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1. Introduction. In 1952 I. I. Piatetski-Shapiro [8] studied the inequal-
ity
(1.1) Ipf +...+p; — N|<e

where ¢ > 1 is not an integer, € is a fixed small positive number, and
P1,...,ps are primes. He established the existence of an H(c), depending
only on ¢, such that for all sufficiently large real N, (1.1) has solution when-
ever s > H(c). He proved that

i) _,

lim sup <4,
c—oo Clogec

and also that H(c) <5 if 1 < ¢ < 3/2. On the other hand, the Vinogradov—
Goldbach theorem [11] suggests that at least for ¢ close to 1, one should

expect H(c) < 3. The first result in this direction was obtained by D. L.
Tolev [10], who showed that the inequality

(1.2) Ipf +p5 +p5—N|<e

with ¢ = N~1/0(15/14=¢) |69 N ig solvable in primes pi,ps,ps, provided
that 1 < ¢ < 15/14 and N is sufficiently large. Later this result was improved
by Y. C. Cai [1] who replaced 15/14 by 13/12, and by T. Nedeva and the
author [5] who obtained the range 1 < ¢ < 11/10. In this paper we give a
further improvement, changing the upper bound for ¢ to 61/55 (this constant
can be improved somewhat, but not substantially; even 1.11 seems to be out
of the scope of the method). For comparison

15/14 =1.071428..., 13/12=1.083333...,
11/10 = 1.100000..., 61/55 = 1.109090. ..
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The results in [1] and [5] are based on the version of the circle method
used by Tolev enhanced by sharper exponential sum estimates. This ap-
proach, however, does not allow much further improvement, as a closer look
at [5] shows. So, we combine it with Harman'’s sieve [3, 4], which allows more
flexible use of the available arithmetical information. The essence is to apply
Vinogradov’s method [11] to the arithmetical problem itself rather than to
the exponential sums arising from the analytic part of the argument. This
allows us to discard some awkward cases that needed to be treated before.
As a result we obtain a lower bound for the number of solutions instead of
the asymptotic formula given by the previous approach. We prove

THEOREM 1. Let ¢ be fized with 1 < ¢ < 61/55 and 6 > 0 be a fized
number sufficiently small in terms of c. Let also N be a sufficiently large
real number, and ¢ > N—1/)(61/55=c+0)  Then the number R(N) of the
solutions of (1.2) satisfies
€N3/C_1
log® N

The implied constant depends only on c.

(1.3) R(N) >

A natural question to ask is what the “ideal” result should be. We give
a probabilistic argument which suggests that one should expect H(c) < 3
at least for 1 < ¢ < 3/2. The theorem we prove is as follows:

THEOREM 2. For 1 < ¢ < 3/2, let
eolc) = N—(1/e)(3/2=¢) log'® N.

Then for almost all (in the sense of Lebesque measure) values of ¢ € (1,3/2),
the inequality (1.2) is solvable for e > e¢(c) and sufficiently large values of N .

Notation. Throughout the paper p, ¢, r, indexed or not, always denote
primes; d, k, [, m, n denote integers. We choose X = iNl/c; in Sections
2-5, n = 62 where J is the number from the statement of Theorem 1. Also,
m ~ M means that m runs through the interval (M, 2M] and e(x) = e2™;
©(y) is a function having r = [log X| continuous derivatives and the following
properties:

1) ¢(y) = 1 for [y| < 9¢/10,

2) p(y) = 0 for [y| > &,
3) 0 < p(y) <1for9/10 < |y| < e,
)

4) its Fourier transform
oo
P(x) = S e(y)e(—zy) dy
—00

satisfies the inequality
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(1.4) &(2)| < min <2g, LI <57" ))

Y
m|x| wlx| \ 7e|z|

One can construct it using Lemma 1 of [8].
Finally, throughout the proof of Theorem 1 we assume, as we can, that
e = N~ (1/e)(61/55=c+9) "Qimjilarly, in Section 6, & = £¢(c).

2. The sieve method. We write
P(z)=]]»r
p<z

and, as usual, for any sequence & of integers weighted by the numbers w(n),
n € &, we set

SE2)= > wn),
neé
(n,P(2))=1

and denote by &; the subsequence of elements n € £ with n = 0 (mod d).
So, if we define A to be the sequence of integers n € (X, 2X]| weighted by

w(n)= > o +p5+n°—N),
p1,p2~X
we will have
RIN)> Y of +p5+p5— N) =S5(A (3X)"/?).
P1,p2,p3~X

Hence, it suffices to show that

X3fc
2.1 S(A, (3X)/2) > .
(21) (A BX) >
We prove (2.1) using the Buchstab identity
(2.2) S(E,z)=8(En)— >  SE.p)
z2<p<z1

and asymptotic formulas of the form

(2.3) Z a(m)S(Am,z(m)) = A Z a(m)S (B, z(m)) + error terms
mn~M mn~ M

where B is the set of integers in (X,2X], and A\, M, and z(m) are appro-
priately chosen. The idea is to use (2.2) to represent S(A, (3X)'/?) as the
linear combination of sums of the form appearing on the left-hand side of
(2.3) so that we are able to give asymptotic formulas for all sums having a
negative contribution to S(A, (3X)'/?), as well as for most of those with a
positive contribution. If it happens that the positive sums prevail, discarding
the remaining positive terms, we get a positive lower bound.
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Throughout the rest of this section we set up the decomposition. We set
A= X89/825 p _ x12/55 (0 — x844/3025 ) _ x56/165 o1 F — X123/275
Applying (2.2), we find
S(A,(BX)V?) =S(A,A) = Y S(Anp)— > S(Ap)

A<p<B B<p<C
Z S pap Z S py P )_ Z S(A}?’p)
C<p<D D<p<F F<p<v3X
251—SQ—S3—S4—S5—56, say.

We give a further decomposition for Sy and Sy. Another application of (2.2)
gives

Y S A) - Y S(Auga)

A<p<B A<q<p<B
pg<B
- § , S(Apg,q) — § , S(Apg, @) — E S(Apg, )
A<qg<p<B A<qg<p<B A<g<p<B
B<pq<C C<pqg<D pq>D

=57 — 53 —S9 — S10 — S11, say.

Similarly, we obtain

= Y SUAA) - ) S(Ay.g

C<p<D C<p<D
A<qg<B
E S(Apg: ) — E S(Apg: q)
C<p<D C<qg<p<D
B<q<C

= S12 — S13 — S1a — S15, say.

Now, we deal with Sg. It counts numbers of the form pg, namely

So = w(pg).

pg~X
F<p<q

It turns out to be more convenient to switch the sifting process from the
product pq to one of the primes p1, pa from the definition of w(n), say ps. In
order to do so, we write Sg as S(A*, (3X)1/?) where A* is the set of integers
in (X,2X] weighted by

= > > e +n°+(pg)° = N).

p1~X pg~X
F<p<q

Let S} denote a sum similar to .S; in which A has been replaced by A*. We
decompose S(A*, (3X)/?) following the same lines without decomposing S}
and Sg.
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Putting all together and using that Ss, Si9, Si, and S§ have positive
contributions to S(A, (3X)/2), we obtain

(24) S(A,(3X)Y?) > S — S3 — S5 — S7 + Sg + S11 — Sia + Si3 + Sia
+ 515 — ST+ 55 +55+855—S55 — S5 — 57— S71-
We will be able to find asymptotic formulas for all of these except for Sis,

Sis, Sg, and ST,. Also, we will find asymptotic formulas for parts of S;3 and
S15 as well as admissible upper bounds for Sg and S7.

3. Exponential sums. In this section we prove the exponential sum
estimates we will need to get the asymptotic formulas (2.3).

LEMMA 1. Let o and (8 be real, af(a — 1)(f — 1)(a — 2)(8 — 2) # 0,
X >0, M,N > 1, |a(m)| <1, |b(n)| <1. Then

> ) a(m)b(n)e <X]\%>’

m~M n~N
< (X4M31N34)1/42 4 (X6M53N51)1/66 4 (X6M46N41)1/56

(XMN)™"

+ (X2M38N29)1/40 + (XMQNG)l/l(] + (X2M7N6)1/10
+ (XMONO)Y® 4 MYV2N + MN'Y? + X~ Y4 MN.
Proof. This is Theorem 9 of [9]. m

In the following lemma and its applications f(z,y) ~a g(x,y) means

that
9iti iti
aTayjf(x’y) = Wg(x,y)(l +0(4))
for all pairs (7, 7) for which this makes sense.
LEMMA 2. Let D be a subdomain of the rectangle
{(z,y): M <x <2M, N <y <2N}

(M > N) such that any line parallel to any coordinate axis intersects it in
O(1) line segments. Let o, 3 be real numbers, af(a+—1)(a+3—2) # 0,
and let f(m,n) be a real sufficiently many times differentiable function such
that f(m,n) ~a Am®n? throughout D. Setting X = MN, F = AM*N?,
we have

(XF)~"

> e(f(myn))| < (FPX3)V0 4 XN72 4 x5/6
(m,n)eD +X(AM_1)1/4 +X(FM)_1/8
+ (ATFEXOMHY0 L x /A

Proof. This is a version of Kolesnik’s AB-Theorem. For the proof see
[6]. m
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LEMMA 3. Assume that x is a real number with X'/27°tn < |z| <

Xt=¢=n_and that a(m), b(k) are complex numbers of modulus < 1. Assume
further that MK =< X and

X< K < XY/2,

) a(m x(mk)®) < X171/,

m~M kK
Proof. Denote the given sum by U. We first apply Cauchy’s inequality
and Weyl’s lemma to the sum over k to get

(3.1) U < <+Q;Qk;(‘m¥]\4 (

Here f(m) = z((k + ¢)° — k¢)m® and Q = X?7/3. Under the assumptions of
the lemma we have

|/ (m)] = |zlg Xt < XT3 < 1)2,
so by the Kuz’min-Landau inequality
2 —1y2—c—n/3 2—2n/3 2—2n/3
U|* < |z|* X K+X < X .

Clearly this proves the lemma. m

Then

LEMMA 4. Assume that x is a real number with XY/?=ctn < |z| <

Xt=e=n_and that a(m) are complex numbers of modulus < 1. Assume fur-
ther that MK < X and

K> X/3+n,

S Y almetatmky?) < X1

m~M k~K
Proof. Denote the given sum by U. The exponent pair (1/6,2/3) gives

U] < M((J2| X K~)VOK® 4 (Jo| X K~)™)
<<X(X1/6K_1/2+X_1/2) <<X1—77/2. -

Then

LEMMA 5. Let 1 < ¢ < 61/55. Assume that = is a real number with
X1=e=n < |z| < XOU/%=¢ and that a(m), b(k) are complex numbers of
modulus < 1. Assume further that MK = X and

(3.2) XP6/165 o | X123/275
Then

> > a(m x(mk)©) < X49/55+n,

m~M k~K
Proof. This follows immediately from Lemma 4 with (m,n) = (k,m). m
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LEMMA 6. Let 1 < ¢ < 61/55. Assume that = is a real number with
X1=emn < |z| < XOU/%5=¢ and that a(m), b(k) are complex numbers of
modulus < 1. Assume further that MK =< X and

(3.3) X12/55 o |« X844/3025

Then
Z Z x(mk)©) < X49/55+n,
m~M kK
Proof. Denote the given sum by U. We start as in Lemma 3, but we
choose a different @Q, namely Q = X'2/55 and estimate the sum over m
n (3.1) using an exponent pair (k,A) rather than the Kuz’min-Landau
inequality. Thus,

’U‘Q < (’x‘Q)nX1+)\+/<a(cfl)Klf>\ —I—X98/55 < X98/55
provided that
X12/55 < K <<X176(2+3H)/(55(17)\)).

Choosing (k,\) = BA2BABABA?B(0,1) = (81/242,6/11), we obtain the
result. m

LEMMA 7. Let 1 < ¢ < 61/55. Assume that = is a real number with
X1=emn < x| < XOU55=¢ and that a(m) are complex numbers of modulus
< 1. Assume further that MK =< X and

(3.4) K > X°3/110,

Then
Z Z k)°) < X19/55+n

m~M k~K
Proof. If K > X97/165 the argument of Lemma 4 proves the desired
estimate. If this is not the case, we follow the argument on pp. 123-124
of [5]. Denote the given sum by U. Using Cauchy’s inequality and Weyl’s
lemma with Q = X12/55 we obtain

(3.5) U]> < = Z D0 el@((k+q)° — kyme) + X%/,
Q 9<Q m~M k2K
(Here k = K means that k runs through a subinterval of (K,2K] which
end points may depend on m and ¢.) Denote the sum over (m, k) by Ui(q).
Applying the Poisson formula and partial summation to m and k successively
we find
(@) < MEF| 3" e(f(u,v)| + E
“7”
where F = |z|¢X°K~ Y, p=2 FM~ ', v FK~ 1

flu,v) ~g co(zq)V/ B2 112 e/ 2e=2) < |
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(here ¢g is a constant depending only on ¢), and
E< X"WXF~ Y2 4 Fx~1/2),

Substituting the estimate for U;(q) in (3.5), we get
2
(36) UF < G 30 F el + X0
a<Q v
Finally, we estimate the sum over (i, v) in (3.6) using Lemma 2 with (m,n)
= (p,v), if K > X2 and with (m,n) = (v,u), otherwise. After some
calculations the result follows. m

4. Asymptotic formulas. In this section @(z) is the Fourier transform
of the function ¢(y) defined in Section 1. If 7 = X'=¢" and
2X

e(xt)
I = dt
o) )S( logt
we define
(4.1) Wo(n) = S I3 (2)P(x)e((n® — N)z) d.
Also, while dealing with A4*, we will use
2X
17 e(xt®)
I — bl
1(x) Z P S log pt dt
X123/275 < p</3X = X
and
(4.2) Wi(n) = S Io(z)I1(x)P(z)e((n® — N)z) dz.
—a(log X)1/4

Finally, X? denotes a function of the form e with some unspec-
ified constant a > 0; in particular, we may write X 7 (log X)A < X7°
instead of

efa(log X)l/4 (10gX)A < efa(log X)1/4/2'

LEMMA 8. Let v > 0 be fized, © > xo(v), ¥ < z < x. Let also w(x) be

the continuous solution of the differential-difference equation

w(x)=1/x if1 <z <2,

(zw(x)) =w(lx—-1) ifx>2.
Then for any u € (x,2z], we have

1 _

> ormu(E) i tio( ).
vt 0g 2z log 2z log” x
(n,P(z))=1
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Proof. This follows easily from Lemma 2 of [2]. m

LEMMA 9. Let 1 < ¢ < 61/55. Assume that a(m), b(k) are complex
numbers of modulus < 1. Assume also that MK =< X with K satisfying one
of the inequalities (3.2) or (3.3). Then

43) > > a(m)b(k)w(mk)

m~M k~K
= > > a(m)b(k)Wo(mk) + O(eX3777).

me~M kK
Moreover, if K satisfies (3.4)
@4 D) am)w(mk)= > > a(m)Wo(mk) + O(eX?~°7°).
m~M k~K m~M k~K

Proof. We consider in detail only (4.3) under the assumption (3.2),
since the changes needed in the other cases are obvious. Let D(X) denote
the left-hand side of (4.3). By the Fourier inversion formula,

(4.5) D(X) = g S2(2)U (z)®(z)e(—Nx) d
where

S(a) =) e(ap®), = > alm z(mk)®).

peX me~M kK
We set 7 = X'~ and H = ¢ ' log® X, and define the sets
Ei={zeR: |z|<7}, E={xecR: r<|z|<H},
Es={zeR: |z| > H}.
From (1.4) and the trivial estimates for S(z) and U(x) we find

(4.6) D3(X) = S S2(z)U (z)d(z)e(—Nz) dz
E3

r oo

,

< X3 () 2 gy < 1.
2 A PSI

Now, for x € Ey and K satisfying (3.2), Lemma 5 provides the estimate
max |U(z)| < X49/55+n,
r€FEo

(If K satisfies (3.3) or (3.4), we refer to Lemmas 6 or 7, respectively.) Also

it is easy to prove (see for example Lemma 7 of [10]) that for any integer n,
n+1

(4.7) g 1S(z)]? de < X.

n



320 A. Kumchev

Using the last two inequalities and (1.4), we obtain

(4.8) Dy(X) = S S2(2)U (z)®(z)e(—Nx) d

E>
1 1 n+1
49/55+n 2 49/55+n - 2
<eX §|S(x) dr + X §<Hj - S 1S(z)|? da

< €X104/55+77 4 X104/55+77 IOgX < EXS_C_T].
Finally, consider
Di(X) = g S%(z)U(z)d(z)e(—Nz) da.
Ey

For x € Ey, the argument on pp. 301-303 of [10] establishes the asymptotic
formula

S(x) = Ip(z) + O(X'77).
Also, following the argument of Lemma 7 of [10], we have the estimate
S U (z)?dz < X* “log” X,

—T

and similar (and even better) upper bounds for the corresponding means of
S(z) and Iy(x). Hence,
-

(4.9) Dy(X) = g I3(2)U (2)®(x)e(—Nz) dz + O(X37¢77)

= > > a(m)b(k)Wo(mk) + O(eX37¢77).

m~M k~K
The lemma follows from (4.5)—(4.9). =

The next result is the A*-version of Lemma 9.

LEMMA 10. Let 1 < ¢ < 61/55. Assume that a(m), b(k) are complex
numbers of modulus < 1. Assume also that MK = X with K satisfying one
of the inequalities (3.2) or (3.3). Then

(410) Y > a(m)b(k)w* (mk)

m~M k~K
= > > a(m)b(k)Wi(mk) + O(eX37¢77).

m~M k~K
Moreover, if K satisfies (3.4)

411) > D a(m)w? = > > a(m)Wi(mk) + O(eX37°7°).

m~M k~K m~M k~K
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Proof. The argument is similar to the one used in the proof of Lemma 9.
If the sum under consideration is D*(X), we have
D*(X) = g S(2)S:1(x)U(2)P(z)e(—Nz) da:

where S(x) and U(z) are the same as before, and

Si(x) = ) e(z(pq)°).
pq~X
X123/275<p§q

The proof of the inequality
g S(2)S1(2)U(2)®(z)e(—Nz) do < e X3¢

|z|>T
repeats verbatim the estimates of Dy(X) and D3(X) from Lemma 9, so we

can concentrate on
-

(4.12) S S(2)S1(z)U(z)P(x)e(—Nx) dx.

As in the proof of Lemma 9, we can replace S(x) by Io(z). Thus, the integral
(4.12) equals

(4.13) S Io(2)S1(2)U(z)®(x)e(—Nx) dr + O(eX37¢77).

However, we cannot do the same with S; (). The reason is that the approach
from [10] establishes the asymptotic formula

Si(z) = Ii(z) + O(X'77)

only for |z| < 7 = X152/275=¢=n_ Fortunately, we can go around this by
showing that the values of z with 71 < || < 7 do not contribute much to
(4.13). For, this portion of the integral is

T T

<z max [U() ( _ST 18y (@)2de + _S I ()2 dﬂ:)

< max |U(z)eX? Clog X < eXx3en/4
T <|z|<T

by virtue of Lemma 3. Hence, the integral (4.12) equals
T1
| Zo(@)[1(2)U(@)(2)e(—Nz) dz + O(eX?7)

—T1

= S Io(z)I, (2)U(z)®(x)e(—Nz) dz + O(eX37¢7°).
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Clearly the above discussion proves (4.10). The proof of (4.11) is similar
with Lemma 4 replacing Lemma 3. m

LEMMA 11. Let 1 < ¢ < 61/55, MK =< X, and K satisfies one of the
inequalities (3.2) or (3.3). Let I, J be integers and Z;, J; are intervals for
1<:i<I1,1 <5< J. Write

a(m k)= > k) D d(m)

rpi...pr=k lqr...q;=m
»1<...<pr q1<...<qg
pi€L; q; €T;

with |c(k)|,|d(m)| < 1 and p1,...,pr and qu,...,q; satisfying O(1) joint
conditions of the form

Pu<qu Or ¢y <py

or
e ][[ew<sH oo J[pe=]]w
uel veV uel Y
or similar (for given U C {1,...,1}, V C{1,...,J}, H<X). Then
(4.14) Z Z a(m, k)w(mk) = Z Z a(m, k)Wo(mk) + O(eX37¢77).
m~M k~K m~M k~ K
Furthermore, the result still holds if we replace w(n) by w*(n) and Wy(n)
by Wi(n).

Proof. We follow the approach from Lemma 1 of [4]: we first remove
the dependencies between the variables m and k, and then refer to (4.3).
Each joint condition can be removed via Perron’s formula

1 § it S Ot dt:{HO(T‘l(ﬁ— D™ il <8,
T OT (=)  ifhl>5

at the cost of an extra log X factor in the error term. For instance, if we
have a single condition p, < g,, we take v = log p,, 8 = log(q, + 1/2), and
T = X?, and get

T
Z Z a(m, k)w(mk) = - S Z Z a(m,k,t)w(mk:)7+0(€X )
m~M E~K —T m~M k~K
where a(m, k, t) is defined as a(m, k) but with the factors p, sin(t(log(q, +
1/2))) included, and the condition p,, < ¢, removed. Hence, we can rewrite
a(m, k,t) as a*(m,t) b*(k,t), and then refer to (4.3) to obtain
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T
% g 3 a*(m,t)b*(k,t)Wo(mk)% +0(eX? 7 log X)
“Tm~M k~K
= Z Z a(m, k)Wy(mk) + O(e X3777)
m~M k~K

after another application of Perron’s formula. Obviously, if we have more
joint conditions, say A, we will end up with an A-tuple integral and a
(log X)4 factor in the error term. m

Before going further we define the integrals
2X
I(x) = S e(xt®) dt,
b's

Jo(X) = | I§(2)I(2)®(x)e(~Naz) de,

J1(X) = S Iy(x) I (x)I(x)®(x)e(—Nx) dx.

— 00

LEMMA 12. Let 1 < ¢ < 61/55 and u > 1, and for some K satisfying one
of the conditions (3.2) or (3.3) there exists a D C {1,...,u} with

HijK.

jED
Then
(4.15) Z S(Ap,...p.-P1)
P, Pu
S(B
_ JO(X) Z ( Pl---Puapl) +O(€X3fc(10gX)710/3)_
P1..-Du
P, Pu
Here the summation is over primes py,...,p, > X5/825 satisfying p; > p1,

together with O(1) further conditions of the type

pi<p or Q< HijR
jEF
for some F C {1,...,u} and R < X. Also,

(416) Y S(A;,..p1)

S(B ) _ _
= 1) 37 Tl 4 O <(log X))

The result still holds if , instead of K, X/K satisfies (3.2) or (3.3).
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Proof. The left-hand side of (4.15) equals

Z Z w(p1 ...pun).

P1y--sPu n~v X/ (p1...pw)
(n,P(p1))=1

k:Hpj and m:(Hpj)-n

JjED J¢D

Setting

we can represent the last sum in the form appearing on the left side of (4.14).
So, it equals

g I2(2)U(2)®(2z)e(—Nz) dz + O(e X37¢7)

where

Ul)= Y > e(zlpr. .. pun)?).
P1y-Pu n~X /(D1 Pu)
(n,P(pl))Zl

Since, by the first derivative estimate for trigonometric integrals (see Lem-
ma 1 on p. 47 of [7]),

1
T -
o)l < |z| X 1log X’

and

X
V@) < oy

the values of z with |z| > 7 = X ~°(log X)'/? contribute to the last integral
at most O(eX? ¢(log X)~1%/3). On the other hand, if |z| < 7, Lemma 8

and partial summation imply that

Vi) =1(z) Y SBrper)

+ O(X (log X)™5/3).
P (X(log X))

Combining the above estimates completes the proof. m

LEMMA 13. Let 1 < ¢ < 61/55 and M < X123/275 - Quppose further that
a(m) are real numbers such that a(m) < 1 and a(m) = 0 unless all prime
divisors of m are > X89/825  Then

(417) ) a(m)S(Ap, X39/8%9)

mn~ M

= Jo(X) Z MS(Bm,Xf;g/g%) + O(ng—C(logX)—lo/z)_

m
mn~ M
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Also
(418) ) a(m)S(Ay,, X59/8%)
mn~ M
= Ji1(X) Z a(m)S(Bm X89/825)+O<€X3fc(10gX)710/3).
m~ M m ’

Proof. We shall use the Eratosthenes—Legendre sieve, which states that

(4.19) Y. f)y= > wd)f(nd)
n<x nd<z
(n,P(2))=1 d|P(z)
where (d) is the Mdbius function.
We choose z = X89/825 and, applying (4.19) to S(A,,, z), we find

(4.20) Z a(m)S(Ap, z) = Z Z a(m)p(d)w(mnd).
o G

Now we proceed to show that

421) > Y a(m)u(d)yw(mnd)

m~M nd~X/m
d|P(z)

= > > am)u(d)Wo(mnd) + O(eX?°7°)
m~M nd~X/m
d|P(2)

= Z Z a(m)Wo(mn) + O(eX37¢79)
m~M  n~X/m
(n,P(2))=1
after another application of (4.19).

If M > X°0/165 we produce a new variable k = dn and derive (4.21)
from (4.3). Now suppose that M < X56/165 Then we divide the sum on the
left-hand side of (4.21) into two parts: 3, in which md < X'23/27 and 3°,
in which md > X123/275_ To obtain asymptotic formula for >, we combine
m and d into a new variable k and refer to (4.4). Then we turn our attention
to > ,. It can be written in the form

-3 Y atmudutnnpd).

m~M p<z npde/m
d|P(p)
mpd> X 123/275
Let >, be the part of this sum with md < X123/275 < mpd, and >4 the part
with md > X123/275 Introducing the variables k = md and | = pn, we can
put ), in the form appearing on the left-hand side of (4.14) and then refer
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to Lemma 11 to get the desired asymptotic formula (since mpd > X123/275
and p < z, we must have md > X°0/16%) Again, 3, can be rewritten as

> S am)u(dyw(mnpipad);

m~M p1<p2<z npipad~X/m
d|P(p1)
mpyd>X 123/275
then we can use Lemma 11 to find an asymptotic formula for the part of
the last sum with md < X23/275 and can proceed further with the rest of
it. We can continue in this fashion, obtaining at each step a sum to which
Lemma 11 applies and a sum for which further decomposition can be given.
Since every integer < 2X has at most O(log X) prime divisors, after < log X
steps, this procedure will stop and we will be left with a sum which does not
require further decomposition (Lemma 11 applies to all of it). Combining
the asymptotic formulas for all the occurring sums, we complete the proof
of (4.21).
So, using (4.20) and (4.21), we get

(422) Y a(m)S(Am,z)= > > a(m)Wo(mn)+O0(eX*).

m~ M m~M n~X/m
(n,P(2))=1

Also, using the approach from the proof of the previous lemma, we have

(4.23) Z Z a(m)Wy(mn)

m~M  n~X/m
(n,P(2))=1

= Jo(X) Z a(TZL)S(Bm,z) + O0(eX3¢(log X)~19/3),
mn~ M

The result follows from (4.22) and (4.23). =

5. Proof of Theorem 1. We start with (2.4). We can estimate S, S7,
Si2, ST, and SF using Lemma 13. Consider, for example, Si2. By (4.17), it
equals (we use the values of A, B, C, D, and F from Section 2)

) S LS 140Xt log X)7103),

capen P pnox

(n,P(A))=1
Using Lemma 8 and partial summation, we infer that the sum over p and n
is

895 56,/165

891log X
844/3025

1.0200
log X

w( 1w )dI +O((log X)™?) < + O((log X)~2).

89/825 ) =
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We also have
oo

1 3 3—c -3
= o X _L I°(x)®(x)e(—Nzx)dr + O(e X “(log X))

_. JX)
B log® X

Jo(X)

+O0(eX? “(log X)™%).

Hence,

J(X) 3— —10/3
+ 0(eX°“(log X / .
log3 X (e (log X) )

We can evaluate the remaining four quantities similarly. Introducing the
notation S12 < 1.0200 as a shortcut for the last inequality, we can state the
corresponding estimates as

Si >5.2039, S, <3.6666, S

S12 < 1.0200

<1.1017, S% >0.7762,

~

where we have used the fact that

1/2 da

z(1—z)

J(X)

NX) = log? X

+0(eX3¢(log X)73)
1237275
J(X) (152 . i
- I (oe X3¢ (log X)73).

log X <123> +OEX™ (log X))

(This follows easily from the Prime Number Theorem.) Further, we obvi-
ously have

Si< Y. SAA) and Sii< D S(A4;,,4),
A<g<p<B A<q<p<B
pq<B C<pg<D

and these sums can also be estimated via Lemma 13. Hence,
Sg $0.0002 and S, < 0.1290.

Now consider Sg. By Lemma 12, it equals

1
JX) DY = ) 1+40(eX*(log X) 7103,
A<g<p<B pq pgn~X
B<pq<C (n,P(q))=1

As before, using Lemma 8 and partial summation, we can evaluate the sum
over p, q, and n. We have

Sy < 0.0619,
and similarly,
S3 < 0.5632, S5 < 0.4544, Sy 2 0.2923,  S1; 2 0.2369,
S14 2 0.1108, S3 20.1192, S > 0.0961, S7; < 0.0502.
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Also, we can use Lemma 13 to evaluate the parts of Si3 with D < pq < F
and X/F < pq < X/D, and the part of S15 with X/F < pq < X/D. Hence,
we have

513 2 0.2157 and 515 Z 0.0480.
Substituting all these estimates in (2.4), we find

X
S(A, (3X)1/2) > 0.05191J(32( + 0(eX? “(log X)_10/3),
og

Since, by Lemma 6 of [10], J(X) > eX37¢, this inequality establishes (2.1)
and completes the proof of the theorem.

6. Proof of Theorem 2. Fix ¢ > 0 and consider the set
Ef(X) ={c € (140.3/2—0) : |[R*(N, ) — J*(N,¢)| = X*/?log? X}

where

R*(N,e)= > @i +p5+p5—N),
p1,p2,p3~X
J*(N,c¢) = g I3(2)®(x)e(—Nz) de.

Note that by Lemma 6 of [10],
J*(N,c) > X3/?1og" X,
so we can deduce Theorem 2 by showing that the Lebesgue measure of £,(X)
is O(log™* X) (hereafter X > X((p) and the implied constants depend at
most on p). This follows from the estimate
3/2—p
S (R*(N,¢) — J*(N,¢))* de < X>log® X
1+o
by an application of Chebyshev’s inequality. Hence, it suffices to show that
b
(6.1) [ (R (N, ¢) = T*(V, ¢))?de < Xlog® X
whenever 1 + p<a<3/2—pand b= a+log™t X.
The framework for the proof of (6.1) is the same as for the proof of

Lemma 9. We have
o

R*(N,c) = S S3(z, ¢)®(zx)e(—Nx) dz
— o0
where S(z,c) = S(x) is the exponential sum used in Section 4. Upon setting
n = 0%, we can define (at least formally) the parameters 7 and H, and the
sets Eq, Fo, and F3 as in Lemma 9. Then R*(N,c) can be written as the
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sum of three integrals corresponding to Ei, Es3, and Ej3, respectively. One
can easily check that similarly to the estimate of D3(X) in the proof of
Lemma 9 we have

g 153 (2)®(2)| dz < 1
E3
uniformly with respect to ¢ € (1,3/2). Also, the argument used to evaluate
D;(X) in that proof (see also pp. 305-306 in [10]) shows that uniformly in ¢
S S3(2)D(z)e(—Nz)dx = J*(N,c) + O(e X3 (log X)~2Y)
Ey
= J*(N,c) + O(X*?(log X)~1°).
Thus, (6.1) will follow if we prove that

b
(6.2) D(X) := S ( S 153 (z, ¢)®(z)| dx)zdc < X?log? X.

a Eo

By (1.4) and Cauchy’s inequality, we obtain that

D(X) < §s2(c)( j 18, c)mx)( | \S(x,c)|4dm) de.

a 2 2

Since the estimate (4.7) is uniform in n and ¢ > 1, we find that

g 1S(z,¢))? de < XH(c) = e () X log® X,

E>
and hence,
b
(6.3) D(X) < X10g2X§e(c)( | |S(ac,c)|4dx) de
a E2
H(a)b
< e(b)X log® X S S |S(x, c)|* dedx
T(b) @
H(a) b
< e(b)X log® X S 1S (x, co)|? S |S(z, ¢)|? dedx
7(b) a

for some ¢y € [a, b].
Next, we need an estimate for the inner integral. The one we use is

b
S 1S (, ¢)? de <

a

X27a
5 + .
]og X ‘l‘| log X
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(It can be proved via the approach from Lemma 7 of [10]; note that the
integration variable is c¢.) This estimate, (4.7), and (6.3) imply

H X2 X2fa
(a2) 4 XS—G,}'
log” X 7(b)log X

Observe that X® = eX? and hence, for example, H(a) =< H(b). Therefore,
the last inequality establishes (6.2) and completes the proof of Theorem 2.

D(X) < &(b) X log? X{

References

[1] Y. C. Cai, On a diophantine inequality involving prime numbers, Acta Math. Sinica
39 (1996), 733-742 (in Chinese).

[2] J.B.Friedlander, Integers free from large and small primes, Proc. London Math.
Soc. (3) 33 (1976), 565-576.

[3] G.Harman, On the distribution of ap modulo one, J. London Math. Soc. (2) 27
(1983), 9-18.

[4] —, On the distribution of ap modulo one II, Proc. London Math. Soc. (3) 72 (1996),
241-260.

[5] A.Kumchev and T. Nedeva, On an equation with prime numbers, Acta Arith.
83 (1998), 117-126.

[6] H.-Q. Liu, On square-full numbers in short intervals, Acta Math. Sinica (N.S.) 65
(1993), 148-164.

[7] H.L.Montgomery, Ten Lectures on the Interface Between Analytic Number The-
ory and Harmonic Analysis, CBMS Regional Conf. Ser. in Math., Amer. Math. Soc.,
Providence, R.I., 1994.

[8] I.I.Piatetski-Shapiro, On a variant of the Waring—Goldbach problem, Mat. Sb.
30 (1952), 105-120 (in Russian).

[9] P.Sargos and J. Wu, Multiple exponential sums with monomials and their appli-
cations in number theory, preprint, 1997.

[10] D.I Tolev, On a diophantine inequality involving prime numbers, Acta Arith. 61
(1992), 289-306.

[11] I M. Vinogradov, Representation of an odd number as the sum of three primes,
Dokl. Akad. Nauk SSSR 15 (1937), 291-294 (in Russian).

Department of Mathematics
University of South Carolina
Columbia, SC 29208

U.S.A.

E-mail: koumtche@math.sc.edu

Received on 23.10.1998 (3488)



