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Three two-dimensional Weyl steps in the circle problem
I. The Hessian determinant

by

ULRIKE M. A. VORHAUER and EDUARD WIRSING (Ulm)

1. Summary. In a sequence of three papers we study the circle problem
and its generalization involving the logarithmic mean. Most of the deeper
results in this area depend on estimates of exponential sums. For the circle
problem itself Chen has carried out such estimates using three two-dimensio-
nal Weyl steps with complicated techniques. We make the same Weyl steps
but our approach is simpler and clearer. Crucial is a good understanding
of the Hessian determinant that appears and a simple estimate of certain
exponential integrals.

In Part I we determine the order of magnitude of the Hessian as well as
that of the maximum of the second derivatives for the functions h, which
are third order differences of the two-dimensional Euclidean vector norm.

2. Introduction. A number of questions connected with the circle prob-
lem depend on estimates for exponential sums of the type

Y elullz]))  withz = (z,y) € R?,

z

u a real parameter, e(z) = €*™@ and ||z|| = /22 + y2, the Euclidean norm.
One of the tools that have been successfully applied to this problem is the
two-dimensional Weyl-van der Corput method, which originates with the
important papers of Titchmarsh ([7]-]9]) followed by papers of Hua [2], Min
[5], Richert [6], Chen Jingrun [1] and others. However, objections were raised
against certain critical steps in the complicated proof by Walfisz [10] and
Jarnik [3]. The situation has apparently been corrected by subsequent papers
of Min [5], Krétzel [4] etc. But even so, the paper of Chen, which is the one
giving the best result along this line for the circle problem, is difficult to
understand because of the enormous number of cases and subcases without
an apparent idea.
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The object of the present paper is two-fold. On the one hand we wish to
consider the logarithmic Riesz mean

]‘ K
CE) > " ra(n)log™(z/n)

n<x

Fy(x) =

rather than the unweighted sum ) __72(n). A representation of F(x) that
involves a truncated Voronoi type sum will be developed in Part II.

On the other hand, given the situation described above, we simplify and
clarify the proof in two ways: Part I presents essentially a careful analysis
of the Hessian in question. In fact Theorem A gives the precise order of
its magnitude in simple terms. It turns out that the bad cases, where the
Hessian is small, are so rare that we can replace the difficult Titchmarsh—Min
estimate of the exponential integral by a somewhat weaker one, which has
the advantage of being much simpler to formulate and easier to prove. Part
III of our paper will present this theorem (Theorem 2) and the application
to the Riesz mean. In particular we shall confirm Chen’s exponent § = 12/37
for k = 0.

After applying three two-dimensional Weyl steps we are left with sums
of the type

(1) > eluh(z,p)),

where p = (p ,p,,P,): P, = (hy, k)T, hyyky, € Z and
h(g,g) = AglAQQAQBHQH

is the third order difference, using the definition A, f(z) = f(z +p) — f(z).
Explicitly, a

h(z,p)= Y erebebllz+ep, +eop, +eap,ll,
€1,€2,63€4{0,1}
where €/, = 2¢,, — 1 are £1, depending on whether ¢, = 1 or 0. Estimating
these sums effectively requires knowledge of the size of the Hessian deter-
minant (hgehyy — h3,)(z, p). The main subject of the present investigation
is a careful analysis of the structure and size of this Hessian. Its basis is a
homogeneity relation for h, which carries over to the Hessian determinant,
and which is most easily expressed by replacing the vectors z and p , by
complex numbers z = x + iy and p, = h, + ik, respectively. Thus

(2) W(z,p1,pa,ps) = Y €hehehr(z +1pr + eapa + 3ps),
€,€{0,1}

where r(z) = |z|. Obviously,

h(cz,ep1, cpa, cps) = |c|h(z,p1,p2,p3)  for any c € C.
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From this we derive in Lemma 1A a corresponding relation for the Hes-
sian H of h, namely

1 P1 P2 D3
H(Zaplap27p3): 2H 177a777 )
|z z 2z oz
and then study the Taylor expansion of H(1,q1, g2, ¢3). The main result will

be

THEOREM A. There is an absolute constant § > 0 such that
2

o
_ - 2 J(QV)
H(L, 01,02, 05) = |q10245]" max, "
for any q, € C\ {0}, [qu| <4, forv=1,2,3.
Since 3(qy)/|qv| = sing,, where ¢, is the angle between z and p,,

Py = q, 2z, we may rewrite the theorem as
—H (2,p1,p2,p3) < |2| "|p1paps|* max sin g, .

In particular the above Hessian vanishes if and only if each of the three
complex numbers p, is a real multiple of z.

For our application, where in (1) we have to sum or integrate over x and
to sum over p ., p,, p,, the theorem tells us that for any given x there are
few values p |, p,, p, that cause difficulties by making the Hessian small.

Also important for the treatment of the circle problem by the authors
quoted above are lower estimates for the second partial derivatives of h.
A good simultaneous measure for a lower as well as for an upper bound is

Q(z,p1,p2,p3) := (h3, + 2h%, + b2 )(2, 1, P2, p3)-

This expression can be treated in a way that is remarkably similar to H,
though somewhat easier. We prove

THEOREM B. There is an absolute constant 6 > 0 such that

QL a1, 42, a3) < |q19245]”
for any g, € C\ {0}, |gv| <6 (v =1,2,3). In particular,

|P1p2p3\
max(| Az |, [hayl, [hyyl) < T

Actually we found that our treatment of the circle problem is also sim-
pler in that it no longer needs a lower bound for these second derivatives.
Nevertheless, we believe that in view of possible later improvements and as
a result of independent interest Theorem B, which comes along in a very
natural way with the proof of Theorem A, should be included here.

A feature of Theorem A that contributes substantially to its value as
well as to the difficulties of its proof is the following: If we develop H(z,p)
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in its Taylor series with respect to the real and imaginary parts of the p,,
then the leading form, actually the one of order six, is only semidefinite but
nevertheless it determines the absolute size and sign of H (z, p) uniformly for
all p,, that are small compared to z. In Q(z, p), by contrast, the leading sixth
order form is positive definite and the proof of Theorem B correspondingly
easier.

In retrospect the background of the papers of Titchmarsh, Hua and Min
becomes clear. Each of them uses three Weyl steps. In Titchmarsh’s paper
[8] only one is two-dimensional; the two one-dimensional steps are taken
along the x-axis. By the obvious symmetry of the circle problem, he can
restrict summation to an octant adjacent to the y-axis and therefore has
max, ¢, > 7/4 and

—H(z,p) > ||zl 7®[|(h1, 0) 1[I (h2, 0)II[| (R, ks) I

(see §11(4) of that paper). We may add that the restriction to the above
octant would have been unnecessary if he had taken the one-dimensional
Weyl steps in different directions. On the other hand this restriction has the
effect that max ¢, > 7/4 already if only one Weyl step is taken along the
z-axis. This then is the basis of Hua’s paper, who thereby is able to use two
two-dimensional Weyl steps. His lower bound for the Hessian

—H(z,p) > |z (X7 + X3 + X3)
is easily seen to be
> [l 72l (B, 0) P[] (ha, ko) |12 (s, )12,

which corresponds to Theorem A in this case. If one employs all three Weyl
steps in the two-dimensional form, as Chen does, it is no longer possible
to avoid small values of the Hessian by an appeal to symmetry. Further-
more Chen’s estimate of the Hessian (Lemma 1) is not comparable to our
Theorem A. Both aspects contribute substantially to the extreme technical
difficulties of his paper.

3. Sketch of proofs. Both proofs proceed essentially in four steps:

1. Formulation of homogeneity relations for the functions H(z, p1, p2, p3)
and Q(z,p1,p2,ps). This reduces further analysis to the study of

H(17Q1aQ2aQ3)7 Pv = qQz, Qv = Ny + 1Ky, My kv €R.

2. Taylor expansion of H(1,q1,q2,q3) and Q(1,q1,q2,q3) in terms of the
Ny, K. Both functions vanish at the origin with order six. Thus, collecting
all terms of order n in H,, ),, respectively, we have

o0 oo
H(thQ%qS) = Z Hn and Q(17q17q27Q3) = Z Qn-
n=>6 n=6
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Since H(lv q1,42, q3> and Q(L q1,42, Q3) are Symmetric in q1,92, 93, the forms
Hg, Q¢ are symmetric functions of the pairs (7,,%,). Thus they can be
expanded in terms of the homogenized elementary symmetric functions, i.e.
of the coefficients X; of

3
[Tu+rov) = Xt
1=0

3. Due to the fact that this ternary form has only real zeros, the variables
X, do not behave independently. Therefore between functions of X, ..., X3
there may hold inequalities that are not obvious. Thus, sacrificing some ac-
curacy, we can simplify Hg, (¢ into the more convenient expressions H < Hg
and ) < Qg which form the right hand sides in Theorem A and Theorem B.

4. Proving that H and @ dominate the two remainders » . H,, and
ZZO:7 Q. respectively, thereby globalizing the estimates that so far were
only infinitesimal.

4. Homogeneity relations. If we denote by H, (z = x + iy) the oper-
ator which generates the Hessian H. f = foz fyy — fgy with respect to x and
y, the following chain rule holds:

LEMMA 1A. Let w(z) = u(z) +iv(z) and assume that g, uy, vy, v, are
constant. Then

(3) H.f(w(z)) =
In particular for any c € C,

H.f(cz) = ’c|4wa(w)|w=cz-

Proof. To simplify the proof we write x1, 2 and w1, us for z, y and u,
v respectively. The chain rule

- o
&rz o0x; Guk
yields, since 8ul/ 8@ are constant,

Ooup 0 8ul
4 R

B Z 8uk % 82f
N ] 81‘1 8xj 8uk8ul )

Uy Uy
Vg Uy

Hoy f(w).

The multiplication theorem for determinants gives (3). In the special case
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w = cz we have

el o e
Vg Uy b a
LEMMA 2A. If f is a function of z and some parameters py,...,p, € C,
that with p = (p1,...,pr) satisfies a relation
(5) f(ez,ep) = |c|f(z,p)  for any c € C,
and if we put H(z,p) :== H.f(z,p), then
1
H(CZ, Cp) = 72H(Z7p)

¢l

H(z,p) = |1’2H(1,p).

z

In particular

Proof. If H, is applied to (5), then on the one hand according to Lemma
1A we have

H. f(cz, cp) = |c|*H (cz, cp),

and on the other
H.(lclf(z,p) = [cPH.f(2,p) = [c*H(z,p). =

The lemma applies in particular to the function h given in (2) and its
Hessian H(z,p).

In comparison to Lemma 1A the following lemma is somewhat narrower.
In contrast to Lemma 1A it cannot be proved for general affine mappings
w, but only for similarities w = cz.

LEMMA 1B. Let Q,, z = x + iy, denote the operator defined by
Then for c € C,
sz(CZ) = ’C|4wa(w)|w:cz‘

Proof. With the notation of Lemma 1A, putting ¢ = a + ib, we have
u; = Zj tijx; with the matrix T = (¢;;) = (‘; _b). Consequently, by (4),

856 8:1:] Ztklt” 8u 3ul

From the orthogonality of T', >, tyitym: = (a2 + b)0km, We obtain

0°f : t Tt 1
izj (8.%18.73]) Z { Z kit 9 duou, 8uk8ul }{ Z mitng 8um8un }

i,J
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2 2
E (S (] o

JL,m,n

2f \?
— (a2 + b2)2 '
(CL + ) ; 8uk8ul "
From this the next lemma follows in the same way as Lemma 2A from
Lemma 1A.
LEMMA 2B. Let f satisfy a relation (5) as in Lemma 2A and define
Q(z,p) .= Q. f(z,p). Then for any c € C,

mezgﬂ@m

Qz,p) = |1,2Q(1 f)

5. Taylor expansions. Next we study the Taylor expansion of the
function

(6) N(z,p) = Ap, A, Apyr(2) = Y ehehehr(z + e1pr + eapa + 3ps),
e, €{0,1}

In particular

more precisely those of its derivatives hg, hzy and hy, at z = 1. Here

z =z +iy, r(z) = |z| = 2?2+ y? and p = (p1,p2,p3), Pv = 2q, Wwith
Gy = My+iky, (N, kK, € R). In this connection we denote by O,, any remainder
terms of order > n in 7q,..., k3. Further we write

Xo = K1keks, X1 = KiKals + K1l2ks + N1K2ks,
Xo = Kimans + mk2nz + mnzks,  Xg = mn2m3
for the elementary symmetric functions of (n,,x,), v =1,2,3.
LEMMA 3. The second partial derivatives have representations
hoo(1,q) = —6X1 + Oy,
hay(1,q) = 9Xo — 6X5 + Ou,
hyy(1,q) = 9X; — 6X35 + Oa.

Proof. In (6) let us abbreviate Zi_l €,py by ep, an inner product. Thus
Z glehesr(l + &q)

and therefore
(7) haw(1,q) =Y lehehrea(l + £q)

Ev
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etc. Since 1y, = y?/r3, 1y = —xy/r® and ry,, = 2% /13, we obtain

2
/AN AN
J:w 1 q Zgl €9 3’1+€q’37

AN (1_{—877)6”

(8) hay(1,q) = — ’ €1€2€3 11+ eq]?
( +en)?
By (1 E
wy(1,q) = €1 |1—|—6q|3

Expanding |1 + eq| ™3 as follows:

T = (e + (o)
B _ (er)? —3/2
= (1+en) 3(1 + T+ en? +sn)2)
= Z <_3{2> (ek)*™(1 +en)~2m—3,
m€ENy

we get

rea(l+eq) = Y <_3/ 2) (ek)>™ T2 (1 + em) —2m =3

:g () (72w,
P e -3 () () e
ryy(1+eq) = m’%NO (—7?;/2> <—2n;_ 1> (k)™ (en)™

The Taylor expansions of h,.(1,q) etc. follow by summation over &,
according to formula (7). As will be seen, the terms of order < 2 vanish:

Za'le'zag en)fer)! =0 ifk+1<2

The reason is that, after multiplying out (en)* and (ex)!, in each of the
terms that arise, one of the variables ¢, is missing and summation over this
e, gives > _ &, = 1—1 = 0. The terms of order three (k +1 = 3) lead
to the symmetric functions X, ..., X3. As before summation over the ¢,
eliminates all terms in which at least one ¢, is missing, and in the rest only
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the value 1 for each variable ¢, contributes. What remains is

E ehehel(er)® = 6r1kakz = 6X,

25/15/255 ek)*(en) = 2(k1kans + K1ksne + Kaksm) = 2X3

and symmetrlcally

2816283 ek)(en)? = 2X,, 25’15'255(577)3 = 6X3.

Ev

Thus we find the term of order three in the expansion of hy, from (7)
and (9) with 2m + 24 n = 3, that is, with m =0 and n =1, as

( 3/2)( )Zei€§€% er)en = —6X.

Similarly for h,, we have to evaluate the contributions from the terms
with 2m + 14 n =3, that is, fromm =0, n=2and m=1,n=0:

—<< 3/2)< )Zgggggg k) )2+< 3/2>< )nggggg m>

:‘—GXE‘¥9)QL
and finally for h,, it is 2m +n = 3, that is, » =0, n =3 and m = n = 1:

( 3/2>( >Zggg;gg en)? ( 3/2>< >25;e;5;, )2

= —6X3+9X;. u
LEMMA 4. We have H(1,q) = Hg + O7, where
Hg = —9(9X2 4+ 6X7 +4X2 — 12X X5 — 4X1 X3),
and Q(1,q) = Q¢ + Or, where
Q6 = 9(18X7 + 13X + 8X5 +4X35 — 24X X5 — 12X, X3).

Proof. This follows by inserting the result of Lemma 3 into H(1,q) =
(hmhyy — hiy)(l, q) and Q(1,q) = (h?m + Qh?cy + hf/y)(l,q) respectively. m

In the next step we show how the quadratic forms Hg and Qg can be
estimated from below and above by simpler and more informative expres-
sions.

LEMMA 5. Let

H=H(q)=> (S¢,)° [[la.? and Q=Q(q) = |q1a205]*

v=1 a7
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Then
2H < —1Hs <8H and 4Q < Qs < 18Q.

Proof. We note that the X;/ Xy are the elementary symmetric functions
of the a, =, /Ky:

Xi=o0i()Xo fori=1,2,3, Xo=rikok3, a=(a1,q2,03).

Thus by Lemma 4,
-1

WH6 =94 607 + 403 — 1209 — 40103.
We use the simple identities
(10) 0? = o1(a?) + 204,
(11) o2 = o3(a?) + 20,03,

that follow from squaring the defining equations o7 = a; + ag + a3 and
09 = 19 + asaz + agaq, and we obtain
-1
72H6 =9+ 60’1(0&12,) + 40’2(0[12,) + 40103.
9X;
Since 20103 > —o2(a?) by (11) and obviously o1(a2) > 0, oa(a2) > 0, we
may continue with

9_X1§H6 > 9+ 601(a?) + 209(a?)
> 2(3+201(ap) + 0a(a}))
=2((1+a?)(1+ad)+ (1 +aD)(1+a3)+ (1 +a3)(1+a3)),
which is

—5Hs > 2(r3|q2qs* + w3lq1q3] + K3q1q=l?) = 2H(q).
For the opposite inequality we use
20103 = o} (2ap03) + a3 (2a3a1) + a2 (200)
< ai(a2 +a2) +ai(a2 +a?) +ai(a? 4 a3)
= aplag 3 2(0a3 1 3l 2
= 2(afo3 + aj0} + ajad),
(12) 20103 < 202(a’),
and find
-1

ox2 Hg <9+ 601(a,2/) + 802(043) <83+ 201(a12,) + 02(a2));

14

hence
—sHg < 8H(q).
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We turn to Q(1,q). Here Lemma 4 gives
1
(13) ﬁck =18 + 130% + 803 + 403 — 2405 — 120103
0

=18 + 1301 (a?) + 802(a2) + 4o3(a?) + 209 + 401 03.

2

u) and 20’10’3 Z —02((12)

Concerning the lower bound, we get 209 > —o;(« :

by (10) and (11) and therefore
1
o3z @6 = 18+ 1201(a7) + 602(ay) + dos(a)
0
>4(1+ o)1+ a3)(1+a3).
The upper bound follows with o3 < o1(a?) and (12) from (13):

v

1
9WQ(; < 18 4+ 1501 (a?) + 1209 (a?) + 4dos(a?)
0

<18(1+af)(l+a3)(l+a3). =

6. Globalizing the estimates

LEMMA 6. We have
(4) H(1,q) = Hs + O(H (|as| + la2| + las))).
(B) Q(1,q) = Qs + O(Q(a1| + lg2| + lasl))-

Proof. Writing hg,(1,q) as Ay, (Ag,Agy72z) makes it obvious that

hz(1,0,q2,q3) = 0, similarly for h,, and hy,. Therefore each monomial
M

that appears in the Taylor expansion of hgg, hyy or hy, has a divisor 7; or
K1, i.e. i1 + j1 > 1. Therefore, monomials appearing in H(1,q) or Q(1,q)
have i1 + 71 > 2, as they are both quadratic in hyy, hyy and hy,. Similarly
ia+7j2 > 2 and i3+ j3 > 2. Let us, in the first instance, consider a monomial
M that appears in Q(1, ¢) and which therefore has i, +j, > 2 forv = 1,2, 3.
If we replace any 7,k, that may occur by %(7712, + x2) then up to eight new
monomials arise that together bound our original monomial, and all of them
have i, > 2 or j, > 2 for v = 1,2,3. Such monomials, if they are of order
six, are summands of @, which implies M < Q. Any M of higher order has
at least one extra factor 7, or k, and hence is < Q(|q1| + |g2| + |g3|). This
proves (B).

Part (A) is a bit more tricky. We note first that the summands of H are
exactly those monomials which have no elements other than 0 or 2 in their

matrix of exponents
i1 2 13
J1 J2 J3
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and where each column as well as the second line contains at least one 2,
while 41 4+ ... + j3 = 6.

On the other hand a monomial M from H(1,q) = hayehy, — b2, fulfills
i, + j, > 2 for each v, as we have seen. But moreover now we have j; + jo +
js > 2, as a consequence of the terms (¢x)? and ex in the representations
(8) of hgz, hey and hy, respectively. Any M of this type has a divisor T for
which i, 4+ j, = 2 for each v = 1,2,3 and j; + j2 + j3 > 2, since equality
can be obtained in each column by reducing just ¢, unless j, > 3, in which
case we replace j, by 2. B

If all j, are not 1, and thus even, T' is one of the summands of H.
Otherwise, apart from order, we have i1 = j; = 1 and (i = 0, jo = 2 or
i = jo = 1) and in any case j3 may or may not be equal to 1. In the first
case we apply

1,2 2
Ime1| < 301 + K1)
as before, in the second case

|mKk1n2ke| < %((771%2)2 + (2k1)?).

If there is a factor n3k3, we replace it too by (n? + £3), so that in any
case

IT) < +w3)R3(3 +w3) < H or |T| < (k3 +n3kd)(n3 +r3) < H.

Any M of degree > 7 contains at least one further factor 7, or x, and
contributes therefore no more than O(H|g,|). m

Proof of Theorems A and B. As the Taylor series of H(1,q) and Q(1,q)

converge for |¢,| < 1/3, Lemma 6 gives > .. H, < dH, > -.Q, <Q if
|g,| < 8. The two theorems now follow with the aid of Lemma 5. m

Acknowledgments. We would like to express our thanks to the col-
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Sum peepul are sad to right well
‘cause sumhow thay no how to spell;
but keap thay you bizzy,
bubbling kwestions like fusy,
till phinely you sey “Go to hell!”
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