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Chen’s theorem in short intervals
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YING CHUN CAl and MING GAO Lu (Shanghai)

1. Introduction. In 1966 Chen Jingrun [1] made a considerable progress
in the research of the binary Goldbach conjecture; in [2] he proved the well-
known Chen’s theorem: Let N be a sufficiently large even integer. Then the
equation N = p + P5 is solvable, where p is a prime and Ps is an almost
prime with at most two prime factors.

In fact, Chen’s theorem can be stated in a more exact quantitative form.

In this paper we generalize Chen’s theorem to short intervals.

THEOREM. Let N be a sufficiently large even integer, U = N°°72. Let
S(N,U) be the number of solutions of the equation

N=p+P, N/2-U<pP,<N/2+U.

Then
(1) s, 1) = LGN
log® N
where
_ _ p—1
(1.2) C(N)_H<1 (p1)2> 1T p—

p>2 p|N,p>2

COROLLARY. For sufficiently large = and y = x°°7, we have

(13) R

2 )
r<p<z+y log L
p+2=P;
where
1
(1.4) C:2H<1—2>.
s (p—1)
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This result is comparable with Jie Wu’s result [8] that (1.3) holds for
y = 29973, Recently Salerno and Vitolo [6] obtained the exponent 0.9729.

2. Some preliminary lemmas. Let A be a finite set of integers, P an
infinite set of primes and P the set of primes that do not belong to P. For
z > 2, put

Piz)= [ » SAP2)= > 1,

p<z,p€EP a€A, (a,P(z))=1
Ai={alac A a=0 (modd)}, P(g)={p|peP, (pq) =1}

LEMMA 1 [3]. Let
w(d)

|Ad| = TX + 74, M(d) 7é 07 (daf) = ]-7
1 1
Z (.U(p) :log 10g22 +O<l >, 29 > 21 22,
1 <p<za 0g 21 0g 21

where w(d) is a multiplicative function, 0 < w(p) < p, X > 1 is independent
of d. Then

S(A,P,2) > XV(z){f(s) + O(logll/?’D> } _Rp,

S(A,P,Z)SXV(z){F(s)JrO( ! )}+RD,

logl/?’D
where
log D
s=2= Rp= Y |,
og z
d<D,d|P(z)

=i (io(ek)

Tl 1)

p

v denotes Euler’s constant, and f(s) and F(s) are determined by the fol-
lowing differential-difference equation:

{F(s) =2e7/s, f(s)=0, 0<s<2,
(F(s)) = f(s—1), (sf(s)) = F(s—1), s>2
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LEMMA 2 [5]. We have

2¢7
=~ 0<s<3,
s
F(S): s—1
2e7 log(t — 1
e<1+80g()dt>, 3<s<5,
[ s 5 t
( 2l —
2e7 log(s 1)’ 2<s<d
s
f(S): s—1 t—1
2e7 dt ¢ log(u—1)
S(log(s—1)+ § " § udu), 4 <s<6.

LEMMA 3 [7]. Let g(n) be an arithmetical function such that

2

> g(n) < logtx
n

n<x

for some ¢ > 0. For (al,q) =1, define

H(zhaq )= . 1—90(1q)<Li<th> —Li (2))

z<ap<z+h
ap=l(q)
where
©odt
Liz = S —.
logt

2
Then for any given constant A > 0, there exists a constant B = B(A,c¢) >0

such that for 3/5 < 0 <1,y =29 0 < 3 < (560 —3)/2, A\ = 0 — 1/2,
D=z og Bua,

max max max

Yy
Jmax max max Z g(a)H(z,h,a,d,l)| < o

d<D a<zh, (a,d)=1 o ¥

REMARK. Let ri(a,h) and r2(a, h) be positive functions such that

z < ari(a,h),ary(a,h) < z+h

and put
1
H(Z,h, a?QJ) = Z 1- T(Li(TQ(a? h)) —LI(T1<CL,]'L)))
r1(a,h)<p<rsa(a,h) ® q)
ap=l(q)

Then under the conditions in Lemma 3,

> g@H(zhad )| <

a<zh, (a,d)=1 0g

max max max .
ng(l’d)zl h<y z/2<z<z T

This result can be proved in the same way as Lemma 3.
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LEMMA 4. Let
r>1, P <y<uwz, z=z'" Q(z) = Hp.
p<z
Then for uw > uy > 1, we have

3 1:w(u)lozz+o< Y >

2
z<n<z+y IOg o
(n,Q(2))=1

where w(u) is determined by the following differential-difference equation:
w(u) =1/u, 1<u<2,
(vw(u)) =w(u—-1), u>2.

Moreover, we have

1
, u >4
1.7803

Proof. This lemma can be proved in the same way as Lemma 9.4 in
[5] with Huxley’s prime number theorem in short intervals in place of the
prime number theorem. For the upper bound on w(u), see Lemma 20 in [4].

w(u) <

3. Weighted sieve method. Let N be a sufficiently large even integer,
U = N%972 and
(3.1) A={N—-p|N/2-U<p<N/24U},
(32) P=A{pl(p,N)=1}.

LEMMA 5 [2]. Let a >0, >0 and o+ 33 > 1. Then

1
S(N,U) = S(AN) — 5 2. S(Ap, N%)
Na<p<NAB, (p,N)=1

1
) Z S(Apips,D2)

Ne<pi<NP<po<(N/p1)*/?
(ppoaN):l

- Z S(AplpzaPZ)

NP <p1<pa<(N/p1)*/?
(ppovN):l

= —«
T 5 Z S('Aplpzps; P(P1)7P2) + O(Nl )

N*<p1<pa<ps<N”
(p1p2ps,N)=1

LEMMA 6.

25(N,U) > 25(A, NV/12) — | ) S(Ap NV12)

N1/12<p<N1/3:25 (p,N)=1
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-5 Z S(Apip,,p2)
Nl/lQSpl<N1/3.25§p2<(N/p1)1/2
(p1p2,N)=1
- Z S(Apip,,p2)

N335 <) <pa<(N/p1)t/?
(p1p2,N)=1

1
= > S(Ap:p)
N1/12<p<N1/98 (p,N)=1
1
"2 2 S(Ay, N'/12)
N1/12<p< N1/3:34 (p N)=1
1
+ 9 Z S(Ample/m)
NY/12<p <py<N1/OS
(p1p2,N)=1
1
i ) S(Apips, NV12)
NY2<p <NV 8<pycUN2/3p 71
(p1p2,N)=1
1
) Z S(Ap,pssp2)

N8 <p <N 3 <py < (N /p1) '/
(P1p2,N)=1

- Z S(Aplp27p2)

N334 <p) <pa<(N/p1)'/?
(P1P27N)21

Z S(AP1P2P3P4;P(p1)7p2)

N/12<py <pa<ps<pa<N'/%*
(P1p2p3pa,N)=1

9 Z S(Aplp2p3p4§ P(pl)vPZ)

N2 <py<pa<ps<N'/*F<pa<UN~?/p;
(p1p2pspa,N)=1

N | =

N —

+O(N11/12)
1 1 1 1 1 1
=22 — =3 — =Yy — Y3 — =2y — =2 ) —
51 T 52 375247 5 5+2 6~|-2 7
1 1 1

— 23— N9 — =X — =21 + O(N1/12),
528 9~ 5210 — 52X+ ( )

Proof. By Buchstab’s identity, we have
1
(3.3)  S(ANYOS) = S(ANY12) - > S(Ap:p)

N1/12<p<N1/98 (p,N)=1
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1 1/12
! 3 S(Ap, NV/12)
N1/12<p<N1/98, (p,N)=1
1
+ 2 Z S(Ap1p27N1/12)
N2 <py<py<N'/98
(p1p2,N)=1
1
- 5 Z S(Aplpgpg)p1)7
NY12<p) <pa<ps<N1/98
(p1p2p3,N)=1
(3.4) Z S(Ap, NV/2%)
N1/9-8<p<N1/3:34 (p N)=1
< Z S(Ap, NYV12)
N1/9-8<p<UN—3/4 (p,N)=1
~ > S(Ap,pr, N/12)
NY12<p < NYO-8<p, <UN—2/3p !
(p1p2,N)=1
+ Z S(Ap1p2p37pl>

NY12<py <pa <N/ <ps<UN2/3p;t
(p1p2p3,N)=1
1/12
- > S(A,, N¥/12),

UN=8/4<p<N1/3:34, (p,N)=1

(3'5) Z S(AP1P2P3;P(p1)7p2)

NY12<p) <po<pg<N1/3:25
(p1p2ps,N)=1

- Z S(Aplpzp:svpl)

NY12<p  <pa<ps<N1/9-8
(p1p2ps3,N)=1

- Z S(ApipapssP1)

N1/12§p1<p2<N1/9.8§p3<UN—2/3p2—1
(p1p2ps3,N)=1

Z S(AP1P2P3;P(p1)7p2)

NY12<p) <po<ps<pa<N1/%8
(p1p2p3pa,N)=1

N Z S(Aplpzps;P(pl)ap2)'

NY2<p) <po<ps<NY/OB<p, <UN—2/3p21
(p1p2p3pa,N)=1

Y
|
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By Lemma 5 with («, 5) = (1/12,1/3.25) and (o, 5) = (1/9.8,1/3.34) and
(3.3)—(3.5), we complete the proof of Lemma 6.

4. Proof of the Theorem. In this section, the sets A and P are defined
by (3.1) and (3.2) respectively, and § = 0.972.

1) Evaluation of ¥,%,¥4—Y7. By Lemmas 1-3 and some routine argu-
ments as in [8], we get

16C(N)U
(41) >+ 0(1)>(—)2
(260 — 1)log® N
120—8
log(s —1) . 120 —7
X <log(129—7)—|— § S 108 st ds)
N
> 26.94255 % 5 )U,
log® N
16C(N)U 240 — 14
42) S <(1+401)—t5—(log i
(4.2) 1< (140 ))(20_1>10g2N<0g6.595.25
120—8
1 -1 120 — 7)(120 — 7 —
2 ogls —1) ) (120 - 7)(120 =7 ) ds)
S s+1
C(N)U
< 40.10478 ( 2) :
log” N
16C(N)U 240 — 14
4.3 Y, < (1 D) ——=— 1960 — 11.8
(43)  Has{ltol ))(201)log2N<0g 19.60 —11.8
9.80—6.9
v <1+ X log(s—l)ds>
S
2
120-—8
. log(s — 1) log 120 —17 ds)
9.80—6.9 s+
N
< 5.035580(72)(],
log® N
16C(N)U 240 — 14
44) S5 <(1401)——F—(log————
(4.4)  B5 < (140 ))(20_1)10g2N<0g6.689—5.34
120-—38
log(s — 1 120 — 7)(120 — 7 —
n S og(s ) log ( )( (k) ds)
) s s+1
< 38.80741 Z VY

log? N’
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16C(N)U
£ > (1-+ o(1)) LNY
log® N
) 1/§.8 V9% 10g(120 — 7 — 12(t1 + t2)) e
1 2
e 6 t1t2(20 — 1 — 2(t1 + t2))
16C(N)U
Yr>(1+o0(1)———
P2 (o)
VOSOTHETI 00190 — 7 — 12(t) + 1))
< h1ta2(20 — 1 = 2(t1 + 1)) 102
112 108 172 L2
C(NU
(4.5) Y6+ X7 > 3.15074 ( 2) .
log® N
2) Evaluation of 19, X11. We have
(4.6) Xy = > > 1+ O(N'/12)
NY12<p) <py<ps<ps<N'/9® a€A, pipapspala
(p1p2p3pa,N)=1 (a,p] " NP(p2))=1
= ) 2. 1
NY12<p) <po<ps<pa<N1/08 p=N—p1p2p3pan
(p1p2p3pa,N)=1 E1<n<Es, (n,p; 'NP(p2))=1
+ O(N11/12)
= 2,10 + O(N11/12)7
where
N/2-U N/2+U
El = / ) E2 - / + ’
P1P2P3P4 P1P2P3P4
!/ —
Mo = > ) > b
NY/12<p) <po<ps<NL/9-8 E3<n<E4 p=N—(p1p2p3n)pa
(4.7) (p1p2p3,N)=1 (n,py "N P(p2))=1 E5<ps<FEs
N/2-U N/24+U
Es = e N1/98° 4= ——>5,
p1p2ps NP P1P2p3
N/2 — N/2
F5 = max <p3,/U>, Fg = min <N1/9'8,/+U>.
npi1p2ps3 Pp1p2p3n

Now we consider the set
E={e|e=npipaps, N2 < py < pa < p3 < N8 (p1paps, N) = 1,
Es <n < Ey, (n,py 'NP(py)) = 1}.

By the definition of the set £, it is easy to see that for every e € &£, p1, p2, p3
are determined by e uniquely. Let p3 = r(e). Then N2 < r(e) < N/98,
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Let
L={l]l=N—epy, ec&, Er <py< Eg},
where
N/2 — N/2
E7 = max (r(e), /U>, Eg = min <N1/9'8, /+U>
e e
We have

NVt <e< N2 ¢cc&  N/2-U<I<N/2+U, leL.

¥, does not exceed the number of primes in £, hence

(4.8) Yo <S8(L,z), z<NY4
By Lemma 1 we get
8C(N)|L]
1/2y _ SUUV)IA]
(4.9) S(L,D=) < (1+0(1))(29—1)10gN + R + Ra,
where

D=N’"1210g7BN (B =B(4)>0),

1 . .
Ry = Z Z < Z 1- W(Ll(ES) - LI(E7))>

dSD,(d,N):l ec& Er<ps<Eg
(e,d)=1 eps=N (d)

DV D VD VR

)

d<D, (d,N)=1 e€€ E7<ps<Fs
(e,d)>1
Let
gla)= > 1
e=a,e€f
Then

Ri= )

> s ¥

d<D,(d,N)=1" N'/%cq<N11/12 Eo<pa<FEio

(a,d)=1 aps=N (d)

1
g WiEw) - LiE) )|
o(d)
1
Ry = 2@ >, 9@ Y L

d<D, (d,N)=1 4 N4 g NIL/12 E9<ps<FEho

(a,d)>N*/12

N/2 — N/2
E9 = max <T‘(6L), /U>, E1yp = min <N1/9'8, /+U>

a a
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It is easy to show that g(a) < 1. Now

(4.10) Ry < ) @(1 7 > %

d<D N1/4<a<N11/12
(a,d)>N"/1?

1 N
<Y X o2
SO 1/12 11/12 a
d<D m|d, m>N1/12 4 N11/
(a,d)=m

<<NlogNZ(p(1d) > %

d<D m|d, m>N1/12
< Nlog N Z L b
N1/12<m<D mip(m) d<D/m ld)

< N11/12 log? N.
By the remark following Lemma 3 we get
(4.11) Ry < N/log* N.

Now by Lemma 4 and the prime number theorem, we have

412) 1£l=>" > 1

ecf E7<ps<Eg

- X >

NY12<p) <py<ps<pa<N'/?® N/2=U<npip2pspa<N/2+U

(p1p2papa,N)=1 (n,py " NP(p2))=1
+ O(N11/12)
1 1
140
< 1.7803( * <logN>>
2U
D S TR L
N1/12< ) <po<pa<pa< N1/9-8 P1P2p3p4 10g P2
2U l/§'8dt1 1/§'81<1 1)1 L
= — ————1o
1.78031log N N R ECAUI 9.8, "2
U
+0<2 )
log® N
By (4.6)-(4.12) we get
16C(N)U
(413) S <(1+o(1)) &)

1.7803(26 — 1)log® N
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1/9.8 it V98 )
w )\ g e g e
112 bt J 2\t 2 8t
By a similar method we get
16C(N)U
4.14 Y11 < (1+o0(1
(4-14) - a1 < (1 +of ))1.7803(29—1)10g2N
1/9.8 . 1/9.8
dt 1 /1 1 2
g o A b
By (4.14) and (4.13) we obtain
16C(N)U
4.15) Y10+ 211 < (1+0(1
(4:15) B0+ 21 < (14 of ))1.7803(29—1)10g2N
1/9.8 1/9.8
dt 1/1 1 0—2
Y (e (e
e g e\t b 2
C(N)U
< 010050V
log

3) Ewvaluation of 3a,%3,Yg, 9. By Lemma 3 and the arguments used
in [8], we get

16C(N)U
(20 —1)log N

1
x > 5

N112<p, <NV 23 <py < (N/py) /2 P1P2 108 517

(4.16) 3 < (1+4o0(1))

16C(N)U 181 log (2.25 — $:27)

< (1+o0(1)) 5 dt
(20 —1)log" N 3 t
N
< 1365253 Q)U,
log® N
16C(N)U 1
(417) X3 <(1+ 0(1))W > S
N1/325<p) <py<(N/p1)t/2 p1p2 1og pip2
16C(NYU > log(t — 1)
< (1+o0(1)) TERTOEE g —dt
( )log" N 3
< 0.226640(];7)(],
log® N
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160U
(260 —1)log N
1

x 2 pipalos

N1/98<py <NV/33<py < (N/pr)1/2 P1P2 108 511

16C(N)U T log (2.34 — $34)

(20 — 1)log® N t
C(N)U
log? N’

(419)  Bg<(1+ 0(1))m

1
X Z S

N1/53.38 <py <pa<(N/p1)1/2 p1p2 log Pips

(418)  Sg < (1+0(1))

< (1+o0(1)) dt

2.34

< 11.95581

2.34

1 N I -1
< (14 o(1))—0CWT g ogt=1)
(20 —1)log" N 3 t
N
< 039820 ST
log® N

4) Proof of the Theorem. By (4.1)—(4.5) and (4.15)—(4.19) we get

40.10478  13.65253

2 2

5.03558  38.80741 3.15074  11.95581

T2 T T T T
0.10950\ C'(N)U

—0.39820 — ) 5
log® N

— 0.22664

25(N,U) > <2 . 26.94255 —

2
0.002C(N)U
log? N

)

and so

0.001C(N)U
s, v > LCT
log® N

The Theorem is proved.
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