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1. Introduction. We use class field theory to construct the real dihedral
fields. This construction is reduced to that of primitive characters on the
ring class groups of real quadratic fields which are then used to compute
the relative class numbers of dihedral CM-fields of degree 4p, p any odd
prime.

We first fix some notation. Let K be a normal real number field (consid-
ered as a subfield of the field of complex numbers) of degree 2n with Galois
group Da, = (a,b : a™ = b* = 1, bab~! = a~!), the dihedral group of
order 2n. Let L denote the real quadratic subfield of K fixed by the cyclic
subgroup of order n generated by a, and let E¥ denote any one of the n
non-normal subfields of degree n of K fixed by the n non-normal subgroups
of order two {1,a*b} of G, 0 < k < n—1. We let A, dr, e1 > 1 and
x 1 denote the ring of algebraic integers, the discriminant, the fundamen-
tal unit and the primitive quadratic character modulo dj, associated with
L, respectively. In order to use continued fraction expansions to compute
€L, we specify a generator of Ap: let g; denote the unique rational inte-
ger with the same parity as dy such that /d;, — 2 < gr, < V/d; and set
wr = (g1 + v/dr)/2, whose continued fraction expansion is purely peri-
odic. Finally, dr denotes the absolute value of the discriminant of a number
field F.

Let M be an integral ideal of L, let I, (M) denote the subgroup of the
group I, of fractional ideals of L generated by the integral ideals relatively
prime to M, and let Pr(M) denote the subgroup of I1,(M) generated by
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the principal ideals of the form («) where oo € Ay, satisfies « =1 (mod M).
The ray class group for the modulus M is the quotient group Clp(M) =
I,(M)/Pr(M). According to class field theory, for any abelian extension
K/L of conductor dividing M the kernel H = ker @/, of the surjective
Artin map P, @ I (M) — Gal(K/L) is a congruence subgroup for the
modulus M, that is, P,(M) C H C I;(M). Conversely, according to the
Existence Theorem of class field theory, for any congruence subgroup H
for the modulus M there exists a unique abelian extension K /L, all whose
ramified primes are finite and divide M, such that H = ker @k, . This field
K is called the class field of L for the congruence subgroup H. Of particular
importance is the case where H = Pr, 7(M) is the group generated by the
principal ideals of the form («) where a € Ap satisfies &« = a (mod M)
for some integer a relatively prime to M, in which case Existence Theorem
provides us with the so-called ring class field Hp, (M) of L for the modulus
M. Let Cly, (M), the ring class group for the modulus M, be the quotient
group ClLyz(M) = IL<M)/PL’Z<M).

2. Real dihedral fields and ring class fields

PRrROPOSITION 1. Let L be a real quadratic field. If K is a real dihedral
field of degree 2n cyclic over L, then the conductor Fi 1, of the cyclic ex-
tension K /L is invariant under the action of Gal(L/Q) and ker @y, is a
subgroup of Ir(Fky1) containing Prz(Fr 1) such that the quotient group
IL(Frr)/ker Py, is cyclic of order n. Conversely, if the modulus F is in-
variant under the action of Gal(L/Q) and if H is a congruence subgroup of
IL(F) containing Pr, z(F) such that the quotient group Ir(F)/H is cyclic
of order n, then its associated class field K is a real dihedral field of degree
2n and the conductor Fi 1, of the extension K/L divides F.

Proof. For any prime ideal QO of a normal field F' which is unramified
in F/Q we let [F/Q, Q| denote the Frobenius automorphism of Qp (see
[Jan]). Assume that K is dihedral and let ¢ be a rational prime not in
Fr/r- We must prove that @k /1,((q)) = 1. First, if (¢) = 2 is ramified in
L then (@K/L(QL))fl = b@K/L(QL)bfl = @K/L(b(QL)) = @K/L(QL) and
Pr/r((9) = Pryr(Qr)Pryr(Qr) = Pr/r(Qr)(Pryr(Qr)) ™" = 1. Second,
if (¢) = Qr Q' splits in L then since the restriction of b to L is non-trivial
we get (Pryr(Qr)) ™" = bPr/(Qr)b™! = @i/ (b(QL)) = P/ (Q7) and
we get D/ ((q) = Pr/r(Qr)Pr/r(Q7) = Pryr(Qr)(Pryr(Qr)) ™ = 1.
Finally, if (¢) = Q isinert in L and if Q is any prime ideal of K lying above
Qr, then Pr;1.((q) = Pr/r(Qr) = [K/L, Q1] = [K/L, Qx] = [K/Q, Qk [
and since ¢ is inert in L it follows that [K/Q,Qx] = a*b is not in the
cyclic group (a) = Gal(K/L), which implies [K/Q, Qx]? = (a*b)? = 1 and
Brey((g) = 1.
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Conversely, the trickiest step for proving the last assertion is to prove
that for any o € Gal(HL(F)/Q) such that the restriction o, is not triv-
ial we have 02 = 1 (the remainder of the proof being similar to that of
[Cox, Lemma 9.3]). Set H = Hp(F). To prove this assertion we use the
Chebotarev Density Theorem (see [Jan, Theorem 10.4]) according to which
o = [H/Q, Qy] for some prime ideal Qy of H unramified in H/Q. Since
o/ = [H/Q,Qul/r, = [L/Q, QL] is not trivial (where Qf = Qup N Ar),
Qr = (q) is inert in L and we get 02 = [H/Q,Qy)?> = [H/L,Qg] =
(H/L, Q1) = [H/L, ()] = ®s/1((a) = 1 (for we have (q) € Pyz(F) =
ker@p /). m

If M’ divides M then the canonical map s : Clp(M) — Clp(M') is
surjective and any character x’ on Clr(M’) may be construed as a charac-
ter on Clp(M). A character y on a ray class group Clp (M) is primitive if
it is not induced by any character x’ on the ray class group Cl (M) for
any proper divisor M’ of M. Noticing that there is a bijective correspon-
dence between the characters of order » on an abelian group G and the
subgroups H of index n of G such that the quotient group G/H is cyclic of
order n, according to Proposition 1 and Galois and Class Field theories we
obtain:

THEOREM 2. Let M be a modulus of a real quadratic field L which is
invariant under the action of Gal(L/Q). Then there is a bijective correspon-
dence between the real dihedral fields K of degree 2n containing L and such
that the conductor Fr 1, of the extension K/L is equal to M and the groups
of order n generated by the primitive characters of order n on Cly (M) which
are trivial on the image of Pr, 7(M) in this group.

Let x be a character on Cly, z(M). Then a — x((«)) defines a character
Xo on (Ar/M)* which is called the modular character associated with x.
Notice that this modular character must be trivial on €7, and on the image
of Z in (Ap/ M)*. If M’ divides M then the canonical map s : (A / M)* —
(AL /M’)* is surjective and any modular character x{ on (Ap/M’)* may
be construed as a modular character on (Ar/M)*.

We say that a modular character xo on (Ar/M)* is primitive if it is not
induced by any modular character x; on (Ar/M’)* for any proper divisor
M’ of M. One can easily check that a modular character xo on (A /M)* is
primitive if and only if for any proper divisor M’ of M there exists a € Ap,
coprime with M such that = 1 (mod M’) but xo(«) # 1. Moreover, if
M =[] Q°2 is the prime ideal factorization of M, then according to the
Chinese Remainder Theorem we may factorize x canonically as a product
of modular characters xg on (Ar/Q¢2)*, and xo is primitive if and only if
each component Yy is primitive. For the remainder of this paper we let x, xo
and ¢ denote a character on Cly, z(M), its associated modular character on
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(AL /M)* and any component of xg, respectively. Notice that x is primitive
if and only if x( is primitive. In particular, we have

LEMMA 3. If there exists a real dihedral field K of degree 2n cyclic over
a real quadratic field L and such that the conductor of the extension K/L
is equal to F, then there erists a primitive modular character xo of order
dividing n on (Ar/F)* which is trivial on the e, and on the image ImZ of
Z in this group.

THEOREM 4. If K is a real dihedral field containing L then there exists a
positive rational integer fr /1, such that the conductor of the cyclic extension

K/L is given by Fr/r = (fx/L)-

Proof. If (¢) = Q2% is ramified in L/Q and ¢ is a character on
(Ap/Q?/*1)* which is trivial on Im Z then ¢ is not primitive. Indeed, if « = 1
(mod Q%f), then o = 1 + ¢73 for some 3 € Apr. Since the canonical map
Z/qZ — Ar/Q is bijective, there exists a € Z such that § = a (mod Q),
which yields o = 1+ ¢fa (mod Q2/*1) and ¢(a) = (1 + ¢fa) = +1 for ¢
is trivial on ImZ. Hence, according to Lemma 3, Fg 1, is invariant under
the action of Gal(L/Q) and the exponents in the prime ideal factorization
of Fi 1, of the prime ideals Q of L which are ramified in L/Q are even. =

3. Conductors of real dihedral fields of degree 2p°
LEMMA 5. Let p be an odd prime. Let q be a prime. Set
Gy = (AL/(*)" /n((Z/°T)")
and notice that the order of the group Gge is ¢°~*(q — xr(q)).

(i) If q # p and there exists a primitive character ¢ of order p° on
(AL/(¢%))* which is trivial on the image of (Z/q°Z)* in this group then
e=1and ¢ = xr(q) (mod p*).

(ii) If there exists a primitive character ¢ of order p* on (Ar/(p®))
which is trivial on the image of (Z/p°Z)* in this group then e € {s,s + 1}.
Moreover, if p does not divide dy, then e = s+ 1.

(iii) (a) If p > 5 divides dy,, then the group Gpe of order p® is cyclic and

generated by 1+ +/dr.

(b) If d, =3 (mod 9) then the group Gse of order 3¢ is cyclic and
generated by 1+ +/dr.

(c) If dp =6 (mod 9) and e > 2 then the group Gse of order 3 is
isomorphic to (Z/37) x (Z/3°"17Z) and generated by 1+ a.\/dr
of order 3 and 1+ 3+/dr, of order 3¢~ t. Here, a. is any solution
of the equation a’d;, = —3 (mod 3°). Hence, we may choose
a9 = 1.

*
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(iv) If p > 3 divides dyp,, then there exists a primitive character of order
p® on (Ar/(p®))* which is trivial on the image of 7 if and only if

(a) p>5 and e = s,
(b) p=3,dr =3 (mod 9) and e =s,

(¢) p=3,d, =6 (mod9),s>2and e=s+1,
(d)p=3,dr =6 (mod9),s=1,and e=1 ore=2.

Proof. If p divides dr,, we let P denote the prime ideal of Ay, above p.
We let also vp and v, denote the P-adic and p-adic valuations on Ay, and Z,
respectively.

() Ife>landa=1+¢"'3=1 (mod (¢° ') then a = (1 +~¢° )P
(mod (¢°)) for any ~ satisfying p*y = # (mod (g)), which yields ¢(a) = +1
and proves that ¢ is not primitive. Now, if there exists a primitive character
¢ of order p® on (Ar/(¢g))* which is trivial on the image of (Z/qZ)* then p*
divides the order ¢ — x1.(q) of G, which yields the desired second result.

(i) If e > s+ 2 then for any @« = 1+ p* 13 = 1 (mod (p°*~1)) we
have a = (1 + Bp°~*~ 1P (mod (p°)) and ¢(a) = +1. Therefore, ¢ is not
primitive. Indeed, for £ > 2 and p > 3 we have k > 2+ v,(k), and we obtain
Vp(Cgspk(e_S_l)) =s—vpk)+kle—s—1)=(k—1)(e—s)—k—vp(k)+e>
2(k—1) =k —vp(k)+e =k —2vy(k) — 2+ e > e. Now, if there exists a
primitive character ¢ of order p® on (A /(p®))* which is trivial on the image
of (Z/p°Z)* then p* divides the order p®~*(p — x1(p)) of Gpe, which yields
the desired second result.

(iii) (a) As (1 4+ vdp)?" = 1+ pFy/dL (mod (pFt1)), it follows that
1+ +/dy, has order p® in the group Gpe of order p®.

(b) If d, = 3 (mod 9) then (1 + v/dr)® = 1 + 6y/dr (mod 9). Hence
(1+vdp)* =1+2-35/dy (mod 3"1) for k > 1, and 1 + v/dz, has order
3¢ in G3e.

(c) Since (143v/d7)?" = 1+3%1/d; (mod (35+2)) for k > 0, it follows
that 1 + 3v/dr has order 3! in G3e. Moreover, if di, = 6 (mod 9) then
there exists as such that a?d; = —3 (mod 3°T!) and for such an a, the
element 1 + as+v/dr has order three in G3e and does not lie in the cyclic
subgroup generated by 1 + 3+/d. Hence, we get the desired result.

(iv) ker((AL /P?)* — (AL /P*~1)*) = {1+~ yy/dz -0 < y < p—1}.
According to the proof of the previous point, if p > 5, or if p = 3 and
dr, =3 (mod 9) then this kernel is the cyclic subgroup of order p generated
by (14 +/dp)?" . Hence, if there exists a primitive character ¢ of order p®
on (A/(p?))* then (¢(14+/dp))?" #1and s > e, which according to (ii)
yields e =s. If p=3, d, =6 (mod 9) and s > 2 then according to (ii) and
(iii) we have s+1>e>s>2and e —1 > s, and get e = s + 1. The proof
of the last point is easy. m
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THEOREM 6 (see also [Has|, [Mar], [Por]). If K is a real dihedral field
of degree 2p° (p any odd prime) then fr;r, = p®[[;_, ¢; where the q;’s are
distinct primes # p satisfying q¢; = x1(¢;) (mod p) and where 0 < a < s+1.
Moreover, if s =1 then either a =0 or

2 if p does not divide dy,,
)1 if p>>5 divides dy,,
1 if p=3 and dy, =3 (mod 9),

lor2 if p=3andd, =6 (mod9)

(if dp = 6 (mod 9) and a = 2 we call fr/; an exceptional conductor).
Conversely, let f > 1 be a given positive rational integer. Set

ou() =TT (1 - 22,
(%)
np(f)=min{k>1:3a€Z, ¢ =a (mod (f))} and ir(f)=or(f)/nL(f).

Thenir(f) is a positive integer and if there exists a real dihedral field Kys of
degree 2p°, cyclic over L and such that prs /L= (f) then p divides ir(f).
Moreover, if the cyclic subextension K,/L of degree p of K,s/L is ramified
at at least one finite prime then p°® divides ir(f). Notice that Cly, z(f) has
order hrir(f) (see [Cox]).

Proof. For the first part, use Lemma 3, Theorem 4 and Lemma 5.
Let us now prove the second part. The canonical map i : H = (Z/fZ)* —
(AL/(f))* = G is injective. Hence, the factor group G/i(H) has order ¢r,(f)
and np(f) is the order of £, in this group. Hence, i1, (f) is a positive integer.
Now, as any character on (Ap/(f))* which is trivial on the image of Z may
be construed as a character on G/i(H), if there exists a character of order
pon (Ar/(f))* which is trivial on the image of Z and on ¢, then p divides
ir.(f), and we finally use Lemma 3. =

4. Primitive modular characters of order p. The Chinese Remain-
der Theorem reduces the construction of primitive modular characters xq of
order p on (A /(f))* which are trivial on the image of Z to the construction
of primitive modular characters ¢ of order p on (A /(¢®))* which are trivial
on the image of Z, and we may assume 1 < e < 2ande = 1if ¢ # p
(see Theorem 6). Since in Section 6 we will use such characters to perform
practical computations of the relative class numbers of dihedral CM-fields
of degree 4p, we want to present fully explicit constructions.

PROPOSITION 7. Let ¢ be a primitive character of order p on (Ar/(f))*,
trivial on the image of 7Z in this group. Let o' be the conjugate of o € L.

(i) If f=q=1 (mod p) splits in L, say (q) = QQ’, then there exists a
character v of order p on the cyclic group (Ar/Q)* of order ¢ — 1 such that
p(a) = Yp(a/a’) = p(a)y(a’) for any o € AL prime to (q).
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(ii) If f=q= -1 (mod p) is inert in L, then any primitive character
¢ of order p on the cyclic group (Ar/(q))* is trivial on ImZ and is viewed
as a character of order p on the cyclic group (Ar/(q))*/ImZ of order g+ 1.

(iii) If f = p® and (p) = PP’ splits in L, then there exists a character 1)
of order p on the group (Ar,/P?)* of order p(p—1) such that for any o € A,
relatively prime to (p) we have ¢(a) = Y(a/a’) = Y(a)p(a’).

(iv) If f =p? and p is inert in L, then ¢ may be viewed as a character
of order p on the group (Ar/(p*))*/ImZ of order p(p + 1).

(v) If f = p divides dy, then any primitive character of order p on
the group (Ap/(p))* of order p(p — 1) is trivial on ImZ and is viewed as a
character of order p on the cyclic group (Ar/(p))*/ImZ of order p.

(vi) Assume that di, = 6 (mod 9), let ¢3) be the primitive cubic char-
acter on (Ar/(3))* which is trivial on the image of Z and such that
P(3)(1+/dL) =Cs, and let ¢o) be the primitive cubic character on (Ap/(9))*
which is trivial on the image of Z and such that ¢gy(1 + Vdr) =1 and
(o) (1 +3VdL) = (3. Then the siz ¢y by with i € {1,2} and j € {0,1,2}
are the only primitive cubic characters on (Ar/(9))* which are trivial on
the image of Z, and we have:

k 1 2 3 4 5 6 7 8
oydlsy(L+AVIL) | G G P G @G

Proof. Let us, for example, prove (i). Let x = 9% be the factorization
of x, where ¢ and 1)/ are characters modulo Q and Q’, respectively. Let
A€ Ap satisfy A\=1 (mod Q) and A =0 (mod Q’), which implies ¢(«) =
x(Aa + X)), and N = 0 (mod Q) and N = 1 (mod Q’), which implies
() = x(A+ Na) = x(Aa/ + X')'). Since x is trivial on ImZ, we have
X0 + V) = O+ X) = 9’} and x(a) = $(a)i(a) = p(a)b(e).

as desired. m

In these five cases, we are reduced to the construction of all the characters
of order p on some abelian groups whose p-Sylow subgroups are cyclic. So,
let G be a multiplicative abelian group of order n and assume that p divides
n and the p-Sylow subgroup of G is cyclic. Then {xF : 1 <k < p— 1} are
the p — 1 characters of order p on G where x¢ is the only character of order
p on G such that xg(ag) = (, = exp(27i/p) where o is any fixed element
in G satisfying g = ag/p # 1. Since {z € G : 2P = 1} = ker xg is the
only subgroup of order p in G, for any o € G we have

xc(a) = C;f“ where ko =min{k > 0:a"? =g} € {0,...,p—1}

(indeed, xg(a) = CZ’f if and only if a/ak, € kerxg, hence if and only if
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(a/ak)r/P = an/P/BE = 1). To compute efficiently a™/? we use the binary
expansion of exponent e = n/p which can be quite large. This enables us to
determine efficiently some a¢ such that ag/ P £ 1, to compute fast g and
store in some table of size p all the ﬁg, 0 <k < p. For any given a € G, we
then compute efficiently o”/? and look up in our previously computed table
to which 8% it is equal, which yields yg(a) = C]’;.

Now, in the five cases listed in Proposition 7, we explain in detail how we
use these ¢ to specify characters ¢4,y of order p on (Ar/(g;))* trivial on
ImZ such that, in the simpler case where f is not an exceptional character,

n a;(n)+1 r
XP’L’f:{Xé):H¢<qf))+ 0<n<(p-1) —1},
i=1

is the set of all the primitive modular characters of order p on (Ap/(f))*
which are trivial on ImZ when f = []/_; ¢; is as in Theorem 6. Here with
each n € {0,...,(p —1)" — 1} we associated its (p — 1)-adic development
n=>y._,a(n)(p—1)7"" a(n) € {0,1,...,p — 2}. In particular, for any
given finite set F (containing €r,), it is easy to compute numerically the
number n, 1 ¢ g of primitive modular characters which are trivial on the
image of Z and on some finite set E (see Proposition 8 for an application).

(i) In case (i) of Proposition 7 where G = (AL /Q)* has order ¢ — 1, we
determine P, such that 4¢ divides dy, — Pq2 and choose Q = qZ + P‘I%EZ.
Since G is canonically isomorphic to (Z/qZ)*, we may view x¢ as a character
of order p on the cyclic group (Z/qZ)* of order ¢ — 1, and if a = (24 +
YaVdr)/2 then o = 24 — yo Py (mod Q) and o = z4 + yo Py, (mod Q).
Therefore, ¢ is a power of the character

Ta — Yaly

— ve(n.) wh W= TeTYaTa g a7y
a— ¢ (a) = xg(na) where n o T uaP, in (Z/q7)

In that case, we determine ag € (Z/qZ)* such that fg = a(g_l)/p # 1
in (Z/qZ)*, we precompute a table defined by Table(k) = 8% in (Z/qZ)*,
0 <k <p-—1, and find that ¢4 (a) = {5 if and only if nid=b/P = Table(k).

(ii) In case (ii) of Proposition 7 where G = (A /(q))*/ImZ has order
q + 1, we may assume that ag = xrg + wr and we determine the least
zg > 0 such that Xg + Ygwr = Og = agﬂ)/p = (xz¢ + wL)(fH-l)/p % a
(mod (g)) for any rational integer a (i.e. such that Yo # 0 (mod ¢)), and
we get that ¢ is a power of the character a — ¢ (o) = xa(a). Since
Br = Xg(k) + Yo(k)wy, with Yg(k) # 0 (mod q) for 1 < k < p — 1,
we can set Table(k) = Xqg(k)/Ya(k) (computed modulo ¢), and for any
a = Zq + Yowr, we compute altD/P = X, + Y wy, (mod (g)) to conclude
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that ¢ is a power of the character a — ¢(4) () = xg(a) where

b (@) = xa()
(1 ifY,=0 (mod q),
- { ¢k if Yy #0 (mod q) and Xo/Ys =Xa(k)/Ya(k)=Table(k).

(iii) In case (iii) of Proposition 7 where G = (A, /P?)* has order p(p—1),
we determine P, such that 4p? divides dj — Pg and choose P = pZ +

P”%‘/EZ, which yields P? = p?Z + P”%\/@Z. Since G is canonically iso-
morphic to (Z/p*Z)*, we may view xg as a character of order p on the
cyclic group (Z/p*Z)* of order p(p — 1). Since a = (24 + Ya/dr)/2 implies
Q= To — Yoy (mod P?) and o/ = x4 +ya P, (mod P?), we infer that ¢ is
a power of the character

Lo _yaPp

in (Z/p*7)*.
ma"’yapp ( /p )

a— ¢y () = xg(Na) where ng =
In that case, we determine ag € (Z/p?Z)* such that Bg = o/c’;l # 1 in
(Z/p*Z)*, we precompute a table defined by Table(k) = G in (Z/p?Z)*
0 < k < p—1, and conclude that ¢2y(a) = ¢F if and only if ng~*
Table(k).

(iv) In case (iv) of Proposition 7 where G = (AL /(p?))*/Im Z has order
p(p + 1), we may choose ag = 1+ pwy for which g = ozgJrl = ag. If
a = Ty + Yowr and aPT = X, + Yowr (mod (p?)), then using aP™?
Np/g(a) (mod (p)) we get X, Z 0 (mod p), Yo =0 (mod p) and xg(a)
CJSY"/ P)/Xo That is, ¢ is a power of the character

— C]gya/p)/xa .

o — gb(pQ)(Oé)

(v) In case (v) of Proposition 7 where G = (A /(p))*/ImZ has order p,

we may choose ag = 1 + +v/dy, for which 8¢ = ag and 5'& =14+ k/dy. If

@ = (Ta +YaV/dL)/2 then xg(a) = xa(1+ (Yo /Ta)VdL) = G52/ That is,
¢ is a power of the character

a = Gy () = Y/

Notice that in cases (iv) and (v) we do not precompute any table. Notice
also that

(o +YaVdL) = (Za — 9LYa)/2 + Yawr
and

ZTo + Yowr = (224 + 9rYa) + Yo/ dr)/2.

5. Primitive characters on ring class groups. Since in Section 6 we
will use such characters to perform practical computations of the relative
class numbers of dihedral CM-fields of degree 4p, here again we shall be
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dwelling upon a completely explicit construction of all the primitive char-
acters x of order p on Cly 7(f). To begin with, write hy = p*r P h with
ged(p, h) =1, let r1,(p) denote the p-rank of Cly, let

rr(p)

i = 1] ¢,
i=1

with Z:igp) e; = sp(p) be the p-Sylow subgroup of Cly, and let J;, 1 <i <
rr(p), be r(p) integral ideals of Ay, of norms relatively prime to f, whose
ideal classes have order p®, respectively, and such that the subgroup of Cly,
generated by the rp(p) ideal classes of these J; is equal to C’Z(Lp ) (here, C),
denotes the cyclic group of order n > 1). We let a;; € A be such that

(1) JP = (ai).
From a practical point of view, and since as explained in the introduction

we will first fix L and p and then determine all the real dihedral fields K
containing L such that fr,;, is less than or equal to some prescribed upper

bound, we compute r,(p) generators of the p-Sylow subgroup Cl(Lp ) which
are ideal classes of prime ideals J; above rational primes [; which split in L
and satisfy /; Z 1 (mod p). In that case, the norms I; of these generators
are relatively prime to any possible fx/;, (see Theorem 6). Now, for any
integral ideal I of Ay of norm relatively prime to f there exists only one

rr(p)

EI = (klw-'akTL(p)) S H {0,...,pei —1}
i=1

such that
rr(p)

(2) " 1T 7 =)
i=1

is principal. Finally, let A’ > 1 satisfy hh' =1 (mod p).
Let now x be a primitive character of order p on Cly z(f) and a —
Xo(a) = x((«)) be its associated primitive modular character of order p on

(AL/(f))*. Setting 1o = x7) , we get
(3) XU = X" (1) = X" (I") = wo(Br)x¢ (k1)
where ¢ = (1, ..., Cri(p))» Where each ¢; = x"'(J;) is a pth complex root of

unity and where
rr(p)

xe(kr) = [[ G

Since leci = (ay), we must have x((a;)) = xo(a;) = +1. Conversely, let
Xo be a given primitive character on (Ar/(f))* which is trivial on ez and
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the image of Z, assume that xo(c;) = +1 for 1 < i < rp(p), set g = Xg/,
and let ¢ = (C1,...,G, (p)) be given, where each (; is a pth complex root of
unity. Then

x(I) = vo(Br)xg(kr)
clearly defines a primitive character on Cly, 7(f) whose associated modular
character ¥ is equal to xo. We have proved:

PROPOSITION 8. Fiz some primitive character xo of order p on (Ar/(f))*
which is trivial on €1, and the image of Z.

(i) If some xo(c) is not equal to +1 for some 1 < i < rp(p), then
there is no primitive character x on Clp z(f) of order p whose associated
modular character is equal to xq.

(ii) If all the xo(a;) are equal to +1 for 1 < i < rp(p), then there
are precisely p"tP) primitive characters x on Clrz(f) of order p whose
associated modular characters are equal to xq-

COROLLARY 9. For f > 1 let N(p, L, f) denote the number of primitive
modular characters of order p on (Ar/(f))* which are trivial on the image
of Z, on er, and on all the a;;, 1 < i <rp(p). If N(p,L, f) >0 then p—1
divides N(p, L, f). Moreover, the number Nd(p, L, f) of real dihedral fields
K of degree 2p containing L and such that Fr 1, = (f) is given by

_ N, L i@/ (p—1) if f>1,
N S ALk i S

6. Actual computations. Let p > 3 be a given odd prime and let L be
a given real quadratic field. For a given f > 1 as in Theorem 6, we explain
how we construct all the real dihedral fields K of degree 2p which contain
L and for which fx,; = f.

First, we recall that e, = ¢;_1wr + q;—2 where [ > 1 is the length of the
purely periodic continued fraction expansion wy = [ag, a1,...,a;—1] of wy,
and where q_o =1, g_1 = 0 and qx = arqr_1 + qx_2, k > 0. This enables
us to compute easily 7, modulo f and np(f), and then compute iy (f) and
check whether p divides i1, (f) (see Theorem 6).

Second, in order to use (1), (2), (3) or Proposition 8, we must be able to
compute an explicit generator of a given principal ideal, and we explained
how to do it in [Lou].

Third, let us give one example. Choose p = 3 and L = Q(+/229) for which
hr = 3. The least f’s such that Nd(3, L, f) > O are f = 1, 118, 194, 197, 207,
226, 251, 281, 302, ... Moreover, f = 23246, 24426, 20618, ... are the least
f’s such that Nd(3,L, f) > 3 (and in these three cases Nd(3,L, f) = 6).
Finally, f = 18, 19, 29, ... are the least f’s as in Theorem 6 such that p =3
divides i1, (f) but for which Nd(3, L, f) = 0.
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Finally, we explain how to use the technique developed above to compute
the relative class number hy of any dihedral CM-field IV of degree 4p. We
let M denote the imaginary biquadratic bicyclic subfield of N, let Lg and L
denote the two imaginary quadratic subfields of M and keep the notation as
above: L is the real quadratic subfield of M, and the maximal totally real
subfield K = NT of N is a real dihedral field of degree 2p cyclic over L. We
let 0co; and ocoo denote the infinite places of L.

PROPOSITION 10 (see [LOO], [LP]). Let N be a dihedral CM-field of
degree 4p. Then hy, divides hyy and hyy/hy, = (h]_V/M)2 is a perfect square.

Moreover, fyr/r = VdLOdLl/dL is a positive integer, and the conductor of
the quadratic extension M/L is equal to Fpr/r, = 001002(far/r). If we let
Fnyr = lem(Fn+p, Fyyr) = ooroozlem((fr/r), (faryr)) = o01002(fny/r)
denote the conductor of the extension N/L and set Ay = \/alLf]Q\,/L7 then

(p—3)/2 AN
_ 2j+1
(4) N/M = l_IO ﬁL(LX]\?/L)
]:
where x /1 denotes any of the p — 1 Hecke characters of degree one and
order 2p associated with the cyclic extension N/L of degree 2p.

We explained in [Lou] how to compute numerical approximations as
good as desired of L(1,x) for Hecke L-functions L(s,x) = >, ~; an(x)n~°
associated with primitive Hecke characters y on ray class groups of real
quadratic number fields L: letting W, denote the Artin root number which
appears in the functional equation of this L-function we have the following
absolutely convergent series expansion:

an(X) an(X)
(6)  LLx) =D KA + Wy ) =S Ka(n/Ay)
n>1 n>1
where B — K;(B) and B — Ky(B) are defined for B > 0 and satisfy
0 < Ky(B) < K1(B) < 2e~B. Moreover, if we let Sy, denote the value
obtained by disregarding the indices n > M in (5), then

(6) IL(1, x) — Sara | < 4(log(Me) + 2)2e=M/Ax.

Hence, (4)—(6) enable us to compute the relative class numbers of dihedral
CM-fields of degree 4p. Indeed, the Artin root numbers W, of dihedral CM-
fields N of degree 4p are equal to +1 (see [FQ]) and we explained in [Lou]
how to compute the coefficients a,, ().

In [Lef], [LL] and [Lou] we gave examples of relative class number com-
putations for dihedral CM-fields N of degree 4p. Here, we give more tricky
examples for which we have had to use all the machinery developed in this

paper.
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1. There are ten imaginary biquadratic bicyclic number fields M =
Q(+v/D1,v/Ds) with relative class number one such that the class numbers
hy, of their real quadratic subfields L = Q(v/D1D3) are divisible by some
odd prime p. For each of the ten possible triplets (M, L, p), we give in Table
1 the least f > 1 such Nd(p, L, f) = pN(p,L, f)/(p — 1) > 0. In these ten
cases Nd(p, L, f) = p, there are p fields K to consider, we set N = KM,
notice that these p composita are dihedral CM-fields of degree 4p and for
each of the ten triplets (M, L,p) we give in Table 1 the values of hy,,, - for
these p dihedral CM-fields N.

2. Choose M = Q(v/—1,/—32009), for which h}, = 166, and notice that
L = Q(+v/32009) is the real quadratic field with the least discriminant for
which the 3-rank r3(L) of its ideal class group is > 2. We have d;, = 32009,
hr =9 and r1(3) = 2. Therefore, Nd(3, L,1) = 4 and we let K denote any
one of the four real sextic dihedral fields containing L for which fx,; =1,
and set N = KM, a dihedral CM-field of degree 12. In Table 2 we give the
values of h M for these four N'’s.

Now, f = 211 is the least positive integer for which N(3,L,f) > 0
and since f = 211 is prime we have N (3, L,211) = 1, and Nd(3,L,211) =9,
and we let K denote any one of the nine real sextic dihedral fields
containing L for which fr,;, = 211, and set N = KM, a dihedral

CM-field of degree 12. In Table 3 we give the values of hy, o for these

N/M

nine N'’s.

3. Choose M = Q(v/=3,v/=35) and L = Q(+/105). Let Ky be the
only real dihedral field of degree 18, cyclic of degree 9 over L for which
JKo/r = 27. Let K3/L be the cyclic cubic subextension of Kg/L and no-
tice that K3 is a real dihedral field of degree 6 such that fr,,;, = 9.
Set Nio = K3M and N3g = KoM. Then Ni5 and N3¢ are dihedral CM-
fields of degree 12 and 36 and relative class numbers 1 and 3272, respec-
tively.

Table 1
D1 Do dr hr | p f Wy =
7 67| 469 33| 62 24, 30, 45
11 -43 | 473 3|3| 85 27, 45, 108
4 —235| 940 63| 91 36, 60, 72
~8 —163 [ 1304 3| 3| 53 27, 30, 51
—4 —427 | 1708 6 | 3 | 227 66, 168, 270
19 —267 | 5073 6| 3| 55 36, 81, 99
—-19 —-43 817 5|5 79 820, 1345, 4225, 6505, 12980
—67 —115 | 7705 10 | 5 55 | 6301, 6921, 24671, 33916, 34751
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Table 1 (cont.)

D1 Dg dr hp | p f Ry =
—67 —91 6097 14 | 7 | 1189 765 104 081
4 066 653 227
10 008 078 059
13 699 296 569
13 721 986 264
16 694 290 249
16 782 950 947
—67 —427 | 28609 14 | 7 167 49 494 697
69 531 448
153 177 143
308 444 857
562 737 259
636 146 917
662 575 151

Table 2

Case 1 2 3 4

Ry | 16 16 16 37

Table 3

Case 1 2 3 4 5 6 7 8 9
2932 2968 3073 3463 3712 3754 7684 8338 8491

N/M
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