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1. Introduction. For a fixed integer k > 3, we consider the arithmetic

functions
+
05 (n) = Z 1.
n=|m|kL[l|*, (m,l)=1
It is easy to show that

(1) 3 o (m) = e/ 4 b6 1 O

n<x

for some constants cf and bf. This estimate can be slightly improved, but
the problem of reducing the exponent 1/k is unsolved. It is therefore natural
to look for sharper estimates assuming the truth of the Riemann Hypothe-
sis (RH).

Let Ef(z) denote the error term in (1.1) and 6 denote the smallest aif
such that

(1.2) EE(z) = O(z +).
It was noticed by E. Krétzel [6] that (under RH)
o < 1 1

F =k k(Bk+2)
as a special case of a theorem due to Moroz [8].
W. G. Nowak [11] proved that if RH is true then
0;F < 127/(140k)
for 3 <k <7 and
1 9q + 28
0 < ko (9qq+ 46) k2
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for k > 8, where ¢ is a non-negative integer such that
20+174 — 36
9q + 46
W. Miiller and W. G. Nowak [9] proved (under RH) that
0F < 37/(41k)
for 3 <k < 6. W. G. Nowak [12] proved (under RH) that 61 < 76/255.
Recently, W. G. Nowak [13] proved (under RH) that
Tk+1
O < R D)
for k > 3. For k = 3, he proved in [15] that #5 < 5/18. The bound 6; < 5/18

is also contained in the existing literature. See Nowak [16], for example.
The aim of this paper is to study this problem for k > 4. We have

ty <k <tg1, ty=

THEOREM 1. If RH is true, then for any exponent pair (k,\) such that
B3+ XN)/(4+4k) <1—1/k we have

1 142-X\ 1 173
1. = o S M A 2
(1) Qk—max(k 1+4r — A k2’200k>

From Theorem 1 we can get the following
COROLLARY. We have

0 <173/800, 60F < 251/1450, OF < 77/522,

9i<l_g.i (k>

7).

For 91, we can get a slightly better estimate. We have
THEOREM 2. If RH is true, then
(1.4) 05 <107/512.

The structure of the paper is as follows. In Section 2, some preliminary
lemmas are quoted. In Section 3, we study the properties of the function
Zi£(s). We estimate an exponential sum involving the Mébius function in
Section 4. The proofs of Theorem 1 and the Corollary are given in Section 5.
We prove Theorem 2 in Section 6.

Notations. (t) = {t} — 1/2,{t} is the fractional part of t. e(t) = €27,
u(n) denotes the Mébius function. € denotes a small positive constant which
may be different at each occurrence. We use SC(> ) to denote the summation
conditions of the sum Y if these conditions are complicated. For example,
instead of

F)= Y f(n)

a<n<zx
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we can write

F(x):Zf(n), SC(Z):agngx.

The author wants to thank Professor W. G. Nowak for kindly sending
reprints of some of his papers.

2. Some preliminary lemmas

LEMMA 1. Let F(x) be a real differentiable function such that F'(x) is
monotonic and |F'(z)] > m > 0, G(x) is a positive monotonic function
satisfying |G(x)| < G fora <z <b. Then

b
‘ SG(x)eiF(m) dz| < 4Gm™.

a

LEMMA 2. Let X and ) be two finite sets of real numbers, X C [-X, X],
Y C [-Y,Y]. Then for any complex functions u(x) and v(y) we have

S uetetey)|

TeX yeY
<20(1+XY) > Ju@uE) > ).
z,x' X TRTERY
lz—a'|<Y 1 ly—y'|<X !

LEMMA 3. Let a, aq, aa, z be real numbers such that zaayas # 0, o € N.
Let M > 1, My > 1, My > 1 and let a,, and byyym, be complex numbers
with |am| < 1 and |bpym,| < 1. Let F = [z|M*M* M35=?. If F > My Mo,
then

(07 aq a9
E E g by moy€(zm*mitms?)

m~M m1~M1 mgNMQ
< M M, My log(2M; Mo){(M; My)~Y/?
+ (F/(MlMQ))“/(2(1’”‘))M_(”“_’\)/(Q(H"‘))}.
LEMMA 4. For any J > 2, we have
W)= alh)e(ht) +o( 3 b(h)e(ht))
1<|h|<J h|<J
with
a(h) < |h|™t,  b(h) < J7L
LEMMA 5. For fized k > 3, let
i)=Y 1, Ri(®)=) r(n).

n=|m|k+|l|k n<w
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Then R} (x) = Hg(z) + Af, (z) + Al (), where

212 (1/k)
— A 2/k I
Hk(l‘) CrT ’ Ck, kF(Q/k‘) )
8U(1/k) 1= 1( k" 1 1
+ _ 1/k—1/k Il A Ik _ — it
Al (x) pR— g k: <27rl> cos 27 | lx 1 1+ ;
+0(1),
Af)==8 > Y(@-n")")+0(),
z/2<nk<z

Al (x) + Afy(z) < @M /B
LEMMA ba. Let
rem)= Y 1, Ri(x)=Y_r (n)
n=|m|k—|1| nsw

Then R (z) = a; 2*/% + b, 2/ =D + A- (z) + A, (2), with

— _ >° 1 . T
Ak:l(x) = lz;l 1-1/k . (27Tl$1/k + Qk>’

Ao () = 4251 (x) — 4252 (x) + O(1),
Ya(w) = Z Pr((m* —x)'*),

xl/k<m< Axl/k
Tea(@) = > o(Ni(m,x)).
1<m<§xl/k

Here 6 is an arbitrarily small positive constant, X = A(6) — oo as 6 — 0,

and
Yo(v) =¢1(v) =v—[v] =1/2  forv ¢ Z,
Yo(v) = Yr(v) =1/2 forv e Z.
The function v = Ni(w,z) is defined by the equation

w+wlk—vP =2 (vw,zeR", w<az/F).

LEMMA 6. We have the following estimates:

[e’e} +2 o0 4+
e (n) e (n)
- < 4« > 2/k;
;ng<<,n§:1na<<,a/,
+ +
7y (n) ) ry (n) 2/k—
Z 27k < log z; Z e Lz 0<o<2/k.
n<x n<x

Lemma 1 is formula (2.3) of Ivi¢ [4]. Lemma 2 is Proposition 1 of Fouvry
and Iwaniec [2]. Lemma 3 is Theorem 2 of Baker [1]. Lemma 4 can be found
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in Vaaler [17]. Lemma 5 is contained in Section 3.3 of [5]. Lemma b5a is
formula (5) of Miiller and Nowak [10]. Lemma 6 immediately follows from
Lemmas 5 and ba by partial summation.

3. Expression of the error term. In this section we shall give an
expression of Ei (x) subject to RH. Following the work of W. G. Nowak
[13], we first study the functions

o (1)

T n
zt() = 3 i

n=1

The following Lemma 7 and Lemma 7a play the key roles in our proofs, from
which we can obtain better mean-value results on Z ,;t(s) Thus we improve
Nowak’s previous results on the two functions.

LEMMA 7. Suppose |t| > 2 and M > (10k)°F|t|*. Then

2M A oM A
S Al () de < M, S Af(2)x" do < M.
M M
Proof. We first prove the first assertion. Obviously
oM
(3.1) S Al (2)2' da
M
=c (l{:)io:12]\/[3;1/"‘7_1/”“2 cos 27 l:Ul/k—1 1—4—l 2t dx
- [1+1/k S 1 A
=1 M
+ O(M)
oM

2 1 1 tlogx
1/k—1/k 1k L 1
<<M+§ lm/k ASJQ: e(lm 4<1+k)+ on >daz
2M
12 1 1 tlogx
1/k—=1/k% (5 1/k L -
Sw e( lz +4(1+k)+ o )dw.
M
Let

1 1 tl 1 1 t1
filw) = 1a'/* = 4(1+k>+ =7, f2<:c>=—1:c1/’“+4<1+)+ s

oo

1
+ Z [1+1/k
=1

2m k 2m
Then
[F @) > I VE | ()] > IR
Hence the first assertion of Lemma 7 follows from (3.1) by Lemma 1.
Now we consider the second assertion. We write

(3.2) Af @) = =83 S w((@ — nF) ) + 0.(1),
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where

IN

sc(3) vsloglif;/k,

SC(Z2> 21— 277) < nf < a(1 — 271,

and ¢ is a fixed small positive constant. It suffices to estimate

oM, _
= § 3" 6o ) et e
v M
for each fixed v.
We take J = M'/*2~% in Lemma 4. Change the order of summation and
integration and then use Lemma 5 to get

2M
2

(3.3) S: S Z Y((z — nF)*) 2t da
v M
3b(n)
= Z S 1/1((ar—nk)1/k)xitdx
a(n)
3 1" ky1/ky, it
:Z Z omih Se(h(a:—n)/)x’dx
1<|h|<J a(n)
b(n)

+O<Z3 > l] | e(h@—n*)/*)a de +O(M27Y),
1<mi<s 7 aimy
where
SC (23) L M(1—27Y) <0k < 2M(1—27°7))

and [a(n),b(n)] is a subinterval of [M,2M].
Let f3(x) = h(z —n*)Y/* + (tlogz)/(27). Then

|f3(2)| =
Again by Lemma 1,

3 1
(3.4) S<< Z ZE(hMl/k—IQv(l—l/k))—l M2V <« M2-v(-1/R).
h

v

2rx

lh(x . t‘ s B R-1gp(1-17R).
k

Hence the second assertion follows.
LEMMA 8. Z,'(s) has the following properties:

(1) Z7(s) has an analytic continuation to o > 1/k — 1/k® with the
exception of one simple pole at s = 2/k.
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(2) We have
1

(3) We have
Z;(O’-f—lt) < |t|(1/k+1/k2)(2/k—a) 10g|t|

uniformly for 1/k —1/k* < o1 <o < 2/k, |t| > 2.
(4) For any real parameter T > 10, we have
27

3
+
S Z, <2k+zt>
T

Proof. Suppose X > 2 is a parameter. For o > 2/k, by Stieltjes inte-
gration we get

2
dt < TlogT.

+ o0
r -5
(35)  Zi(s)= > kn(s —{—Sw dR} (w)
n<X X
le( ) T 2/k
= 3 A+ et dqe?t + A (@) + AL W)
n<X n X
+ 2/k—s
_ ry, (n) 2,X —s( At +
= 20 Ry X0 + AR(X)
n<X
T AE(W) + AL(‘”)
—1-8)8( o dw.

Since A} (w)+ A, (w) < w!/F=1/F* the above integral converges absolutely
for o > 1/k — 1/k?. Hence the first assertion of Lemma 8 follows.

The second assertion follows from (3.5) and Lemma 6.

Suppose 1/k — 1/k* < o1 < 2/k is fixed. Then by Lemmas 5 and 6 we
have

(3.6) Z]j(a'l —i—it) < x2/k—01 + ‘t|X1/k—1/k2—al < |t‘(1/k+1/k2)(2/k701)

by choosing X = [¢|}/k+1/ *Hence the third assertion of Lemma 8 follows
from the well-known Phragmen-Lindel6f argument.

Now we prove the fourth assertion. Take X = (10k)°*T*. By Lemma 6
we have

(3.7) dw < X3/(F)

T Az_l (w) + Azz(w)
S wstl
X
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Inserting into (3.5) we get

3 i (n)
- k

(3.8) Z; <2k + t) ;{ e T 0.
Squaring (3.8) and integrating over T' < t < 2T gives

27 2 27 n

3 r(n)
+ k
(3.9) § Z; <2k —|—zt> dt < 7& ;{W(%)Ht e,
27 i
3 ry (m)ry (n) S m tdt+T

m,n<X (mn)g/(2k) T n

=) +> +T.

m=n_ m#n

By Lemma 6 we have

(3.10) Z<<TZ ’“3/2 <T.

n<X

By Lemma 1,

rH(m)r¥(n ] 1
(3.11) o< > Wmm (T’log(m/n)>

m#n n<m<X

= Zl + ZQ + ZS, say,

SC(ZI> n< X, n<m<neT,

SC(ZZ) :n< X, ne/T < m < 2n,

SC(ZS):2n<m§X.

By Lemmas 5 and 6 we have

(3.12) Z <<TZ nw > orim)

n<X n<m<nel/T

where

<T Z T;(”) ((el/T _ 1)n2/k i O(nl/k—l/k2)>

1/T
< T(e" _1)2 nl/k +Tzn2/k+1/k2

n<X
< XY y+T<T
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and

_l’_
ry, (m) 1/(2k) y1/(2k
(3.13) Z < Z 3/(%) ey <X /(2k) x'1/(2k) o .

It remains to estimate Z . Let m = n + r and notice

1 _ 1 < n
log(m/n)  log(l+r/n) 7

we get,
4t (n+r)
314 S« 0 ) skt
n<X
where

4
SC (Z ) :max(1,n(et/T —1)) <r <n.
Using a splitting argument and then using Lemma 5 gives
4 +
(3.15) Z < logn - max r(ntr)

akn T
a<r<2a

< logn -maxa™! Z ri(n+r)

a<n
a<r<2a
—1 +
< logn -maxa E r(r
g max k (7)
n+a<r<n+2a

<logn - maxa™" ((n+2a)* — (n+a)** + O(n!/*=1/4))

< logn - max(n?/*~1 4 nl/k_l/kZ(z_l)
an

< n?/k1 logn + Tpl/k=1/k*=1 log n,

where in the last step we used the fact that r > n(e'/T — 1) > n/T.
Inserting (3.15) into (3.14) we get

2 +
(3.16) Z < Z ;k (T? (nwk*llogn—i—Tnl/k*l/kQ*llogn)

< XY*log X 4+ TlogT < TlogT.
Now the fourth assertion of Lemma 8 follows from (3.9) to (3.16).

LEMMA Ta. Suppose |t| > 2,¢(k,d) is a sufficiently large constant and
M > c(k,8)|t|F. Then
2M 2M

g Ar (x)z™ de < M, S Ap,(x)z' de < M.
M M
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Proof. The first assertion is actually the first assertion of Lemma 7. To
prove the second assertion we only need to show that

2M

(3.17) S Dy (z)x de < M
M

and
2M

(3.18) S Zho(z)z™ dx < M.
M

The proof of (3.17) is similar to that of the second assertion of Lemma 7.

Similar to the proof of Lemma 7, we change the order of integration and
summation, and then use Lemma 1 after appealing to Lemma 4; and then
(3.18) follows if ¢(k, d) is sufficiently large.

LEMMA 8a. Z, (s) has the following properties:

(1) Z; (s) has an analytic continuation to o > 1/k — 1/k* with the
exception of two simple poles at s =2/k and s =1/(k —1).
(2) We have

1

(3) We have
Z7 (0 + it) < [t|(/EH/RDR/E=0) 10|y

uniformly for 1/k —1/k* < o1 <o < 2/k, |t| > 2.
(4) For any real parameter T > 10, we have
27

(3 .
T

Proof. This lemma can be proved in the same way as Lemma 8.

2
dt < TlogT.

In the same way as in Nowak [13], we can get the following
PROPOSITION 1. If RH is true, 10 < y < z'/¥, then

B = Youtd) (4t (5 ) + a5 (5 ) ) + 06y,

d<y

4. On an exponential sum involving the Mdbius function. In this
section we shall estimate the exponential sum

S(W,D) = u(d)e(W/d)
d~D
where W and D > 5 are two positive numbers with D < W!=¢,
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LEMMA 9. Suppose a,, < 1 is any complex number, 0 < a < 1/2 is a
fized real number. If M < D% and D < MN < D, then for any exponent
pair (k, A) we have

14 D?
S, = Z an, Z e<mn> <7 LR/ A4R) BN/ (4(14k))

Proof. This estimate easily follows from using the exponent pair
(k/(2(1 4+ K)),1/2 + A/(2(1 + K))) directly to the sum over n and notic-
ing a < 1/2.

LEMMA 10. Suppose a,, < 1 and b, < 1 are any complex numbers,
0 < o < 1/2 is a fived real number. If D* < N < DY? and MN ~ D, then
for any exponent pair (k,\) we have

Sir= Y am Y b(n)e(n‘f;>

m~M n~N
< (Wn/(2(l+m))D(3+)\)/(4(1+H)) + Dl—a/2 +D3/2W_1/2) 10g2 D.
Proof. Let F =W/D.If F < N, then using Lemma 2 we get
Sir < MNF~Y2 <« D32 =1/2,
If F > N, by Lemma 3 we get (take m; = 1, mg = n)
Sirlog™' D < MN(N_1/2 + (F/N)“/@(H“))M_(H“_)‘)/(Q(H“)))
<« Di=a/2 | pr/20A+r) N (2+r)/(2(1+r)) j r(1+A+5)/(2(1+K))
< W/ @0+m) DB/ (A(1+n)) 4 pl-a/2
where we used the fact that D < N <« D/2,
Now we prove the following

PROPOSITION 2. Suppose 0 < o < 1/2 is fized. Then for any exponent
pair (k, \) we have

D_€S(W, D) < Wn/(Q(l—i—n))D(3+)\)/(4(1+H)) +D1—a/2 + D3/2W_1/2.

Proof. We use the skillful decomposition due to Montgomery and Vaug-
han [7] and write

S(W,D) =X+ Xy + X3, say,
where

==Y X e(ﬂ)

m<U D/m<n<D’/m

s 5o, T, A8

U<m<U? D/m<n<D’/m
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Em = > p(dr)p(dz) < m*,

m=dida, d1,d2<U
W g
Ty = > plmyme( —— ), = D pld) <nt.
m>U,n>U, D<mn<D’ d|n,d<U
We choose U = D®. Use Lemma 9 to estimate »; and Lemma 10 to

estimate Yy and Y3, and the proposition follows.

5. Proofs of Theorem 1 and Corollary. Take y = z!27/(200k) jp

Proposition 1. Then the error term is O(2'73/ (200k)+¢) Tt remains to estimate

the sums
= 3 ) A (), = 3 () A /).

d<y d<y
To estimate S5 (y), we need the estimate
A:ktz(x) < x46/(73k)+a7

which is a consequence of the celebrated work of Huxley [3]. See also Nowak
[13]. From this estimate we have

(5.1) SE(y) < 216/ (T8R)Fe,27/73 1 173/(200k)+

Now we estimate S (y). We only need to estimate

S(D) =" u(d)Af, (x/d¥)
d~D
for 1 < D < y.
We suppose (k,A) is an exponent pair such that (3 4+ \)/(4(1 + k)) <
1 —1/k. If D <« 22%/((1+45=2)k) “then by the estimate

AE (u) < ul/ k1R
we have
(5.2) S(D) < xF " TR R
Now suppose D >> g2¢/((1+45=2)k) By the expression of A,fl(u) we get
{ S VRIS (1R, D) + DU—l/k}

I<U

2
p1/k=1/k

for any U > 1, where S(W, D) is defined in the last section. We use Proposi-
tion 2 with o = 2/5 to bound S(Iz'/*, D) and take U = DU+4s=2)/(2x) g =1/k
to get

ALl 327 73 1 142k—X 1

1 14+2m=A 1 173
S(D) KL xF T 1A= "%2 4 300k 200k2 K pk I+ir—x k2 +x200k

This completes the proof of Theorem 1.
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The Corollary follows from Theorem 1 if we take (xk, A\) = (1/2,1/2) for
k=4, () = (19/126,86/126) for k = 5, (r,\) = (3/26,112/156) for
k=6, (k) = (2/18,13/18) for k > T.

6. Proof of Theorem 2. Take y = z!/6 in Proposition 1. Then the
error term is O(x°/24+¢). It suffices to estimate the sums

SUD) = Y pld)Af (x/dY),  Sy(D) =Y u(d)Af(x/d")
d~D d~D

for any fixed 1 < D < y.

S1(D) can be estimated in the same way as in the last section. Using
Proposition 2 to bound S(Iz'/4, D) by taking (k,)\) = (11/53,33/53) =
BABA?BA%B(0,1) and a = 2/5, we get

(6.1) S1(D) < 2107/512 1665 1.
Now we estimate So(D). Without loss of generality, suppose D > /12
otherwise by the trivial estimate
SQ(D) < $3/16D1/4 < 375/24.

For each fixed d, we write

(6.2) Yo dl@/dt =)
z/2<n*d*<z

=3 S - ) 4 0@ D),

where

SC(ZI>:1§v§w,

SC (232) : %(1 2 <l < %(1 _9mvly,

Take J = max(x'/24/2¥log x), then by Lemma 4

(63) S w((x/d —nHh) = —2iRe Y ﬁ S e(—h(z/dt — nt)/)

1<h<J

+o( Y v S e(~h(a/dt - i),

|h|<J

We first consider the sum

Sa(d,hyv) = 3 e(—h(z/d* —n*)H/),
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Similarly to formula (2.6) of Nowak [14], we can get

w2 1 xl/ v
=e /42 rd))+0<\/ﬁ D1/22 7/8+10g3:>
where
L1/4 2
F d) =" h4/3 4/3\3/4 ~
(r,d) = = (73 4 10%) aky

h
g(r,d) = ﬁ(hr)—1/3x1/8d—1/2(h4/3 + 7,4/3)—5/8 -~ h2/3r—7/6x1/8d—1/27

3
SC (Z ) Ch(2U = 1) < < B2V — )34,
Inserting (6.4) into (6.3) we have

Zw ((x/d* —n*)Y/*) —cReZ QhZ g(r,d)e(F(r,d))

1<h<J
+0( 3 b Y gl de(F <r,d>>)
1<h<J
21/8
Thus
6.6) S2D)= S p@( =8 S lw/d —nH +0())
d~D z/2<n*d*<z
= =85 u@ > S w((a/dt - 0?4 + O@MEDY? 4 D)
d~D
=3 Y 3 (F(r,d))
1<h<J d~D
+ O<Zl Z §Z3‘ Z g(r,d)e(F(r, d))D +O(x5/24)
1<h<J d~D

= 24 + 25 +0(x/?*), say.

Using the exponent pair (1/6,4/6) to estimate the sum over d we easily
find that

5
6.7 < '3/ 100% 1
( g,

if we recall D > /12,
We shall use Proposition 2 to estimate the sum over d in 24. Let

W= x1/4(h4/3 i r4/3)3/4.
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Take (k,\) = (1/2,1/2) and « = 2/5 in Proposition 2 to get

(6.8)

6 pl/8+e

4 1 1 <=3 B
Z < Z ;hz W2 D1/2

% (D4/5 1 p1/24,1/6 p7/12 +D3/2$71/8r71/4)
< $5/24+E.

Combining (6.6)—(6.8) gives

(6.9)

Sy (D) < x°/24Fe,

Now Theorem 2 follows from (6.1) and (6.9).

Acknowledgements. The author deeply thanks the referee for helpful
suggestions.
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