and
the fixed fundamental domain F of I" (it contains exactly one point of each
I'-equivalence class of H) is partitioned into

F=FY)ulJF.(v),

where F(Y') is the central part,
F(Y)=F\|JF.(Y),

and F(Y) has compact closure.
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Denote by {u;(z) : j > 0} a complete orthonormal system of Maass forms
for I' for the discrete spectrum (ug(z) is constant), with Laplace-eigenvalue
Aj =s;(s; —1), Res; > 1/2, s; =1/2 +it; and Fourier expansion

Uy (0qz) = Ba,j (O)yl_Sj + Z Baj (n)WSj (nz),
n#0
where W is the Whittaker function.
The Fourier expansion of the Eisenstein series (as in [I], (8.2)) is given
by

EC(O'aZ, 1/2 + ir) = 5acy1/2+ir + g0‘176(1/2 + ir)yl/Q—ir

+ Z Pa,c(n, 1/2+ir)Wi 214 (n2).
n#0

Let {s; : I € L} be the set of the poles of the Eisenstein series for I". Then
1/2 < s; < 1 for every | € L, and L is a finite set. We have 3, ;(0) = 0 if
j >0, and u;(z) is not a linear combination of residues of Eisenstein series,
so if j > 0 is such that 3, ;(0) # 0 for some a, then s; = s; for some [ € L.
The functions ¢, o (s) may have poles only at the points s;. Let us denote
the residue of ¢, 4(s) at s = s; by Rq s, when [ € L.

Let 1/2 < Res < 1, and let u(z) be a fixed I'-automorphic eigenfunction
of the Laplace operator with eigenvalue A\ = s(s— 1), and Fourier expansion
at any cusp a of I'

w(0az) = Ba(0)y° + Ba(0)y' > + Z Ba(n)Ws(nz).
n#0

For simplicity we assume that s # 2s; — 1 for | € L.
We introduce the notations

B, = Zﬁa(o)v Eu = Zﬁa(o)a

a

B,(S) = Za:ﬁa(o)goa,a <1;5> Bu(S) = Z Ba(0)0a.a <1;5)

Let k be a function on [0, 00), and assume that it satisfies
(A) k is a compactly supported continuous function on [0, c0).
As usual (see [I], (1.62)), let

et +e -2

g(a) = 2q<4>, where g(v) = Og kv +7)

\/,7_

and let h be the Fourier transform of g,
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We assume that

(B)  h(r) is even, it is holomorphic in the strip |[Imr| < 1/2 + ¢, and
h(r) = O((1 + |r])=27¢) in this strip for some € > 0.

The point-pair invariant determined by k is

|z —wl?
k(2 w) = kb 22—
(2, w) <4Imzlmw

for z,w € H. The automorphic kernel function K(z,w) is given by

w) = Z k(z,yw).

yerl
Define
T K = S K(z,z)u(z)dp.,.
F(Y)
We will determine the asymptotic behaviour of Tr) K as Y — oo in

two different ways. Firstly, by partitioning I" into conjugacy classes, and

secondly, using the spectral theorem (which is applicable by our conditions
on k and h), since introducing the notations

L(r)=) (S )\E o(2,1/2+ir) Pulz) dus, I (ug) = (S )IUJ(Z)IZU(z)duz,

we have by the spectral theorem
1
Y Y
'K = § hi(t, + 0 S h(r)IY (1) dr.

We give here the statement of our Lemma 4 (which will be proved in
Section 4 below), because to state Theorem 1 we need the quantities I, (u;)
and I, (r) defined in that lemma.

LEMMA 4. Define

v - E ) s—2ir
Y, (r,s) = + @a,a(1/2 —Hr) —5
RL0) = 10(r) = (32 8006 () +07 (=)

+ Ba(O)@Y (11— 5) + Y (11— 9))),

Y 14s—2s; - Y2—5-2s;
() = 2 0) = 3 s OF (4007 g+ 50 )
J

2—8—28]'
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Then

R
> )+ | 5 (r)ldr = O(R?),

uniformly in Y. The limits

L(r) = lim IV(r), I(u)= lim I)(u;)

obviously exist, and then, of course,

R
Y ulu)l+ | [L(r)dr = O(R?).

[t;|<R -R
If uj(z) is not a linear combination of residues of Eisenstein series, then

Lu(uj) = | luj (=) u(z) dps.
F

In particular I, (ug) = 0.
With the above notations and assumptions our formula is the following;:

THEOREM 1. Assume that k satisfies condition (A) and h satisfies con-
dition (B). Let

/2 —
B N()+ N(y)~t -2 d9
Zhyp = Z ( S “ dS) S k ( 4 cos? ¥ IAD) cos? ¥’
bl c, /2
v hyperbolic

where the summation is over the hyperbolic conjugacy classes of I'y N(7y) is
the norm of (the conjugacy class of) ~, Cy is the closed geodesic obtained
by factorizing the noneuclidean line connecting the fixed points of v by the
action of the centralizer of v in I', dS = |dz|/y is the hyperbolic arc length,
and fx(¥) is the solution of the differential equation

FOW) = 55 10), Ve (~m/2m/2),

with f(0) =1, f"(0) = 0. Let

mp—1 0o
2 yo
Yen = Z m—ﬂu(p) Z S k(sin2 I sinh? r> ga(r) sinhrdr,

m.
pep P =1 0 P

where gx(r) (r € [0,00)) is the unique solution of

g@ () 4 BT

g (r) = Ag(r)

sinh r
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with gx(0) = 1. Let

Do = Bu2 (L~ ) | K()w OF/2 d 4 B,2°((s) | k()22 o,
0 0

where C is the Riemann zeta-function. Then the equality

1 1 1— ~
Ehyp + XYen + Epar = h<7,8>Bu(8) + 2h(l S)Bu(l — 8)

2 2 2
+Zh(tj)1u(uj>+$ | h(r)Lu(r)dr
3>0 —oo

holds, where I,,(u;) and I,(r) is given in Lemma 4.

3. The geometric trace. For the first computation of TrZK we par-
tition I' into conjugacy classes [y] = {r71y7 : 7 € I'}. Let id # v € I,
and

T7Y: Z S k(z,0z)u(z)du..
sel] F(Y)

We have 7, 'y1 = 7, 'y7 if and only if o7 b € C(7y), where C(y) is the
centralizer of v in I'. So
TWY = Z S k(z, 7 yr2)u(2) du..
TEC(Y\I"' F(Y)

Since k(z, 77 1y72) = k(72,772) and u(z) = u(7z), we obtain

V= | ko) di
C(I\H(Y)
where H(Y) =, vF(Y). Let h € SL(2,R). Then
(1) Tf = S k(hz,vhz)u(hz) du.
h=H(C(V\H(Y))
= X k(z, h ' yhz)u(hz) du..

(R=1C(v)R)\(h=TH(Y))
So far this is valid for every id # ~ € I'. We now examine separately the
case of hyperbolic, elliptic or parabolic transformations.
If ~ is hyperbolic or elliptic, then T, = limy o, T exists, and by (1)
we get,

(2) T, = S k(z, h "' yh2)u(hz) dp..
(h=1C(v)h)\H

If 7 is hyperbolic, then we choose h € SL(2,R) so that h='vh is a dilation,
i.e. h™lyhz = N(v)z for z € H, where N(y) > 1 (N(v) is the “norm”
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of v). Then, if the fixed points of v are z; and 2o, then C(y) = {oc € I":
0z1 = z1, 02z3 = 2z9}. This is an infinite cyclic group. Let ~y be the gener-
ator of C'(y) with the property that v = 7} with a positive integer I. Then
h=1C(vy)h is the group generated by the dilation z — N(70)z, and a fun-
damental domain of this group in H is {z € H : 1 < |z| < N(7)}, so by
the substitution z = re?™/2¥9) (r € (1, N(vg)), ¥ € (—7/2,7/2)) we deduce
(since du, = dzg‘y = Fdrdd ) by (2) that
7/2 N(v0) _
T — S §O k N(7)+N(7) -2 u(h(rei(w/Z—&-ﬂ)))M
7 4 cos? ¥ rcos? 1’

—w/2 1

Introduce the notation

N (o) .
F(z) = S u(h(rz)) — (2 € H)
1
Then
/2 _
_ N() 4+ N(y)~' -2 i(nj249)y AU
Iy = S/2k( 4 cos? ¥ Fle ) cos? ¥’

Now, F'is constant on euclidean lines through the origin, i.e. F/(z) = F(rz)
for all r > 0, because u(h(z)) is automorphic with respect to h='I'h. In
particular,

u(h(N(v0)z)) = u(h(z)) for z € H.
So F depends only on ¥ (if z = re!("/2+9)) e, F(z) = F(), where F is a
function on (—m/2,7/2).

On the other hand, since u is an eigenfunction of A with eigenvalue A, so
is F(z) (because A commutes with the group action). Using the form of the
Laplace operator in polar coordinates (A = (rcos9)2(9?/0r? +r=10/0r +
r=20%/09?)), we find that F(¢9) satisfies a second order ordinary differential
equation, which depends only on A:

F®(9) = CO:wF(ﬁ) (9 € (—7/2,7/2)).
Let fx(9) be the solution of this differential equation with f,(0) = 1,
F(0) = 0, and f1(9) the one with f,(0) = 0, f\"(0) = 1. Then F(3) =
F(0)fA(0) + FM(0) fr(9), and f(¥9) is an odd function, so it gives 0 in T,

i.e.

~/2 N(7)+N(7)_1—2)f(0) 40

T, =F .
K (0) - 8/2 b ( 4 cos? v cos? ¥

Here F(0) = {; (o) u(h(ri)) % = SCW udS, where dS = |dz|/y is the hyper-

=
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bolic arc length, and C, is the closed geodesic C., = C(v) \ Iy, where [, is
the noneuclidean line connecting the fixed points (z; and z3) of v, and we
factorize it by the action of C(7v) (so we can take for C, any segment of
length log N (7o) on I,). Hence

/2

3 7= ({uas) | k<N<v>+N<v>—1—2>W) 49

4 cos? ¢ cos2 9’
Cy —m/2

when « is hyperbolic.

If ~ is elliptic, then by conjugation in I" we may assume that its fixed
point is a p € P. Then C(v) = I, = {0 € I' : op = p}; this is a finite set,
|| = m,. We choose h € SL(2, R) such that k(i) = p, then h~'vh = R(19,)
for some integer 0 < I < m,,, where ¥, = 7/m,, and

[ cosp singp
R(p) = <—sing0 cosgo) '
Then, by (2),
1
T, = — S k(z, R(19,)2)u(hz) dp..
my )

We use the substitution z = R(p)e"i , i.e. we use geodesic polar coordinates
(see [I], Sections 1.3 and 10.6), where r € (0,00), ¢ € (0,7), getting

17 w
my )
because R(p) commutes with R(l9,), and with z = e~"i we have
|2 = R(ldy)z[” o o
= h
TTm = Tm R(0,)z S0 Wpsinh™r,

and furthermore dy, = (2sinhr) dr de. Define

One obtains G(z) by averaging the function u(h(z)) over the stability group
of ¢ in SL(2,R) (or what amounts to the same, by averaging over non-
euclidean circles around ), so G(z) is radial at i, i.e. it depends only on the
noneuclidean distance of z and i (see [I], Lemma 1.10). On the other hand,
since u is an eigenfunction of A with eigenvalue A, so is G(z) (because
A commutes with the group action). A radial (at ¢) eigenfunction of A
of eigenvalue \ is determined up to a constant factor ([I], Lemma 1.12),

so using the form of the Laplace operator in geodesic polar coordinates
(A =0?/0r* + (coshr/sinhr)d/0r + (2sinhr) 7292 /0p?, see [I], (1.20)), we
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find that if gx(r) (r € [0,00)) is the unique solution of

(2) W (p) =
90+ gD () = 2g(r)

with gx(0) = 1, then G(z) = u(p)gx(r) for z = R(p)e "4, since h(i) = p.
This shows

coshr

o0
(4) T, = i—wu(p) S k(sin? 19, sinh? ) gy (r) sinh r dr,

p 0
when 7 is elliptic.

If ~ is parabolic, then by conjugation in I" we may assume that its fixed
point is an @ € A. Then C(y) = [, = {0 € I' : 0a = a}. Let vy, be a
generator of I,. Then =~ for some [ # 0. In this case we choose h = 7,
the scaling matrix, i.e. 0,00 = a, o, 17,0, = ((1] 1) Then by (1) we have

(5) T = S E(z, z + Du(oqz) dps,
B\(og 'H(Y))
where B is the set of integer translations.
LEMMA 1. There is a constant cr such that
{zeH:cr/Y<Imz<Y}Co,'HY)C{2€H:Imz<Y}.

Proof. Ifz € (o, 'H(Y))NP(Y), then yo,2 € F(Y) C F forsomey € I’
and 0,2 € Fo(Y) C F, 80 v0,2 = 042 € F(Y)NF,(Y) = 0, a contradiction.
This proves one half of the lemma, because o, 'H(Y) is invariant under
B= Uglfaaa.

If 2 ¢ o, H(Y), then Imo, 'yo,2z > Y for some v € I and b € A.
Let o, 'vo, = (C 5 )- Then either C' = 0, and in this case o 1yoa00 =
>, 80 a = b, 0,'v0, € 0, [0, = B, and Imz > Y, or C' # 0, when
Imo, 'y0,2 = Im2/|C2+D|? < 1/(C?Im 2), which means Im z < 1/(C?Y).
This proves the lemma, because min {C' > 0: (') € o 'T'o,} exists (see
(1], pp. 53-54), a,b € A, A is finite.

This shows that for v parabolic and Y large enough we can integrate
in (5) over {z =z +iy:0<y <Y, 0 <z <1}, because k(z,z+1) =
k(12/(4y?)), and this is 0 for y small, since [ # 0, and k has compact support.
So

TY_Yk l2 0)ys ~O 1-s dy
Y = [h{g ) @0+ o)
and with the substitution v = [2/(4y?) this is
U7 k@B )W/ )" + B 0)([1/(202) )™ d.

12/(3v?)
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LEMMA 2. If0 < ReS < 1, then, as Y — oo,

Z 1|51 S k(v)(4v) =522 qy
1£0 12/(1v2)
Y s T —(1485)/2 Re S—1
=9(0)— +27%¢(1 - 9) S k(v)v dv+O0(Y logY),

0
where C is the Riemann zeta-function.

Proof. Summing the left-hand side over I gives

(oo}

2 S k(y)(41/)7s/21/71/2< Z lsfl)dy.

1/(4Y2) 1<I<2Y /v
Since
T =@VV)T/S 41— 8) + O((Y V)RS,
1<I<2Y /v

the lemma follows, because k has compact support, k(0) is finite, k is con-
tinuous at 0, and 2 Sgo k(v)r=12dv = g(0).

Summing over the parabolic conjugacy classes means summing over [ # 0
and a € A, so by the above lemma we have proved the following.

LEMMA 3. Define

Tg;r: Z S k(z,0z)u(z) dp..

5p2r€a€olic FE)
Then the difference of T pdr and
Y Yl s
B, B,
o) B+ T B
tends to
B,2'75¢(1 — s) S k()r~UF9)/2 4y 4+ B,2°¢(s) S k(v)vs=2/2 qy,
0 0
as Y — oo.

4. The spectral trace—end of the proof of Theorem 1. We now
compute Tr}u/K in another way, based on the spectral theorem. Remember
that

(© TR = S HG) )+ g | e
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We need several lemmas. Firstly we give the proof of the lemma stated in
Section 2.

Proof of Lemma 4. We get the main term in I} (r) if we substitute the
constant terms of E.(z,1/2 + ir) and of u(z) in the cuspidal zones F,(Yr);

this gives the sum of
1\ ys o~ yles
voc(5 ) ) (O + R0

S5 (st L

1— Y5+2ir . Yl—s+2i7“
5 1 . 0 0)——m—
;Z ac%ﬂ(z +”) (ﬂ“( Vo rair Tl )1—3+2z'r>

and

1 ] Ys—2ir . Yl—s—2ir
3 Sutne (5 +17) (00 gy +Aa07 = gy, )

Using > |¢a,c(1/2 + ir)[> = 1 ([I], Theorem 6.6) and ¢, q(1/2+ir) =
@a.a(1/2—1ir), we find that this main term will be IV (1) — IV (7). Similarly,
the main term of IY (u;) will be IY (u;) — Iy (uj). Applying Lemmas 5 and
6 below we get the result.

We need the following crude bound.

LEMMA 5. For R>1 and Y > 0 we have

R
S > S |Ee(2,1/2 + )| dp. dr = O(R*(1 4 log Y)).
—R ¢ F(Y)

Proof. This follows easily from [I], formulas (10.9), (6.24) and (10.13).
LEMMA 6. For R > 1 we have

R ,o 1

) . dx d
S ( | §IBe(0az, 1/24ir) ey *H7 —pa o (1/24ir)y 277 [Pyfe Zzy>dR
—R 0

Yr
= O(R?),
and
oo 1
5 (] {luston) — dus(o == ) — o),
1<k NYro Y

Proof. This follows easily by Parseval’s identity, Lemma 7 below, and
[1], (8.27) (see also (8.4) and (8.5) there). (We use the Fourier expansions,
fix an n # 0 and sum over the spectrum.)
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LEMMA 7. If T is real and n # 0 is an integer, then
S \W1/2+z‘T(my)\2yRes —
v Y
r
_ JO((T]/inpReste Tl df |n| = O(|T]),
O(e=erl™ly if |T|/In| is sufficiently small (depending on T),
where cp is a positive constant depending on I'.

Proof. By the definition of W we have

oo

, s 4y ~Res s dy

| W3z Py % = o(Inp s { ikrPys ),
% Yy 5 Yy

fal 7r|n\Yp

and the lemma follows by [I], p. 228, the formula above (B.37), and [Le],
(5.10.24).

We need one more lemma for the computation of Tr) K.

LEMMA 8. Let 0 < ReS < 1 and S # 2s; — 1 for l € L. Then the
difference of

o0 S—2ir
S h(r)¢q.q(1/2 +ir) i dr

and

1+8 S 1 y1+5-2s
a.,a A ) — _2 ] A T A A a.,s
TPq, ( 5 >h<12> T Z h<z<sl 2>>1+S—231R”

1/2<s,<(1+Re S)/2
leL

tends to 0 as Y — oo.

Proof. This follows by replacing the line of integration to Imr =
—Re S/2 — € with some £ > 0, passing through simple poles at r = —iS5/2,
and r = —i(s; — 1/2) lying in this strip for [ € L.

This means that if h satisfies condition (B), then with the notations

Zon(S)
Y1+S—2Sl

= Z h(tl)m za:ﬁa(o)< ZJ: |Ba,;(0)* — Ra,Sl)’

1/2<s;<(1+Re S)/2
lEL S5=51

Irn(S)
Yl+s—2sl

= Z h(tl)m %:Ba(o)( ZJ: |Ba,5(0)] = Ra,Sl)’

1/2<s;<(1+Re S)/2
lEL S5=51
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where t; = i(s; — 1/2), we have proved by (6), Lemmas 4 and 8, using

o | hr)dr = g(0)

the following:
LEMMA 9. The difference of TrZK and

Ys yl=s - 1 s
—B, B, —hl|iz | By
g(O)( . +1—s >+2h<22> (s)

1 1-— ~ ~
+ 2h<z’ 5 S)Bu(l —s)+ E};h(s) + Eih(l —3)
tends to
1 o0
> Mt uug) + - | () Lu(r) dr,
i —00
as 'Y — oo.

Since k£ has compact support, it is obvious that

Tg;p = Z S k(z,0z)u(z) dp.

oer” F(Y)
¢ hyperbolic

and

Y = Z S k(z,02)u(z) dp.

ocl’  F(Y)
¢ elliptic

have finite limits as Y — oo (and of course T} = SF(Y) k(z, z)u(z) dp, tends

to 0 as Y — oo, because SF u(z)dp, = 0), so by Lemmas 3 and 9 we see
that Y, (s)+ X} ,(1—s) tends to a finite limit as ¥ — co. But this sum is
a finite linear combination of Y-powers with nonzero exponents, and every
exponent has nonnegative real part. So the fact that this sum has a finite
limit as Y — oo implies that this sum is identically 0. (It is not hard to see
that in fact Zj7sj:& 134.;(0)]2 = Ras, = 0, but we do not need it.)

This last remark, together with (3), (4), Lemmas 3, 4 and 9, proves
Theorem 1.

5. The inversion of the integral transformations. The transforma-
tion formulas between the functions k, g and h are well known, but we now
have a new integral transformation for every A < 0, namely

/2

™) R = § ’f(coi’w)fﬂﬁ) s

—7/2
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for y > 0. Our aim is now to invert this transformation, i.e. to express h
(and in our way k, ¢ and g) in terms of R.

To this end let R be a smooth, compactly supported function on (0, co)
(i.e. it is 0 in a neighbourhood of 0 as well as in a neighbourhood of o).
Denote the Mellin transform of R by

R(s) = \ Ry)y*~ dy,
0

and assume that R(0) = 0 (one needs this unsignificant restriction).
By Mellin inversion

for y > 0 and for any real 0. We see from this that (7) is satisfied with the
function k(7) (7 > 0) defined by

—S8

1 T ~
(8) k(T) - Tm (S) F)\(S) R(S) dS,
where o > 1/2; and Fy(s) = 87:/73/2 fr(9) cos®* 729 d. We know Fy(s) ex-

plicitly,
I'(s—2z1)(s — z9)
Fy(s) —
NOERYZ: 2(s) :
with z; = 1/4 +it/2, 20 = 1/4 —it/2, 1/4 +t?> = — ) (see Lemma 11).

It is easy to see from (8) that k is continuous on [0,00), k(0) is finite
(replace the line of integration by o = —e with some € > 0, and use R(0) =
0), and k has compact support (this follows from the fact that R has compact
support, letting o — 00), i.e. k satisfies condition (A).

For this k by (8) we get

for v > 0. With the substitution 7 = vsin®1/cos? 9, ¥ € (0,7/2), we have
/2

7(1/ +7) dr = 201/%~ S cos®* 729 dy = l/l/zfsE(s),
VT ;

where E(s) = /ml'(s —1/2)/I'(s) by the Corollary to Lemma 11. So

Ot/ﬁ8

v :i V”Qﬂ@As S
9) a(v) = 5 (§) T ) d
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for v > 0, with
E(s)  I'(s)I'(s—1/2)
Fa(s) T'(s—2z1)I(s—z)

Since R has compact support (as a function on (0, 00)), we see by (9)
that ¢ is smooth on (0,00), g(v) = 0 for v large enough (by letting o — o0),
and in a neighbourhood of 0 it has an absolutely convergent expansion of
the type q(v) = > oo, c,v™? with ¢; = 0, i.e. the coefficient of v1/2 is 0
(we see this by letting ¢ — —o0, and using R(O) = 0). This implies that
the function g (which is even and defined on (—o00, 00)) is smooth on [0, 00),
g(a) = 0 for a large enough, and for small positive a it has an absolutely
convergent expansion of the type g(a) = Y o> d,a™ with d; = 0. These
properties of g imply (after three-fold integration by parts) that h satisfies
condition (B).

Now, let [Imr| < 1/2. Then by (9), taking 1/2 + [Im7| < o < 1 (since
the double integral is absolutely convergent in this case) we have

10 hr)= o~ |2

T 2mi

2s E(s) 5 T, -a 1/2—s jira
F)\(S)R(s)( S (e% 4 e~ —2)1/273%¢ da) ds.

(o) -0

We have to compute the inner integral. With the notations

G(A,B) = S (e® —1)%eBvda, F(r,s)=G(1 —2s,—1/2+ 5+ ir)
0
one obtains
(11) S (e® + e~ — )25 dg = F(r, s) + F(—r, s).

By Lemma 10 one has

(12)  F(r,s)

- WF(?);;(_%S/—QP;LT()S]:L(;Z)_ 1) {COt 7T(1 — 28) — cot 71'(1/2 — s+ ”.)}

So we have determined h, but for the application of Theorem 1 we also need

S k < sin? I sinh? 7’) gx(r)sinhrdr.

0 Mp

By (8) we have

T l
S l<:<sin2 T inh? r) gx(r)sinhrdr = — S
0

mp
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for 1/2 < o < 1, where G (s) = Sgo gx(r) sinh' ~?* r dr. So by Lemma 11 we
obtain

(13) S k < sin? I sinh? r) gx(r)sinhr dr
0

mp

1 1 R(s) . _o, I
div/m T(1—2)0(1 — z3) (S ™y

sin s my,
o)

where 21 = 1/4+it/2, zo = 1/4 — it/2, 1/4 + 2 = —\.
We have proved the following.

THEOREM 2. Let R be a smooth, compactly supported function on (0, 00)
(i-e. it is 0 in a neighbourhood of 0 as well as in a neighbourhood of o0).
Denote the Mellin transform of R by

o0

R(s) = | Ry)y* " dy,
0

and assume that ﬁ(O) = 0. Then the function k defined by (8) satisfies
condition (A), the corresponding h satisfies condition (B), so Theorem 1 is
applicable for them. The function h(r) for |Imr| < 1/2 is given in (10),

T !
S k < sin2 — sinh? r) gxa(r)sinhrdr
0 My

is given in (13) (for the functions E, Fy, and Gy see Lemma 11 and its
Corollary), and for y > 0 we have
/2

Y dv
Rly) = - 8/2 g <cos.2 19) A) cos? ¥’

6. Two lemmas on special functions

LEMMA 10. Let

G(A,B) = S(e“ —1)4eB%da  for ReA > —1, Re(A + B) < 0.
0
Then
I'(B)
A,B) = A— A+ B
G(A, B) 7TF<A+B+1)F<_A){COt7T cotm(A+ B)},

where cot = cos /sin.
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Proof. We first fix —1 < A < 0, and consider G(A4, B) as a function
of B. In this case we have by partial integration

T (ea B 1)A+1 —1)a
G(A,B) = — § (AH)(JB )%(B —1))da

1-B
= H(G(Aa B) - G(A,B - 1)),
and this gives
G(A,B) = B_lG(A B—1).
) A+B M

Now let G(A, B) = I'(B)/I'(A+ B + 1). Then this satisfies the same
functional equation as G, i.e.

G(A, B) — f+;§(A,B _),

so G(A, B)/G(A, B) (as a function of B) is periodic with respect to 1, and
it is meromorphic on the whole plane. For Re B < —A the function G is
regular, so in this region the only singularities of G/G are the roots of

G,ie. B=-A—-1,—A—2,... Now, it is easy to see from the integral
representation that G(A, B) has a pole of order 1 with residue —1 at B =
—A, and G(A,—A) = I'(—A). From these considerations it follows that
G(A,B) T

G(A,B) T'(-4)
is an entire function of B, periodic with respect to 1, it has at most poly-
nomial growth on vertical lines, so it is a constant. Its value at B = 0 is
ﬁ cot wA. This proves the lemma for —1 < A < 0, and it is enough by

cot (A + B)

analytic continuation.
For A < 0let fA(9) (¥ € (—n/2,7/2)) be the solution of the differential
equation
A
@) = —Z—f(0
o) = —S= 1)

with f,(0) =1, fil)(O) = 0; and let gx(r) (r € [0,00)) be the solution of

coshr
g®(r) + g (r) = Ag(r)

sinhr
with g5 (0) = 1.
LEMMA 11. Let A <0 and
/2
F\(s) = X () cos** 29dY  for Res > 1/2,
—7/2
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oo

Ga(s) = S gr(r)sinh' ™**rdr for 1/2 < Res < 1.
0
Then

Fy(s) = ﬁf(s—zl)F(s—zg)

I%(s) ’
~ I'(s—21)I'(s — 22) ™ 1
Ga(s) = I2(s) 2sinTs I'(1—z)I'1—z2)

where 2z = 1/4+it)2, zo = 1/4 —it/2, 1/4 + 1% = —\.

Proof. It is easy to see by elementary considerations (using the fact
that \/cos? ¥ is negative and it is decreasing for ¥ > 0) that |fy(9)| < 1 for
every ¥, and this implies that f/(\l)(ﬁ) cos ¥ is bounded for a fixed A (since

>(\2) (9) cos? ¥ is bounded).

On the other hand, the function g, (r) is also bounded for a fixed A (for
example because there are nonzero bounded eigenfunctions of the Laplace
operator on H with eigenvalue A (e.g. f(z) = fr(9) for z = re*("/2+9)) "and
we know ([I], Cor 1.13) that averaging any eigenfunction over hyperbolic
circles around any point w in H, we get a multiple of gx(r(z,w)), where

r is the hyperbolic distance), and then gf\l)(r) is also bounded, because

(gg\l)(r) sinhr)) = Agy(r)sinhr. Observe also that gg\l)(()) = 0. We will
repeatedly use these remarks in the following calculations.
Using the differential equation for fy(¢) and partial integration twice we
have
/2
Ay (s) = | 2)(19) cos® 9 d
—7/2
/2
= S fr(9)[25(25 — 1) cos** 2 ¥ sin? ¥ — 25 cos® 9] dv,
—7/2

and this implies AF)\(s) = 2s(2s — 1)F\(s) — (25)*F)\(s + 1), i.e. F) is a
meromorphic function on the whole plane satisfying
2s5(2s —1) — A

F,\(S‘i‘l) :FA(S) (28)2

Using the differential equation for gy(r) and partial integration we have

AGA(s) = S (9,(\1)(7“) sinh 7)) sinh ™2 r dr = 2s S gg\l)(r) sinh~?* 7 cosh r dr,
0 0
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and a new partial integration gives, by the equality cosh? = 1 + sinh?, that
AGA(s) = 25(2s — 1)GA(s)
o0
+2s lim (25 S ga(r)sinh™2* "1y dr — gy () sinh™** ¢ cosh 5).
e—0+0 X
Now, gx(e) = 1+ O(e?) = coshe, from which it follows easily that this last
limit is a regular function of s for —1/2 < Re s < 1 and it equals 2sG(s+1)
for —1/2 < Re s < 0. This shows that G is a meromorphic function on the
whole plane satisfying
25(2s —1) — A
(25)?
and we also see that in 1/2 < Res < 2 the only pole of G\(s) is at s =1, it
is of first order and the residue is (from the integral representation) —1/2.
Let Xy(s) = I'(s — z1)I"(s — 22)/I"?(s). Then F\/X) is periodic with
respect to 1, and it is regular for Res > 1/2, i.e. it is an entire function,
and it has at most polynomial growth on vertical lines, so it is a constant.
As s — oo, we see by Stirling’s formula and by f)(0) = 1 that this constant
is limg o0 \/557:/:/2 cos?*~2 9 d, so it is independent of X\. For A — 0 —0 we
have X,(s) — I'(s —1/2)/I'(s) and fx(9) — 1 for every ¥, so

F T
W ragm = VT

G)\(S + 1) = —G,\<8)

On the other hand, for
G,\(S) s 1

Qx(s) = X, (s) "~ 2sinmws I'(1—=21)I'(1 = 29)

we have Q@ (s+1) = —Qa(s), and @, is regular for 1/2 < Re s < 2 (including
s = 1), so it is an entire function, it has at most polynomial growth on
vertical lines, hence it is identically 0.

/2

COROLLARY. For Res > 1/2 let E(s) = S—7r/2 cos?* 729 dd. Then
I'(s—1/2)

E(s) =
(s) =vrm ()
Proof. This follows by letting A — 0 — 0.
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