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Number of representations related
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by

JEAN MARIE DUMONTT, NIKITA SIDOROV (St. Petersburg) and
ALAIN THOMAS (Marseille)

0. General results and notations. We first present a general state-
ment on the number of representations related to a linear recurrent basis.
Let r be an integer, » > 1, and let ag, ..., a, be reals. We consider a sequence
(Gk)k>0 such that for any k > r,

Gr=a1Gp_1+ ... +a,Gp_,.

Let P(X) = X" —a; X" "' —...—a,; we will assume the following hypothesis
to be satisfied: there is only one root of P(X) with the maximum modulus;
it is a real ¢ > 1 and has multiplicity 1. Thus, the limit

v = lim (Gro™")
k—o0
exists, and we assume it to be positive.
Now let ¢ be an integer, ¢ > 2, and consider the alphabet A, = {0,1,...

..,q — 1}. We denote an infinite word on A, by cpe; ... We define f(z),
the number of g-representations of a real x in the basis (Gy), as

flx) = #{5051 co i5iGi = a:}
i=0

Since G}, ~ v¢* with v > 0 and ¢ > 1, these sequences are such that &; = 0
for i large enough. For any = € R, the set of 2’ < x such that f(z') # 0 is
finite, and we can define the summation function

o(z) = ) fla').

x/<x
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We will prove in Section 2 the existence of a unique periodic function H
with period 1 such that

&(x) = '8¢ “H (log, ) + o(z'°849),  z — oo.

The function H is continuous, a.e. differentiable and &(z) = z'°%¢ 9 as x —
00, or, equivalently, H(z) > 0 for any = € R.

In Section 3 we give an upper bound for the remainder term, depending
on the constant § such that f(x) = O(2?), and in Section 4 a lower bound
for the Lipschitz exponent of H will be obtained under the same hypothesis.

Section 5 concerns properties of H for some cases of ¢. If ¢ is an irrational
Pisot number, then H is not differentiable on a certain continuum of points.
For ¢ € N and G}, = ¢* with ¢ not divisible by ¢ we have the same result.
On the contrary, in the case when ¢ divides ¢, the function H is absolutely
continuous.

In Section 6 we study the general case of an integer base of the form
G = d*, i.e. a radiz base. The formula

d(z) = 2 H(log, x) + O(z")

holds with o = log, ¢ and 8 = log;[(¢—1+d)/d], and we show that in a gen-
eral situation the order of the remainder term R(z) := &(z) — x*H (log, x)
cannot be improved. In the case of a radix base we completely reduce the
problems of finding the best possible exponent of the remainder term and
the minimal Lipschitz exponent for the function H to estimating f(n). More
precisely, it is proved that

(1) 67 :=inf{d : R(z) = O(2°)} = inf{0 : f(n) = O(n?)},

(2) the Lipschitz exponent for H equals o — 7 if 6y > a — 1.

Thus, it proves to be sufficient to estimate f(n). We present the best possible
estimates in the following cases:

(i) d divides q,

(ii) d = 2,9 = 5,
(iii) ¢ < d*.
For instance, in the simple case d = 2,q = 3 we prove that the exact

order of the remainder term is 2% with 3 = log, @

Note that in the case ¢ = d™ for some m > 1, we give an explicit
asymptotic formula for f(n).

Besides, we associate with any radix base with ¢ > d a finite set of 0-1
matrices My, My, ..., My_; so that the growth of f(n) can be represented by
means of the growth of the quantity || M., M, ... M., ||, where n = Zf:o g;d
is the ordinary d-ary expansion of a positive integer n. Note that certain
problems closely connected with the study of Mahler-type sequences were
considered in the recent work [DF].
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The case of the Fibonacci sequence, i.e. Gy = F} defined by Fy = 1,
Fy = 2 and F, = Fy_1 + Fy_2, was under consideration in [S]. With the
alphabet Ay = {0,1}, f(n) is the number of representations of n as a sum
of distinct Fibonacci numbers for any n € N. Here the formula for the
summation function is

&(x) = 2 H(log, =) + O(z'/?)

with A = (1 ++/5)/2 ~ 1.62 and A = log, 2 ~ 1.44. The remainder term
O(x'/?) cannot be replaced by o(x'/?); the function H belongs to the Lip-
schitz class with exponent A — 1/2 ~ 0.94. Note that the precise maximal
order of the function f itself is f(z) = O(z/?) (see [Pu]).

Another example of such type is G, = A*: the above formula holds with
the same function H.

We would also like to mention that if one studies the number g(n) of
representations of a positive integer n in a d-radix base with the set of all
nonnegative integer digits, then the old result of N. G. Bruijn [Br] states
that the asymptotic order of log g(n) is log? n, i.e. g(n) grows faster than any
polynomial. The authors express their gratitude to P. Flajolet for indicating
this result.

Graphic interpretation. We associate a graded graph with any sequence
(Gy) of the type described above and any g > 2 in the following way. Let the
zero level of the graph contain a single vertex. Next, the nth level with n > 1
consists of the numbers of the form {}_; &;G; : 0 <¢; < ¢—1}. From any
vertex exactly ¢ edges descend, and each edge is parametrized by one of
the digits 0,...,¢ — 1 (normally the leftmost one corresponds to 0). Thus,
any finite path (¢,,€,-1,...,€0) in this graph corresponds to one of the
representations described above. We call this graph the representation graph
associated with the sequence (G,,) and the positive integer ¢ > 2. Note that
in a meaningful situation (i.e. when the function f assumes values greater
than 1), the graph is not a tree. For the Fibonacci case the combinatorial
and ergodic properties of the representation graph are studied in detail in
[AlZ] and [SV]. The representation graph for the radix case with d = 2,
g = 3 is depicted in the last section (see Figure 1). Note that this last graph
appeared for the first time in the master thesis [Bo] in connection with the
study of the celebrated de Rham curve introduced in [Rh].

1. Some preliminary lemmas about representations in the basis
(Gk). We put

Y(€0,€1, . ) = Z€i¢7i,
1=0

where ¢; assumes the integer values between 0 and ¢ — 1 with probability
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1/q each. Let Fy be the distribution function of the random variable Y’; its
continuity and purity is a consequence of the theorem stating that a series
of discrete stochastically nonconstant random variables is continuous and
either absolutely continuous or singular (the “Law of Pure Types”, see [JW,
Theorem 35]).

We first give, in Lemma 1.1 below, some estimates for G and Zf:o ;G
Let the roots of P(X) be denoted as ¢1 = ¢, ¢a, ..., ¢4, and let a; be the
order of multiplicity of ¢;. We suppose

¢ > |pa| > |ps| Vi€ {3,...,d},
as >a; Vie{3,...,d'} suchthat |pa] = |,
v =1limGro~F > 0.

We write g(z) < h(z) if g(z) = O(h(x)) and h(z) = O(g(x)). We set

Qg — 17 |¢2‘ > 17
o =max(|¢s],1), o =< as, |pa| = 1,
0, [p2| <1

(0 =1 and o =0 if P(X) has degree one),
(k) = [@al k7", (k) = ok
(1p(k) is defined in such a way that (k) = 3¢ (7).

LEMMA 1.1. There exist two positive constants K1 and K such that

(i) |Gr = v¢*| < Kyp(k),
(ii) for any k € N and an infinite word g1 ... on the alphabet Ay,

k 00
‘ Z eiGr—i — Z&’Wkiz
i=0 i=0
Proof. (i) is a direct consequence of the root expression of Gy, i.e.

Gy = Z Z XijOFR,

< K(k).

i <oy
and of the general assumptions.
(ii) We have
k k [eS)
ei(Groi — 0" = O(Zw(k — z‘)) and Y ¢F ' =0(1),
=0 i=0 i=k+1

hence both expressions are O(¢(k)). m

The following lemma gives a relation between the functions @ and Fy.
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LEMMA 1.2. Let x € R and k € N be such that x < ~v¢*, let x =
x — Ky(k) and =), = v+ K¢ (k). For k large enough we have

(ii) &(x1) < qk'HFy( <z>’“> < &(x}).

Proof. (i) Let ggey ..., z and k be such that ) .°  &,G; <z < ~v¢¥, and

J be such that €; # 0. Since G; ~ v¢*, the G; are positive for ¢ > i; and we
deduce from the hypothesis that

i1

V8 > G =D qlGi| > ¢!

i=0
where the last inequality is valid for j large enough. In other words, if £k is
large enough, then €; = 0 for any j > k, whence

b(z) = #{5051 Ek ZsG <m}

= qk+1 { 60,51,... ZEsz i < l‘}

where m, is the uniform product measure on the compactum [[;°{0,...
.o,q— 1}
On the other hand, we have, with y = x;, or =},

Fy<r}/Z)k>:m { 80,81,... Zﬁl(b < },

whence (i) follows by Lemma 1.1(ii).

(ii) We can replace x by xj, and hence zj, by z, in the second inequality
in (i). Indeed, z\ also satisfies the condition zj < ygbk Thus, we obtain the
first inequality in (ii).

We obtain the second one noting that

k
P(x},) > #{8061---5k : Z&'Gi < 332;}

and using the same method as for (i). m

2. Main result

THEOREM 2.1. There exists a unique periodic function H with period 1,
well defined on the whole real line, such that
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D(z) = z'°8s “H (log, ) + o(z'82 1)z — 0.
This function is positive, continuous and a.e. differentiable.

Proof. With any z we associate the integer k = k(z) such that y¢*~! <
x < yoF: it is

k(z) = [1og¢ ﬂ +1.

We apply Lemma 1.2(i) and note that z/(y¢*) — zx/(v¢*) and z},/(y¢") —
x/(v4*) tend to 0 as x — oo and k = k(x). By the uniform continuity of
the distribution function, Fy (y + t) — Fy(y) tends to 0 uniformly in y as
t — 0. So, we deduce from Lemma 1.2(i) that

_ k(x)+1 T k(z)+1
P(z) =¢q Fy (’ygzﬁ’“(’”)) + o(q )-
Thus, we obtain the desired formula with
_ k(z)+1l-log, z
H(logy x) = q ey (Wf(m) ) '
Periodicity of H. Clearly H(1 + log, x) = H(log,(¢x)) = H(log, ).
Uniqueness of H. The above formula and the periodicity of H imply
(2.1) H(log, ) = lim H(log,(x¢")) = lim &(x¢")(wg*) '8 1.
k—o0 k—oo
Positivity. We deduce from the definition of H that
H(logy ) > ¢' =% Fy (1/9).
The number Fy (1/¢) is positive, as there exists kg such that Y (gg,e1,...) <
1/¢if€0=€1=...=€k0 =0.

Continuity. The function H could be discontinuous only at x such that
log,(z/7) is an integer; nevertheless, if we replace in the definitions of H
and k(z) the condition y¢* ! < z < v¢* by y¢* 1 /\/é < x < v¢* /\/§ (for
instance), the formula of Theorem 2.1 will remain valid. Since log,,(z/7) and
log, (z+/$/7) cannot be both integers, the (unique) function H is everywhere
continuous.

Differentiability. The continuity of the distribution function F' implies
that it is a.e. differentiable, thence H is a.e. differentiable. The proof is
complete. m

3. Improvement of the remainder term. Note first that since f(n) <
@(n+1), we have f(n) = O(n'°8» 7). So, the sequence f(n) cannot grow more
rapidly than a polynomial. Henceforward we assume that a constant § > 0
is such that
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(1) f(x) = O(x?%) for x € R, and
(IT) #{z’ : 2’ € [z,z + 1], f(a') # 0} is uniformly bounded for = €
R, ().
For this situation the main formula of the previous section can be improved.

THEOREM 3.1. Let ¢ and o be defined as in Section 1. We have

?(z) = 2*H(log, ) + O(z% (log z)™)
with a = log, q and §' = § +logy o.

Proof. We use Lemma 1.2(ii) with k = k(z) = [logy(z/v)] + 1. By
hypothesis (II), the number of reals y € [xg,x}] such that f(y) # 0 is
O(x}, — x1); and by hypothesis (I) we have in this case f(y) = O((z ’)5) =
O(z?). We deduce that both &(z) — ®(x,) and &(x},) — &(z) are O(z°¢(k)),

whence

Oy (i ) = 8() + O (k).

It remains to note that (k(z)) = 0@ (k(x))® = O(2'°%2 ¢(log z)*'). =

Theorem 3.1 improves Theorem 2.1 iff a > §’. We will give a suitable
estimate of the order of f(n) in a certain natural case.

PROPOSITION 3.2. Let f(x) be the number of q-representations of = in
a certain nonnegative integer base (Gy,), with q = [¢]+1. If ¢ > (1++/5)/2
and ¢ # 2, then f(n) = O(n).

Proof. By Lemma 1.1, there exists a constant K’ such that

k—2 k—2
Gr—[¢] Y Gi> 0" —[o]y D> ¢' — K'b(k)
=0 1=0

k Q;k_l /
> ¢ *[(/5]7(;5_1 — K'y(k)
k— ¢2_¢_[¢] /
R e )

The assumptions on ¢ imply that (¢? — ¢ — [¢])/(é — 1) > 0, whence there
is a constant k; such that

(3.1) Gr. > [9] Z G;, Gr_1 >0 and Gy is nondecreasing
for k > k.

(1) The second condition is satisfied, for instance, if G, € N, or if G}, = #F with 10}
being a Pisot number (see [Bu]).
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Choosing a constant C' satisfying the relation f(n) < Cn for any n <
G, , we prove by induction the validity of this relation for n € N. Namely,
suppose f(n') < Cn’ for any n’ < n — 1 and let k be such that G < n <
G+y1. There exists also an integer € > 0 such that

k—2
(3.2) eGro1+ (8] Gi<n<(e+1)Gro1+ 0 ZG
=0
As n < Ggy1, the representations of n in the alphabet {O, 1,...,[¢]} satisfy

g; =0fori > k+1.If e, =0, we have e, _1 > e+1. With each representation
of n satisfying e, # 0, we associate a representation of n — Gy, replacing
the digit e by e — 1. With each representation of n such that e, = 0, we
associate a representation of n—(+1)Gj_1, replacing €51 by 51 —(+1).
Thence
fn) < f(n—Gr)+ f(n— (e +1)Gr-1)
<Cn—Gg)+C(n—(e+1)Gk-1),

and we obtain f(n) < Cn from inequalities (3.1) and (3.2). =

REMARK. The above proposition works, for instance, in the case of ¢
being a Pisot or Salem number, because in that case a > 1 > ¢’ = §. Besides,
considering the example introduced in [Fr|, namely, G = 3G_1 +2G;_2 +

3G _4 with positive initial values and ¢ = 4, we make sure that o > ¢,
although ¢ is neither Pisot nor Salem number.

4. Lipschitz exponent for H. We assume the same hypotheses as in
Section 3 to be satisfied, and also suppose that the constant o = logy q is
greater than ¢’ = J + log, o.

THEOREM 4.1. There exists a constant C' > 0 such that
[H(t') = H(t)| < Clt' —|]**"log |t/ — #]|~

for |t —t] < 1/2.

We first prove

LEMMA 4.2. Forz > 1,

(i) P(z +1) — P(z) = O(z°),

(ii) @(z) = O(z+1).

Proof. The first inequality follows from the hypothesis on f, and the
second one is deduced from the first with the help of the inequality

[ac
B (x B(n+1)—d(n)). =

n:l
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Proof (of Theorem 4.1). As H is periodic, we can confine ourselves to
1<t<2andt<t <t+1/2. We have ¢* — ¢! < ¢*. Furthermore, there
exists a nonnegative integer h such that ¢? < (¢! — ¢')p" < ¢>. We set
r = ¢!*th and 2/ = ¢! T7; then ¢ < z < 2/ < 2. From Theorem 3.1 we get

|®(x) — 2°H (logy )| = O(a* (log 7))
and the same inequality for z’, whence
[H(t') — H(t)| = |H(log, 2") — H(log, z)|
< (&)7(@(a') — 2(x)) + [(2/) " — 2~ P(x)
+ O(z% =% (log 2')™).
We have 0 < 2’ —x < ¢?, whence we deduce from Lemma 4.2(i) that the first
term is O((2")%~%); it is also O(2°~), as, by hypothesis, § — a < — log 0<0.
The second term, in view of the mean value theorem and Lemma 4.2(ii), is
O(z=*71¢(x)) = O(x°~%). Finally, as § < ¢’ and 1 < z < 2/ < 22,
[H(t') = H(1)| = O ~*(log 2)™).
It remains to estimate z = ¢'*". By the mean value theorem, we have

t t
#1056 < L= < 9 logo < ¢ o,

whence, by the definition of h, there exist positive constants C7 and Cy such
that

Ch Co
t—t t—t
which completes the proof of Theorem 4.1. m

COROLLARY 4.3. If ¢ is a Pisot number, then H belongs to the Lipschitz
class with exponent a — &, where o =log, q and f(x) = O(z?).

5. Properties of Fy for some cases of ¢

LEMMA 5.1. Let
~ o) _1
Y(€0,€1,...) :_Y_EY_Z<€z_q>¢ i
1=0

Then the characteristic function of Y is given by the formula

B = sin(qo—*t/2)
Fy(t) = l_Io gsin(¢p=Ft/2)’

Proof. Y being a sum of independent random variables, its charac-
teristic function is the product of their characteristic functions, which we
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compute using the well-known expression for the Dirichlet kernel D,,(z) =
S, €T (see, e.g., [Ru). =

PROPOSITION 5.2. If ¢ is an irrational Pisot number, then Fg(t) does
not tend to 0 as t — oo, and thus, Y is singular.

Proof. Let ty = 2m¢". Following [E], we will show that Fy(tn) /4 0
as N — oo. Let ||z]| := min{|z — n| : n € Z}; we have
N

Fo () = lo—o[ sin(mqp™N —F) H n(mwqg?) lo—O[ sin(mqp~*)

P gsin(mpN— k sin(mw¢7) s gsin(rp=F)

N sin(mql|¢7]])
=+Fy(2m) - 1;11 gsin(nl|pi]])’

whence in view of the fact that ¢ is an irrational Pisot number, there exists
an irrational 6 € (0, 1) such that ||¢?| < 67 for 7 > Ny. Hence

o0
sin(rg6?) sin J
[ sl [Tt o
j:NOHqsmw gsin(7||7||)

as |Fy(2m)| > 0 by the irrationality of ¢. m

[Fy (tn)| = [Fp (2m)] -

Now we are going to study the same problem for the case of integral
¢ =: d. We assume that Gy = d*.

PRrOPOSITION 5.3. Let d be an integer. Then the function Fy is abso-
lutely continuous if and only if d divides q.

Proof. Let, within this proof,

sin vu
Gu(u) == ——.
vsinu
Consider the following cases.
1. ¢ = d™. Here
m—1
gd(d] u)
j=0
hence,
o) m—1 [e%e)
o (1) =[] Gatd*t/2) = T ( H Ga(d ™" - dft/2))
k=0 j=0 k=
i.e.
1 1 d d dm—t gm-t
where Ula, b] denotes the uniform distribution on [a, b]. Therefore, the ran-

q—1 g—1

dom variable Y is absolutely continuous, and suppY = [ ~ 3d=1)’ m].
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2. Let now g be not divisible by d. Here, as in Proposition 5.2, taking
ty = 2md", we have

sin(mqd /)
=4
H qsm (rd=7)

and the assertion follows from the fact that sin(rqgd=7) # 0 for any j > 1
by the hypothesis on ¢ and d.
3. Finally, if ¢ = d™p with p > 2 and p not divisible by d, then

Go(d™"/2) = Gam (d™"t/2) - Gp(d™" - d™t/2),

and the statement for this case follows from items 1, 2, as Y is the convo-
lution of the absolutely continuous distribution and the singular one, and,
thus, it is itself absolutely continuous. m

As a consequence, we obtain the result making Theorem 2.1 more precise.

PROPOSITION 5.4. If ¢ is an irrational Pisot number or equals a positive
integer d and in this latter case Gi, = d¥, and d does not divide q, then Fy
is singular, and H 1is not differentiable on a certain continuum of points.

The question of for which bases the function H is differentiable every-
where seems to be difficult and remains open. The only sufficient condition
that we know is G}, = d* and d divides ¢ (see above).

EXAMPLE. Let d = 2, ¢ = 6. Here Y is the convolution of the uniform
distribution U[—1/2,1/2] and the singular one for the case “d = 2,q = 3”
studied below in detail. Thus, the function f for this case has no asymptotics;
this can be shown directly by proving that f(2%) ~ 3’“ and f(2F4+2F71) ~
3F=1 which in turn implies that there is no limit of the ratio f(n)/n!s23
as n — 00, though this ratio is bounded.

6. Case of a radix base

6.1. General facts. Let d > 2, ¢ > 2 be integers, and let, as above, for
any integer n,

f(n) = #{8051 ...:0 < &; < q— 1, Zéldz = n}
i=0
We also define, for any x € R\ {0},
=Y f(n)x
n>0
Expanding the infinite product J],~,(1 + " 22 4 gc(q—l)d’“)7 we
find that it is equal to ¢(z); hence
o) =1+z+22+...+ 27 Hp(z?).
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Since f(n) is zero for n < 0, we obtain

6.1) D fm)a" =Y f)@ 42 et
nez nez

Let {z} = x — [z] (the fractional part of z) for any = € R. So, it follows from

formula (6.1) that

[(q=1)/d)—1
fn =), r>d{(¢—-1)/d},

_ i=0
(6.2) fldn+r) = (a—1)/d]

S fn—i),  r<diq-1)/d),
=0

for every n € Z and every r = 0,1,...,d— 1. Furthermore, if [(¢—1)/d] = 0,
the first case in (6.2) turns into f(dn+r) =0 for r > ¢— 1. We deduce from
(6.2) by induction

f(n) < nﬁ? B = 10gd |:q_;+d:| )

and by Theorem 3.1, the following corollary holds (as ¢ = 1 and o = 0).
PROPOSITION 6.1.
&(z) = 2 H(log, x) + O(zP)
with o =log, q and  =logy[(¢ —1+4+d)/d]. m

REMARKS. 1. We always have a — 1 < § < «, with equality iff d divides
q. In the case ¢ < d, we have § = 0 and it is easy to see that the function
f is d-automatic in the sense of [Co]: (f(n))n>0 is a fixed point, beginning
with the letter 1, of the substitution

0—0...0 (d times 0),
1—1...10...0 (q times 1, d — ¢ times 0).

The a.e. differentiability of H is a consequence of Theorem 2.1. Note that this
substitution is not primitive, as for a primitive substitution it was proved
in [DuT] that H is nowhere differentiable.

Below we will suppose ¢ > d.

2. In the general case, the sequence (f(n))n>0 is d-regular in the sense
of Allouche and Shallit [AllS]. Indeed, by (6.1) we are in the situation of
Becker’s Theorem 2 (see [Be]). The authors wish to express their thanks to
J. P. Allouche for indicating the last-mentioned paper.

6.2. Relation between the order of f and the order of the remainder term.
In this subsection we are going to show that in the radix case it suffices to
present the best possible upper bound of the order of f for obtaining the
best possible order of the remainder term.
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We first rewrite formula (6.2) by means of some transition matrices M,.,

r=20,1,...,d — 1. Let M, be the a X a matrix, where a is the minimal

integer such that a > (¢ —1)/(d —1). Fori=1,...,a, let
NIRRT e S £ o R C SR e
o d ’ e q%‘ll—i—l, otherwise.

Then the ith row of M, is defined as

RN I PR DY [ o B I PV I o D A
(M) = {O, otherwise.

This definition makes sense if the integer [\, ;] + [\ ;] is at most a for any i;
or, equivalently, if it is less than a+ 1. Now we deduce from the definition of
Ayi that [N ;] +[\. ;] < (a+d—2)/d+q/d. The inequality (a+d—2)/d+q/d <
a+ 1 is valid, because it is equivalent to a > (¢ — 2)/(d — 1).
f(n)
We denote by v(n) the vector : , for any n > 0.
f(n—a+1)
LEMMA 6.2. Any integer n = epdf+.. . +egwith 0<e; <d—1 satisfies
1

0
Proof. It is sufficient to show that v(n) = M., v(n') with n’ such that
n=dn' +¢eg. Let i € {1,...,a} and let ', i be such that i +d —egg — 2 =
di'’ +1",0<i" <d—1. Wehaven+1—1i=d(n' —i)+ (d—1—1") whence
by (6.2),
[(g—1)/d]-1
S =i =), d—1-7>df(g—1)/d),

- k=0
fln+1-1) [(g-1)/d]

S =i =k), d-1-i"<d{(q¢—1)/d}.
k=0

This coincides with the product of the ith row of M., by v(n’). m

LEMMA 6.3. The matric M = My + ...+ Myg_1 is primitive, and its
Perron—Frobenius eigenvalue equals q.

Proof. Let
1 T

1 $d
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We have
q—1 , . g—1 d—1
x’j_d|:d:|+#{220§2§d—1, {)\z,]}+{ d }Z d
Since i — {A;;} is a bijection from {0,1,...,d — 1} to {%, %, el %}, we
have

—1 —1
xj:d[qd ]+d{qd }+1:q.

We see that ¢ is an eigenvalue of M, and the other eigenvalues have moduli
at most q.

For M to be primitive, it suffices that the entries M; ;_1, M; ; and M; ;41
are positive for any i (because this implies (M), ; > 0 for any ¢ and j).
We consider the ith row of M. We have [A] ;] > 1 for any r and 4; hence
(My)in,. 41 = 1. The set J; = {j : M;; > 0} is the union, for r =
0,...,d—1,0f {j : (M;);; > 0}, the latter being an interval in N containing
Ari] + 1. As [Arg1i] — [Ari] is 0 or —1, J; is also an interval.

It is sufficient to check that [Ag—1:]+1 <4 < [Agi]+[Ag ;] fori=1,...,a,
except [Ag—1,1] + 1 = 1 and [Aoa] + [Ag.] = a. The first inequality is
equivalent to Agq_1; < @ — 1, thence to ¢ > 1. For the second, we first
deduce from the definition of [Ao;] that [Ao;] + [A\g,] is at least Ao, +
(g—1)/d—(1—2/d), thence it is > i iff i < (¢ —1)/(d — 1), i.e. iff i < a.
We obtain easily the two last-mentioned relations. m

PROPOSITION 6.4. Let R(x) be the remainder term in Proposition 6.1.
Then

inf{d : R(z) = O(z°)} = inf{d : f(n) = O(n°)}.
Proof. We first compute H (log, z) for integral x. By (2.1), it is
k
lim M
k—oo xl08a dgk

Let n be an integer such that 0 < n < xdk; we have n = md* + r with
0<m<z,0<r< dF. Let r = Zf:_ol €;d" be the canonical representation

of r in base d. From Lemma 6.2 we get
v(n) = M, ... M, _,v(m).
Summing for 0 < r < d*, 0 < m < z, we obtain
&(xd") b(x)
; = M*
Bed" —a+1) Bx—a+1)

By Lemma 6.3, ¢ *M¥ tends to a matrix with positive entries; let o ... ayq
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be its first row, and 3; = > _, a; for any 7. Then

(6.3) H(loggz) =2 %a1P(x) + ...+ @@z —a+1))
=2 (1P(x) = Bof(x 1) — ... = Buf(z —a+1)).
We have

R(z) = @(x) — 2*H(log, x)
=(1-01)Px)+ Baf(x—1)+... 4+ Buf(x —a+1).

Now 1 — f3; is zero, otherwise R(z) would have the same order as @(z). The
hypothesis ¢ > d implies a > 2, whence

fe-1)<R@)< flr—1)+...+ flx—a+1).

This proves Proposition 6.4 for x integer.

It is also true for any z real: let n be the minimal integer greater than
or equal to z; we have R(n) — R(z) = n“H(logg;n) — x*H (log, x) and,
using Theorem 4.1, we conclude that it is O(2?) for any & such that f(n) =
O(n%). m

REMARK. Some upper and lower bounds for f(n) depending on the
transition matrices under consideration are given in [D, p. 160, 161, 165].

6.3. Lipschitz exponent for H. Now we will prove that the same situation
takes place also for the Lipschitz exponent of the function H. Let §y = inf{J :
f(n) =0(n°)}, and yu = sup{y : [H(¥') — H(t)| = O(|t' — t]")}.

COROLLARY 6.5. If dy > o — 1, then yg = o — 5.
Proof. For any € > 0 we have, by Theorem 4.1,
|H(t') — H(t)| < [t — t|*% ¢,

Let = be an integer, t' = log,(x + 1) and t = log, x; we deduce from (6.3)
that

(x+1D)*H(') —a®H(t) > o1 f(z), (z+1)*H(') > aaP(x + 1),
and
Ht")—H(t)=((z+1)"% =2~ %) (x+ 1)*H ()
+27((x+1)*H(') — 2*H(t))
> —ar o Pz + 1)+ 2 % f(2).
As &(x) < 2 and f(x) > 2%/~ for infinitely many =, we deduce
|H(t') — H(t)] > 2% 77 > |t/ —t[* % Fe,
whence a — 6y —e <yg <a—0df+e. =

REMARK. This corollary cannot be applied in the case when d divides
¢: by Proposition 6.8 (see below) we have §; = a — 1. Moreover, if ¢ = d™,
then by Proposition 6.7 below we also have H(t) = constant and vy = oc.
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6.4. The case of d dividing q; reduction. In this subsection we give an
arithmetic version of Proposition 5.3. Let us first study the radix case with
g = d™ in more detail. Namely, we will give a precise asymptotic formula
for f in this case. Let féf ) (n) denote the number of representations of n in
base d with digits 0,1,...,d"™ —1. Whenever it is clear what d is considered,
we write simply f,,(n).

LEMMA 6.6. If m > 2, n>0 and d > 2, then
[n/d]

Fn(m) =" fm1(j).
j=0

Proof. Fix n € N. Let ege1e2... be a representation of n in base d
with digits 0,1,...,d™ — 1. We consider an integer j < [n/d] and a se-
quence gjeiel, ... which is the representation of j in base d with digits
0,1,...,d™ ! — 1 defined as ¢} := [¢;/d]. The correspondence g1 ... —
(J,e0€1€h - . .) is one-to-one, because the €/ := ¢; — de) are just the digits of
the canonical representation of n — dj in base d. =

ProrosITION 6.7. If ¢ =d™, then
d—m(m—l)/2

fm(n) =

and
d—m(m—1)/2 _ q—(m—l)/Z

H(t) =

m)! m)!

Proof. Note first that fa(n) = n/d + O(1) (a straightforward conse-
quence of Lemma 6.6). Moreover, by induction and the above lemma, we
have, for m > 3,

jm72 + O(jme)

fm(n) = Z

[n/d] |:d—(m—1)(m—2)/2

= (m —2)!
R N S
= o) <d> + 0™,

This clearly implies the first part of the proposition. We deduce the second
one from the relation

mm1)/
$@) =3 fln) = dmluxm + O™ 1)

n<x

and (2.1). m

Let f(n) denote the number of representations of a nonnegative integer
n in fixed base d with digits 0,1,...,u — 1.
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PROPOSITION 6.8. The following relation holds:
[n/d]
fiu(n) =Y f2h).
j=0

The exact order of fi, (n) is n® with § = log, u.

P roof. We obtain this relation in the same way as in Lemma 6.6. Thence
the function f], (n) itself is the summation function @}, and Theorem 2.1
yields its precise asymptotic order. m

ExAMPLES. 1. For any d, £{% (dn)=n+1, f{? (d®n)=(dn + 2)(n + 1)/2,
etc.

2.If d = 2, then f3(4n) = (n+1)2, f3(4n+2) = (n+1)(n+2); f1(8n) =
Sr_ok+1)2=(n+1)2n+1)(2n+3)/3, f4(8n+2) = f4(8n) + (n+1)2,
fa(8n+4) = f1(8n+2)+(n+1)(n+2), f4(8n+6) = f1(8n+4)+(n+1)(n+2),
f1(8n +8) = f1(8n + 6) + (n + 2)?, etc.

CONCLUSION. Thus, we can reduce a radix case with d dividing ¢ to
the case when ¢ > d and ¢ not divisible by d. In turn, for the latter case
it suffices to find the best possible estimate for f in order to solve the
summation problem completely. In the present paper we will study some
basic examples and plan to return to this problem in subsequent work.

For d dividing ¢, as shown in Proposition 6.8, the maximal order of f
is exactly O(n?). It is curious that such a situation can arise even if d does
not divide gq.

6.5. The precise mazimal order of f in the case ¢ < d?. We associate
with any integer n the integer n’ = [n/d]. Let r := [(¢ — 1)/d], and s :=
d{(q —1)/d}.

PROPOSITION 6.9. Let ¢ < d?. We have two cases.

(1) f(n) = O(nlosa(r+1) for r < s.

(2) F(n) = O nloss =5

Both mazximal orders are precise.

forr > s.

Proof. We consider both cases simultaneously. From (6.2) we have

r—1

S f' —i), nefs+1,....d—1} modd,
fn)=4¢ 3°
Zf(n,—i), n € {0,...,s} mod d.
=0

Let I be the interval {d* —d,...,d**' —1}, k > 0. We denote by X}, the
maximum of f(n) for n € I, and n € {0,...,s} mod d, by Y}, its maximum
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forn el andn e {s+1,...,d— 1} mod d. The hypothesis ¢ < d? implies
r < d—1 and hence, given n € Iy, the integers n’ — i belong to I_; for any
i€{0,...,r}, and at most s + 1 of them belong to {0,...,s} mod d (or at
most r + 1 if » < s). For any k > 1, we obtain
Xp<(s+1D)Xp_1+(r—9)Ye1 ifr>s+1,
Vi<(s+1)Xp1+(r—s—1)Ye1 ifr>s+1,
X < (T -+ 1)Xk_1 ifr <s.
Now we suppose 7 > s+ 1 (hence r > 1 and s < d —2). We consider the
integers

rd+sd®>+ ...+ sd*"' +rd*, kodd,

— ng +7r, keven,
T 1 nk—1, kodd,

with ng = 0. They satisfy the relations

fnk) = (s+ 1) f(nk—1) + (r — 8) f(mr_1),
f(me) = (s + 1) f(ng—1) + (r — s — 1) f(my—1),

whence we obtain by induction X, < f(ng) and Yy < f(my) for any k& > 0.
Actually, we have equality (as ny belongs to I and to {0,...,s} mod d, we
cannot have f(ng) > Xx).

From the first relation we obtain the expression for f(mg_1) in terms of
f(ng) and f(ng—1) and, bringing it into the second relation, we deduce that
for k > 1,

= {sd—l—rdZ—i—...—i—sdk_l +rdF, k even,

figr) = rf (i) + (s + 1) f(nr-1)
with f(ng) =1 and f(n1) =r + 1, hence

Fng) = <r+\/m>’“
ng) < 5 .

As k =logy;n + O(1) for n € I}, we see that

r244s44
)

f(n) — O(nlOgd T+

is the precise maximal order of f(n).
For r < s, we obtain in the same way

f(n) = O(n'o8ar+1)) o
REMARK. It is possible to show that the estimate f(n) = O(n?) can be

improved for any d and ¢ such that d{(¢ — 1)/d} < [(¢ — 1)/d]. We restrict
ourselves to mentioning a better estimate for the case d = 2 and arbitrary
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odd g > 3. In the same way as before it may be shown that

+3 +1 -1
Xk§|:q ]Xk 1+ <[q4] q2 >Xk 2,

whence f(n) = O(nﬁ) where

42+ [ 2 bl

B: 10g2 < p.

Note that for ¢ = 5 this estimate yields f(n) = O(nlos2(V3+1)) = O(n1450),
while below we will show that the best possible estimate is approximately
O(n'-3*4) (see Proposition 6.16).

As a corollary of the previous proposition, we obtain the corresponding
result for some natural case.

COROLLARY 6.10. For d =2, ¢ = 3 the precise maximal order of f is

\/5+1).

fln) = O(n'os %

Below we depict the representation graph for this case (see Introduction).
It proves to be the Cayley graph for the semigroup (a, b, ¢ | ac = ba, bc = ca).

Fig. 1. The representation graph for d =2, ¢ =3

In a sense this graph contains all finite continued fractions. Let us es-
tablish the precise link between the number of representations in the case
d =2, q =3 and the regular continued fractions.



390 J. M. Dumont et al.

PROPOSITION 6.11. Let n = 21?:0 £;27 be the ordinary binary expansion

of n with e, =1, ¢ € {0,1}. We rewrite it, grouping 0’s and 1’s as
(€0, .. k) = (190091192 ... 0% —11%)

with ag > 0 (ap = 0 means that n is even), and a; > 1, 1 < i < s. We
construct the reqular continued fraction

1 _Ds

1
a1+—a n 1 9s
2 ey
as
Then for d =2, q =3 we have f(n) = ¢s.

Proof. From formula (6.2) applied to the case in question, we have

(™) =6 1) (™)
(f({%(ﬁ)l)) N G (1)> <f<{zgn—/)1>)

otherwise. Therefore,

()
(o DG 5) -6 (D 6)
(o) () (o) (o) (5 o) )

The relation of such a matrix product to the continued fractions is well-
known (see, e.g., [Po]). m

if n is even, and

6.6. The case d = 2, ¢ = 5. In this case the situation is more compli-
cated. We consider it in detail in order to show the sort of difficulties that
may appear when processing a kind of recurrent sequences arising in such
problems.

We define the maximal order of f in this case as

§p =inf{d: f(n) = O(n’)}.

We obtain easily f(0) = f(1) =1, f(2) = f(3) =2, f(4) =4, f(5) = 3,
f(6) =5and f(7) =4. Let n = ,2" +... + ¢ with ; € {0,1} and &, # 0,
and let n/ = £,2% + 12" + €x_22° € {4,5,6,7}. From Lemma 6.2 we
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deduce that for n > 8,

(f(n) | (f(n’) )
fin=1)1] fn' =1
(64) f(n _ 2) - Mz-:o e Mz—:k_;; f(n/ _ 2)
f(n—=3) f(n'=3)
with
1 1.1 0 1 1 0 0
01 10 1 1 1 0
M, = 01 1 1 and M; = 011 0
0 0 1 1 01 11

Let the norm of a matrix M = (m; ;)1<; j<4 be defined as

1M = max Z\mul

and the corresponding vector norm ||v|| := Zi:1 |vi|. Let

1
op = max{h+ . logo (| Mg, - .- M, |I) : (20, .- ,en) € {0, 1}h+1}.

From (6.4) and the values of f(0), f(1),..., f(7) we deduce that

[Mey - My || < f(n)+ f(n=1)+ f(n—2)+ f(n—3)
< 16| M., ... M

€k—3 H )
whence ¢y = limsup;,_, ., 0p.
Let M/ and M{ denote the transposes of My and M; respectively. Since

al|M|| < ||M'|| < cz||M|| for any matrix M with some absolute constants
c1, C2, we have

1
(6.5) 65 = liznsup {klog2 max(||[ M, ... M. v|): (g0,... ) € {O,l}kJrl}

with an arbitrary vector v € N*. We now compute this limit.
Let

ov(€0y .- k) == HM' M! .MéOVH

for any (eo,...,ex) € {0,1}**1. Let, by definition, V} = {(v1,v2,v3,v4) €
N* : vy + vg < min(ve,v3)}. Note that M{v € V4 and M{v € V; for any
v e Vy.

k—1 "

PROPOSITION 6.12. Let v € V. Then for k > 2,

©v(010...101), k odd,

oax pv(0.e1,.8k) = { ¢v(010...010), k even,

€15meey er€{0,1}F
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and
I IRCUERIREV R it e

We first prove three lemmas.

LEMMA 6.13.

ov(€o, ... k) = avy + buy + cvz + duy

= ov(1 —€e0,...,1 — &) = dvy + cva + bus + avy.

Proof. This is an application of the fact that the matrices M|, and Mj

are “centrally symmetric”, i.e. (My);; = (M{)5—i5—;. m

Thus, it suffices to prove the first claim of the above proposition, be-
cause the condition defining V} is invariant with respect to the simultaneous
substitution vy +— vy, V9 > v3.

LEMMA 6.14.

¢v(00) < y(01) and  py(11) < py(10)
for any v € Vy.
Proof. We have ¢, (00) = 8v; + 5vg + Tvs + bvy and ¢y (01) = Tvy +

5vg + 8vs + Svy, hence, ¢y (01) — ¢y, (00) = v3 — vy > 0. The second claim is
a consequence of Lemma 6.13. m

LEMMA 6.15.

ov(0,e1,62) <y (010) and @y(1,e1,62) < py(101)
for any e1,e9 € {0,1} and any v € V.

Proof. Again, by Lemma 6.13, we may deal with &g = 0. We have
©v(000) = 20v1 + 1209 + 17v3 + 1204, 4 (001) = 2001 + 13vy + 18u3 + 13vy,
©v(010) = 18v;1 + 13wy + 20vs + 1204, and finally, ¢, (011) = 17v1 + 1205 +
20vs 4 13v4. Thus, since v € Vj, we have ¢, (010) — ¢ (000) = vo + 3v3 —
2v1 > 0, y(010) — ¢ (001) = 2v3 — 2v1 — vy > 2(v3 —v1 —vg) > 0, and
v (010) — oy (011) =v; +v2 —v4 > 0. m

Proof of Proposition 6.12. We use induction on k. For £ = 1,2 it is
just the consequence of the above two lemmas. Let & > 3 and suppose
for simplicity it is odd. We have ¢y (eq,...,ek) = oy (e1,...,€k), where
v' = M. v € Vj. Let, say, eg = 0. We have two cases.

1. &1 = 1. By the induction hypothesis,

ov(l, ... k) <@y (101...01) = ¢y (01...01).

2. €1 = 0. Similarly,

oy (0,...,ex) < ¢y(00101...010).
k+1 digits
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We are left to show that ¢ (00101...010) < 4 (0101...01). Let

©yv(01...01) (or ¢ (01...010) if k is even)
k+1 digits k+1 digits
=: a1 + Brvz + VU3 + Ok vs.

Then, by Lemma 6.13,

V(1010...10) = ,

© ( 010 0) 5kU1 + YEv2 + ﬁkvg + Qivg
k+1 digits

hence, g = BO =% = (50 = 1, and
k1 = B+ + 0k,  Yet1 = o + Bk + Yk,
Br+1 = Bk + Yk, Opt1 = ar + Br.
We have api4 = 2043 + 20542 — 2041 + o, and the same recurrence
relation holds for Sk, v and §x. Note that if a sequence satisfies this relation,
and begins with four nondecreasing positive integers, then all of its terms

are positive.
Moreover,

©v (00101 ...010) = (01 ... 010)
k digits

(6.6)

= ag—101 + Br—1(v1 + v2 + v3)
+ Ye—1(v1 + vo + v3 +vyg) + Op—1(v3 + v4)
= Y1 + Brv2 + vz + (Ye—1 + 0k—1)vs
(by (6.6)), whence
0v(0101...01) — (00101 . ..010)
k+1 digits k+1 digits

= (v —ou)(vz —v1) — (Ve—1 + Ok—1 — Q—1 — PBr—1)va

> (1 — o) (v3 — v1 — va),
as v > ax + 1, k > 3 (induction), and yx—1 + dk—1 — ap—1 — Br—1 <
Ve — ar = ai_1 — 0g—1 by (6.6) and by the above remark on positivity.
Indeed, let s := 2(ag — k) + Bk — Y. Then 21 = 300 = 1, 303 = 5, ¢4 = 10,
x5 = 29, etc. The proof is complete. m

From this proposition and formula (6.5) it follows by Gelfand’s celebrated
formula o(M) = lim,, o (||[M"]|)*/™ for the spectral radius o that

55 = Llogy o(MoMy) = logy (M) = 1.344042 ...,
0111

where M is taken from (6.6), i.e. M = < ) Note that M? = MyM;.

0110
1110
1100

So, we proved the following result.
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PROPOSITION 6.16. For d = 2,q = 5 the precise maximal order of the
function f is f(n) = O(n'°&2¥) ~ n'34 where 1 is the unique root of the
equation x* = 223 + 222 — 22 + 1 lying in the interval (2,3).

6.7. Fibonacci case. To end the paper we consider an important integer
case with a nonradix base, namely, the Fibonacci case.

Here f(n) is the number of representations of n as a sum of distinct
Fibonacci numbers. This function was under consideration in [Cal, [AlZ]
from the viewpoint of its combinatorial properties. Ergodic properties of the
transformation of the interval called the “goldenshift”, which is associated
with the sequence f(n), were studied in the recent work [SV].

The results for the Fibonacci case were mentioned at the beginning of
the paper. They were obtained in the preprint [S]; note that it contains a
gap in the proof of the upper bounds. However, they are direct consequences
of the estimate for f(n) obtained in [Pu] (f(n) < v/n + 1) and Theorem 3.1
and Corollary 4.2 of the present paper, while the proof of the lower bounds
for the Lipschitz exponent of H and the order of the remainder term in [S]
is correct.

Note that in this case F' is the distribution function of the well-known
singular Erdés measure introduced in [E] and studied in detail in [AlZ] and
recently in [SV].

As a consequence of the main result we easily obtain a new property of
the Erdés measure.

PROPOSITION 6.17. The Lipschitz exponent of the distribution function
of the Erdds measure equals A —1/2.

Note that recently this result was obtained in [LaNg, Theorem D] by
using different techniques.

Open problems. We mention some related open problems.

Integer bases. 1. Find the best possible maximal order for f(n) for an
arbitrary radix case.

2. Associate natural transfer matrices with certain classes of nonradix
bases, for instance, in the Pisot case.

3. Study the problem of the existence, for a fixed case like the case
d = 2, ¢ = 3, of an increasing sequence of integers with density 1 such
that log f(n)/logn tends to some constant as n tends to infinity along this
sequence. We claim that this problem can be solved by applying the multi-
plicative ergodic theorem of Furstenberg and Kesten to sequences of transfer
matrices. Another problem that seems to be more difficult is to find the exact
value of the constant in question.
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Noninteger bases. In [KP] a necessary and sufficient condition for the
existence and uniqueness of representation in the ring Z[a] with « being
an algebraic integer over Q is given. It is worthwhile to consider the prob-
lem similar to the one studied in the present paper for the situation where
the uniqueness condition is not satisfied, i.e. to deal with a certain greater
alphabet lying in Z.
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