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Abstract. For complex algebraic varieties V', the strong radial Phragmén-Lindel6f
condition (SRPL) is defined. It means that a radial analogue of the classical Phragmén—
Lindel6f Theorem holds on V. Here we derive a sufficient condition for V' to satisfy (SRPL),
which is formulated in terms of local hyperbolicity at infinite points of V. The latter con-
dition as well as the extension of local hyperbolicity to varieties of arbitrary codimension
are introduced here for the first time. The proof of the main result is based on a local
version of the inequality of Sibony and Wong. The property (SRPL) provides a priori es-
timates which can be used to deduce more refined Phragmén—Lindel6f results for algebraic
varieties.

1. Introduction. A pure dimensional algebraic variety V in C™ is said
to satisfy the strong radial Phragmén—Lindeléf condition (SRPL) if there
are constants A > 1, B > 0 such that each plurisubharmonic function u« on
V' which satisfies

(@) u(z) < |z +o(|2]), 2 € V,

(8) u(x) <0,z € VAR,
also satisfies

(7) u(z) < Alz|+ B,z V.

If V' is homogeneous and if for each irreducible component W of V' the
real dimension of W N R™ equals the complex dimension of V', then the
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Phragmén—Lindel6f Theorem for the half-plane in C implies
u(z) <|Imz| <|z| foreachzeC-(VNR")

whenever « is plurisubharmonic on V' and satisfies () and (f). Since
C - (V N R™) is nonpluripolar in each component of V, it follows from a
theorem of Sibony and Wong [17] (see also Siciak [19] and Meise, Taylor,
and Vogt [10], 3.1) that u satisfies () for some A > 1 depending on V' and
with B = 0. Thus, irreducible homogeneous varieties satisfy (SRPL) if and
only if the real points in the variety have “maximal dimension”.

In the present paper we investigate what happens in the case of varieties
which are not homogeneous. For example, when

V={2eC®: 2} +25+22=1}

and v is plurisubharmonic on V, satisfying (o) and (), how can we find
any global bound on u? In this example, there are a handful of complex
lines in V, e.g., {(1,0,0) + ¢(0,1,—1) : ¢ € C}, but only very few. So
the argument used for homogeneous varieties cannot be applied and we do
not know whether it can be used at all. Nevertheless, the variety V in the
example satisfies (SRPL) as a consequence of the following general theorem.

1.1. THEOREM. Let P,, € Clz1,...,2,] be a homogeneous polynomial
of degree m with real coefficients and assume that P,, has the following
properties:

(a) each irreducible factor of P, has an (n — 1)-dimensional set of real
2€7108,
(b) there are no repeated factors in the irreducible factorization of P,,.

Then for each polynomial q € R|z1,. .., z,] of degree less than m, the variety
V ={z2€C": (P, +q)(z) =0} satisfies (SRPL).

This theorem can also be interpreted in terms of extremal functions sim-
ilar to those investigated by Siciak [18], [19]. In this setting, our theorem
states that the extremal function of V N R”™ in the set of all plurisubhar-
monic functions satisfying () on V' grows at most like a linear function near
infinity.

Theorem 1.1 extends some of the results of Bainbridge [2]. It is sharp
in the following sense: If condition (a) is not satisfied then V fails (SRPL)
for ¢ = 0. If P,, has repeated irreducible factors then there exists ¢ €
R(z1,...,2,] so that V fails (SRPL). In this case the problem of deter-
mining which perturbations preserve (SRPL) is still open. A more detailed
discussion of examples and open problems is given in Section 6.

The restriction to varieties of codimension 1 is not essential and was cho-
sen only for a first exposition. In fact, our main result is a sufficient condition
for algebraic varieties in C™ of pure dimension at least 1. To formulate this
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condition, we extend the concept of local hyperbolicity—due to Andersson—
to points at infinity and higher codimension. Instead of working in projective
space, which would also be a natural choice, we embed V into C**! as the
complex cone over {1} x V. The projective closure of V' then corresponds
to V := C({1} x V), and the infinite points of V are of the form £= (0,¢).
We say that V' is locally hyperbolic at an infinite point E € VR f
there are a neighborhood U of £ in V and a projection 7 : R**1 — Rnt!
whose kernel is a subspace of {0} xR™ with codim ker 7 = dim V, such that
the complexification 7¢ satisfies: ker ¢ is transversal to V in E and when-
ever for y € V N U the projection mc(y) is real, then y is already real. Our
Main Theorem 5.1 states that V satisfies (SRPL) whenever each irreducible
component of V,, contains at least one infinite point at which V is locally
hyperbolic. The latter condition, however, is not necessary, as an example
of Bainbridge [2] shows (see 6.3).

In conclusion, we want to indicate that our motivation to investigate
(SRPL) comes from the characterization problem for varieties V' that satisfy
Phragmén—Lindel6f conditions, in particular the conditions PL(R™,w) and
(SPL) which characterize the existence of continuous linear right inverses for
linear partial differential operators (see Meise, Taylor, and Vogt [12], [11]
and Palamodov [15]). It was used by Meise and Taylor [8] and in [4] and [5].
In all these applications, the property (SRPL) serves as an a priori estimate
which is then refined using local considerations.

2. Preliminaries. In this section we introduce the radial Phragmén—
Lindel6f conditions (SRPL) and (RPL) and fix the notation for dealing with
points at infinity.

2.1. DEFINITION. Let V be an algebraic variety of pure dimension k in
C™ and {2 be an open subset of V. A function u : 2 — [—o0, 00] will be
called plurisubharmonic if it is locally bounded above, plurisubharmonic in
the usual sense on (2., the set of all regular points of V in {2, and satisfies

u(z) = limsup u(§)
€Efrog, E—2
at the singular points of V' in 2. By PSH({2) we denote the set of all plurisub-
harmonic functions on 2.

Next we introduce the property (SRPL) of algebraic varieties which is
studied in this paper.

2.2. DEFINITION. Let V be an algebraic variety of pure dimension k& > 1
in C". We say that V satisfies SRPL(A, B) for A > 1, B > 0 if the following
holds: Every u € PSH(V') which satisfies («) and (/) also satisfies (7):

(@) u(z) <[z +of|z]), z € V, [2] = o0,
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(8) u(z) <0,z € VAR,
(v) u(z) < Alz| + B, z € V.

We say that V satisfies (SRPL), the strong radial Phragmén—Lindeldf con-
dition, if SRPL(A, B) holds on V for some A > 1, B > 0.

2.3. REMARK. The terminology (SRPL) comes from Meise, Taylor, and
Vogt [10], where a weaker condition (RPL) was characterized. We recall that
a pure dimensional algebraic variety V in C™ satisfies the radial Phragmén—
Lindeldf condition (RPL) if there exists A > 1 such that for each ¢ > 0
there exists B, > 0 such that each u € PSH(V') which satisfies («) and ()
also satisfies (7):

(@) u(z) < |z[ +o(lz]), z €V,

(8) u(z) < ellmz|, z€V,

(7) u(z) < Alz| + By, z€ V.
The main result of [10], Theorem 5.1, shows that a pure dimensional alge-
braic variety V in C™ satisfies (RPL) if and only if its cone V}, of limiting

directions at infinity has (RPL), which is equivalent to the fact that the real
points in V;, have maximal dimension in the sense of Definition 2.5 below.

The cone of limiting directions at infinity V4, is of course nothing else
than the set of infinite points of the projective closure of V. We will switch
between both descriptions, analytic and algebraic, in the sequel. However,
to avoid usage of coordinate charts for projective space P", we will work
with homogeneous varieties in C**! instead.

2.4. Points at infinity. Let V be an algebraic variety in C" of pure
dimension k > 1. Its vanishing ideal is defined by

I(V):={fe€Clz1,...,2n): f(z) =0 forall z€ V}.
The homogenization of a polynomial P € C[zy, ..., z,] of degree m is defined
by
Ph(ZOa s 7271) = z(gnp(zl/z()a R Zn/ZO)‘

The elements of the form B, with P € I(V') constitute the vanishing ideal
of a variety V in C"*!, given by

Vi={2=1(20,...,2,) €C"™ . Py(2) =0 for all P € I(V)}.

The corresponding variety {(zo : ... : z,) € P* : z € V, z # 0} is the
projective closure of V. For arbitrary ¢ # 0 the slice {z € V : zg = t} is
isomorphic to V. We define the set of infinite points of V by

Voo :={2 €V : 2y =0}.
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Another way to deal with infinity is via the cone of limiting directions,

defined as

Vo i=A{r lim z;/|z;| : 7 >0, z; € V, |z;| — oo}.
j—00

Since the Zariski and euclidean closures of V' \ Vo, coincide (see Mumford
[13], Theorem 2.33), we have

Voo = {O} X Vh.
With each point ( €V}, we associate the point E:: (0,¢1y. -+, Cn) € Voo For
a polynomial P of degree m it is customary to denote the principal part by
P,,. With this notation it is easy to give another description of V4:
W ={2€C": Pyegp(z) =0forall P e I(V)}.
In order to derive necessary conditions for (SRPL) we recall the definition

of the dimension condition which was already used in Hormander [7] and
Meise, Taylor, and Vogt [10], 2.6, [12], 3.11.

2.5. DEFINITION. Let V' be a pure dimensional variety in C". We say
that V satisfies the dimension condition if for every irreducible component
W of V, the real dimension of W NR™ is equal to the complex dimension
of V.

Note that V satisfies the dimension condition if and only if it is the
smallest complex algebraic variety that contains V N R™.

2.6. PROPOSITION. Let V be a pure dimensional algebraic variety in C™.

(a) If V is homogeneous then the following conditions are equivalent:

(i) V satisfies (SRPL),
(ii) V satisfies (RPL),
(iii) V' satisfies the dimension condition.

(b) If V satisfies (SRPL) then Vi, satisfies (SRPL).

Proof. (a) Obviously, (SRPL) implies (RPL). When V' is homogeneous,
a standard scaling argument shows that (RPL) is equivalent to SRPL(A4, 0)
for some A > 1. Hence the equivalence between (ii) and (iii) follows from
Meise, Taylor, and Vogt [10], Theorem 5.1.

(b) Since (SRPL) implies (RPL), this follows from [10], Theorem 5.1,
and (a). m

REMARK. The necessary condition for V' to satisfy (SRPL) given by
Proposition 2.6(b) is not sufficient. To see this, consider the zero variety V
of the polynomial z2y — 1. It satisfies (RPL) by Meise, Taylor, and Vogt
[10], 5.1. Note that u : V' — R, u(z,y) = |Im /y|, is in PSH(V) and satisfies
u(z) = o(]z]) as well as u(z) = 0 for z € V N R2. Therefore, \u satisfies
2.2(a) and (B) for each A > 0. This implies that V' cannot satisfy (SRPL).
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In Theorem 5.1 we will give a condition which implies that the converse
implication in Proposition 2.6(b) holds. To prove this, we will use the fol-
lowing proposition, which is an immediate consequence of the definition of
plurisubharmonic functions on a variety.

2.7. PROPOSITION. A pure dimensional algebraic variety V in C" sat-
isfies (SRPL) if and only if each irreducible component W of V satisfies
(SRPL).

3. A local Sibony—Wong inequality. In this section we prove that the
theorem of Sibony—Wong [17] can be extended to certain plurisubharmonic
functions that are only defined on suitable open subcones of a homogeneous
algebraic variety. This extension will be the key step in the proof of the
Main Theorem 5.1 given in Section 5 below.

For the formulation of the result we recall that a subset K of C" is a
complex cone if AK C K for each A € C. By abuse of notation, a cone K is
called open if the intersection with the unit sphere S in C” is open in S. We
also recall that a subset E of some open subset {2 of an algebraic variety V'
is pluripolar in (2 if for at least one irreducible component {2y of §2, the set
E N () is pluripolar in {2;.

3.1. THEOREM. Let W be a homogeneous algebraic variety of pure di-
mension k in C" and let 7 : W — C*, n(2',2") = 2, be proper. Let I" C C¥
be an open complex cone, let I' := w=Y(I""), and let R C I be a complex
cone which is nonpluripolar in I'. Then there exists a constant A > 1 such
that for each uw € PSH(I") which is positively homogeneous and satisfies

(a) u(z) <|z| for z € R,

(b) v(#') = max{u(z’,2") : (¢/,2") € I'} for 2/ € I, extends to a pluri-

subharmonic function v on CF
each extension v satisfies

(c) 1(2') < AlZ'|, ' € CF.

In particular, u satisfies u(z) < Alz| for all z € W.

Before proving Theorem 3.1, we recall the concept of an extremal func-
tion which will be used in the proof and also later on.

3.2. DEFINITION. Let W be a pure dimensional algebraic variety in C™, {2
an open subset of W, and E#( a subset of 2. Then Ug = Ug(-,2) : 2—R
is defined by

Ugr(z) :=sup{u(z) :u € PSH(2), 0<u <1, u<0on E}.

The upper semicontinuous regularization U}, of Ug, given by
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Up(z) = Ug(z, 2) :=limsup{Ug(() : ( — 2, ¢ € 2},
is called the extremal plurisubharmonic function of E relative to (2.

Proof of Theorem 3.1. Fix some complex cone K in I'" which is closed
and has nonempty interior. Then let

L:=sup{v(?): 7 € K, || <1},
and fix an extension v according to (b). Since v is positively homogeneous
on I, we have
v(z') < L|Z'|  for all 2’ € K.
Since K is nonpluripolar in C*, Theorem 1 of Sibony-Wong [17], in the

formulation of Siciak [19], Corollary 11.2, implies the existence of v = v(K)
such that

(3.1) 9(") < LylZ/| forall 2/ € C*.

By the definition of v, we get

(3.2) sup{u(z) : z € I, |n(2)] <1} <sup{v(2): || <1} < Ln.
Now let

Q:={zel:0<|n(2)| <2}, E:={z€R\{0}:|n(2)| <1},
and note that there exists M > 1 such that
|z| < M|m(z)| forall z € W.

Since the complex cone R is nonpluripolar in I', the set F is nonpluripolar
in £2. Hence, the extremal function Ug(-, {2) is nontrivial and therefore

po=sup{Ug(z,2) :w(z) € K, |7(z)] =1} < 1.

Next note that logw is plurisubharmonic, since w is plurisubharmonic
and positively homogeneous (compare the proof of Meise, Taylor, and Vogt
[10], 5.5), and that for z € (2,

logu(z) = log2 + logu(z/2) < log2 + log L~.
For z € E condition (a) implies
logu(z) <log|z| <log M + log|m(z)| < log M.
From this and the definition of the extremal function we get
logu(z) —log M < (log2 + log LY)Uy(z), =z € (2.
Taking the supremum over z € I' with 7(z) € K, |r(z)| < 1, it follows that
log L < (log2 + log L) + log M

and consequently

u(log2 + logy) + log M

log L <
L—p
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Hence L does not depend on v. Therefore, the conclusion (c) follows from
(3.1), while the second conclusion follows from the first one and the definition
of v. m

4. Local hyperbolicity at infinity. In this section, we extend the no-
tion of local hyperbolicity in the sense of Andersson [1] (see also Hérmander
[7], 6.4) to higher codimension as well as to points at infinity. This will be
used to formulate the main result 5.1.

4.1. Localizations and tangent varieties. For a polynomial P its localiza-
tion P, at x is defined as the lowest order homogeneous term of 7 +— P(x+7).
For a variety V' in C™ the tangent cone at x € V is defined to be

T,V :={teC": Py(t)=0forall P I(V)}.

This is the tangent cone C3(V,x) in Whitney’s sense [21]. At some places,
we will also use Whitney’s tangent cone Cy. A vector v € C” is an element
of Cy(V,x) if and only if there are sequences of points ¢; regular in V' and
vectors v; tangent to V' at ¢; such that v = lim; ., v;.

If N is a subspace of R™, then we denote by N¢ its complexification
N¢ = spangc N. We say that N¢ is transversal at = to a family (P,)aca of
polynomials if the following holds: If for some t € N¢ we have (P,),(t) =0
for all localizations (P,),, « € A, then t = 0.

4.2. DEFINITION. Let N be a subspace of R” and fix x € R™. A family
(Pa)aca of polynomials in Clz1,. .., z,] is called locally hyperbolic at x with
respect to N if the following two conditions hold:

(1) Ng is transversal to (P, )acA,
(2) there is a neighborhood U of x such that if y € UN(R™+ N¢) satisfies
P,(y) =0 for all &« € A, then y € R™.

REMARK. In the case of a single polynomial, this definition coincides
with Andersson’s [1] as given by Hérmander [7], 6.4.

In the following definition we refer to the notation introduced in 2.4.

4.3. DEFINITION. Let V C C" denote an algebraic variety of pure di-
mension k£ > 1. It is said to be locally hyperbolic at x € V NR™ with respect
to an (n — k)-dimensional subspace N of R™ if I(V') is locally hyperbolic
at x with respect to N.

REMARK. It is easy to see that this is the case if and only if one system
of generators (P,)aca of the ideal I(V) is locally hyperbolic at x. The same
statement is true if “one system” is replaced by “all systems”.

4.4. DEFINITION. Let V C C" denote an algebraic variety of pure di-
mension k > 1. Then V is said to be locally hyperbolic at an infinite point
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€ € Voo NR™ 1L if there is an (n — k)-dimensional subspace N of {0} x R”
such that (P,)per(vy is locally hyperbolic at £ with respect to N.

REMARK. It is possible that there is no (n — k)-dimensional subspace of
{0} x R™ which is transversal to (Py)per(v) at . By definition, V' is not

o~

locally hyperbolic at an infinite point £ then. The next two results show that
this is a reasonable definition. Proposition 4.6 is also needed for the proof
of the Main Theorem 5.1.

4.5. LEMMA. Let W C C" be an analytic subset of a neighborhood of 0,
let m: C" — CF be defined by m(2) := (21,...,2x) and assume that w: W —
W is a branched cover. Assume, furthermore, that ToW N kerw # {0}.
Then, for every neighborhood U of 0, there is z € W NU \ R" with 7(z)
real.

Proof. Assume the conclusion is false. Then there is a neighborhood U
of 0 such that if for z € W N U the projection 7(z) is real, then z is real.
Assume that U is a polycylinder such that 7|y~ is still a branched covering
and define a plurisubharmonic function ¢ on 7(U) C C* by

#(¢) :=max{|Imz|: z e WNU, n(z) =C(}.

Note that ¢ is bounded since 7 is proper and that ¢(¢) = 0 whenever ¢
is real. Classical estimates for the harmonic measure of the half-disk (see
Nevanlinna [14], 38) imply the existence of A > 0 such that

(4.1) #(¢) < Allm(| for ¢ near 0.

Fix (0,v) € ToW Nkern with |[Imv| = 1. By Chirka [6], §8.5, Proposi-
tion 2, there is a Cl-curve o in W with «(0) = 0 and &(0) = v. Write
a(t) = (ai(t),as(t)) with ay(t) € C* and ag(t) € C*~*. Then 7o a = ay,
A1(0) =0, and &2(0)=wv. In particular, |a1(t)|=o0(t) and |aza(t) —tv| = o(t).
Thus ¢(aq(t)) > [Ima(t)| > t — o(t), while [Im oy (¢)| < o(t). This contra-
dicts (4.1). m

At a given point § € Vi, there may be a complicated singularity of V.
However, arbitrarily close to £ there is a point ( € V,, where the structure
of V can easily be described, as Stutz [20] has pointed out. We are going to
quote Stutz’s work from Chirka [6]. The following proposition says that, for
almost all E € Ve N R"™*1 local hyperbolicity means that V is a union of
graphs near £.

4.6. PROPOSITION. Let V. C C™ be an algebraic variety of pure di-
mension k > 1 and let § € R", & # 0, be a regular point of Vi, with
dim Cy(V, &) = k + 1. Assume that there is a neighborhood U of & such
that U NsingV = UN V. Let 7 : C* — C" be a projection whose kernel
and range are both spanned by real vectors, and define ® : C"T1 — Cnt!
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by w(xg,2") = (xg, w(x’)). Assume that 7|~y is a branched cover and that
2 € UNV is real whenever 7(z) is real.

Then there are ¢ > 0, a neighborhood Uy C C™ of &, and a biholomorphic
map F : Uy — F(Uy) satisfying F(Uy NR™) = F(Uy) NR™. Also, forn:=
F (&), there are a neighborhood Uy of (0,m1,...,m%), | € N, and holomorphic
functions fi,..., fi : Uy — C" =% with f;(Uy NR¥*Y) C R** such that
(4.2) Az = (mg,2") : || < e, 2’ € F(VNUL)}

= {(zo, ..., 2k, fi1(x),..., fim-i(x)) 2 €Us, 1 < j<I}.

In particular, V is locally hyperbolic in E with respect to a Zariski open and
dense set of (n — k)-dimensional subspaces of {0} x R™ where the topology
is that of the Grassmannian.

Proof. Let W be a representative of an irreducible component of the
germ [V] We claim first that W is regular at f

Assume for contradiction that W is singular at f We have dim Cy(W, € )
= k + 1 since Cy(W, 5) C C4(V 5) and the dimension is at least k + 1. By
hypothesis, W is irreducible at 5 hence it follows from dim Cy (W, & ) = l<:+ 1,
by Chirka [6], § 9.5, Pr0p051t10n 2, that the dimension of sing W at { is k.
Since sing V' is near § an irreducible analytic set of dimension k containing
sing W, we deduce, after possibly shrinking U, that UNsing W = UNsing V.

We may assume that the projection is 7 : z — (21,...,2£,0,...,0). By
Lemma 4.5, no tangent to V at E lies in ker 7 since otherwise there would
be a contradiction to the hypothesis. Since V, is regular at E, this means
that we can assume

(4.3) Voo NU3 ={(0, 21, -+, 2k, 91(2), - - -, gn—k(2)) : 2 close to (&1,-..,&k)},

and it is clear from the hypotheses that the g; are real-valued for real argu-
ments. So after a change of coordinates of the form described in the claim,

(4.4) (singW)NU = Voo NU = (€ + ({0} x C* x {0} *)) NU.

It is shown in Chirka [6], § 9.5, Corollary 1, that Cy4(W,&) = T;W and
that it is a (k+1)-dimensional plane. From this and Lemma 4.5 it follows that

Cy(W, &) Nker & = TeW Nkerm = {0}.
By (4.4), the hypothesis implies
((singW) — &) Nker 7 = {0}.

We have arranged coordinates so that ker® = {0}**! x C"7*. Now we
have verified the hypotheses of Stutz’s Theorem [20], 4.2 (see [6], § 9.5,

Proposition 1). Hence there are a neighborhood Uy of £, k € N, r > 0, and



A radial Phragmén—Lindeldf estimate 169

holomorphic functions ¢1, ..., ¢,_r such that
(4.5) W NUy
={E+ (78 rme, T ST, T k(7)) s T € CFFL gmall}.

We may assume that x is the smallest positive integer for which (4.5)
holds. By assumption, x > 2. Since x is minimal, there must be 71,...,7; €
R arbitrarily small and j € {1,...,n —k} such that the Taylor series expan-
sion of 79 — ¢;(70,71,...,Tk) contains a power 77 where ¢ is not a multiple
of k. We choose 1y to be a small positive constant times a primitive root of
unity if £ > 2 and small and purely imaginary if x = 2. In both cases, this
yields a contradiction to the hypothesis that z is real if 7(z) is real.

This shows the claim that W is regular in E We may again assume that
the projection is 7 : z — (21,...,2k,0,...,0). Then Lemma 4.5, applied
in n + 1 variables, shows that W is actually a graph of the form claimed
in (4.2). =

In earlier drafts of the present paper and in Bainbridge [2], the notion of
hyperbolicity at infinity in a direction was used instead of local hyperbolicity
at an infinite point. This concept is also useful for the proof of the Main

Theorem 5.1. To show that both concepts are equivalent we start with a
remark.

4.7. Regular coordinate systems. Let V be a pure dimensional algebraic
variety of dimension k in C". Coordinates z = (w,s) € C* x C"* are
called regular for V if there exists C' > 0 such that |s| < C(1 + |w|) for all
(w,s) € V.

4.8. LEMMA. If 7 : CF x C" %k — CF, (w,s) — w, denotes reqular
coordinates for V, then
(4.6) 7V - CHY e (zg,. .., 2p),

18 proper.

Proof. Note that the regularity of the coordinate system implies
(4.7) [yl < C+Ir))) + |n(y)]  forallye V.

Let © = (xg,...,2;) € CF! be given. Assume first g # 0 and fix y =

(yo,y’) € V with 7(y) = 2. Then y'/yo € V, in particular

= GOl) )

and hence |y'| < (C' + 1)|z|. Now assume xy = 0. Then there are r > 0 and
yU) €V, j €N, with |y — oo and

/

Y

§C<1—|—

Y )

"= lim —
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Note that = 7(y) = 7 lim; o 7(y))/|y")|. Hence (4.7) implies

ly/| = |r| < limsup —2—— B oy

j—oo [T(y@)] ~

4.9. DEFINITION. Let V be an algebraic variety of pure dimension k > 1,

and fix £ € V;NR"™ with || = 1. Then V is hyperbolic at infinity in direction &

if there is a choice of regular coordinates z = (w, s) for V and constants R>1,
0 > 0 such that, in the complex cone I'(§, ) about the origin, given by

I'(€,0) ={z € C" : |z = (2, )¢ < d[(z, I},
if z=(w,s) e VNI(,J), |w| > R, and w is real, then s is also real.

4.10. COROLLARY. Assume that the hypotheses of Proposition 4.6 hold
f07"£ with |£] = 1. Then V s locally hyperbolic at infinity in direction £
for every coordinate system such that for m : z = (w,s) — w we have
TzV Nkerm = {0}.

Proof. The cones with truncated tips I'(§,0) \ Br(0), d, R > 0, consti-
tute a neighborhood basis of { in the following sense: For every neighbor-
hood U of € in C"*! there are 6, R > 0 such that

{2z =(20,2") €C" . 2/ € I'(&,6), 0 < |20| <6, |2/| > R|=|} C T,

and for each choice of §, R > 0 there is a neighborhood U of E in C"*! such
that

U\ ({0} x C")
C{z=(20,72) € C" .2 € I'(&6), 0<|z| <6, || > R|zl|}.

From this, the claim is immediate. =

4.11. PROPOSITION. Let V be an algebraic variety of pure dimension
k > 1, and let W be an irreducible component of Vy,. The following are
equivalent:

(1) there is £ € ({0} x W) NR™ 1 such that V is locally hyperbolic in €,

(2) there is &€ € WNR™ with |{| = 1 such that V is hyperbolic at infinity
i direction &.

Proof. Let W, := {0} x W. We first show that (1) implies (2). If N is
as in the definition of local hyperbolicity, any projection 7 with ker 7 = N¢
is proper in a neighborhood of £. All further neighborhoods will be subsets
of this one. It follows directly from the definition that the real dimension of
Weo NRY at € is k. Thus there is ¢ € Weo NR"1 arbitrarily close to &
such that V, is regular at C

CASE 1: C € sing V and the dimension of Woo N sing V in C is k. Both
sing V and V,, are regular of dimension & in C , in particular, their germs are
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irreducible. Since their intersection also has dimension k, both germs must
coincide. Hence there is a neighborhood U; of ¢ such that U; NsingV =
Uy N V. There is § € Wy N Uy N R such that V4, is regular in 7
and dim Cy(V,7) = k + 1, since by [6], Lemma 9.4, the set of §) where
dim C4(V,7) > k + 1 has dimension at most k¥ — 1. Now the claim follows
from Corollary 4.10.

CASE 2: Z ¢ sing V or the dimension of W, Nsing V in Z is strictly less
than k. Then there is n € W NR"™ such that 7 is a regular point of V. The
claim follows from Lemma 4.5.

The proof of the converse is the same except that Proposition 4.6 is used
instead of Corollary 4.10. However, the part of the hypothesis of Propo-
sition 4.6 dealing with inverse images of real points is not a priori satis-
fied at infinite points. Thus, we have to show first that the variety V} is
locally hyperbolic in . To do so, assume that 7(¢) = ((1,...,Ck) is the
projection given by the regular coordinates from Definition 4.9 and define
7(20,2") = (20,7(2")). Fix ( € ViyNI'(§,6/2)\ Bar(0) such that 7(¢) is real.
We have to show that ( is real. B

For small t € R, let a(t) = (t,7(¢)) and choose a lift 8(t) = (¢, B(t)) € V
with £(0) = ¢ and 7o 8 = a. Then, for small ¢, B(t) is close to Zand thus,
as in the proof of 4.10, B(t) lies in I'(£,d). The hypothesis implies ((t) real
for t # 0 and hence, by continuity, 3(0) is real. m

5. The Main Theorem

5.1. MAIN THEOREM. Let V' be an algebraic variety in C" of pure di-
mension k > 1 which satisfies the following condition:

(1) For each irreducible component W of Vi, there exists ¢ € W N R"™
such that V is locally hyperbolic at infinity at &.

Then V satisfies (SRPL).

REMARK. The condition of local hyperbolicity at infinity is not necessary
in order that V satisfies (SRPL). This follows from the example of Bain-
bridge [2], already mentioned in Section 1, which has (SRPL), but is not
locally hyperbolic at any real infinite point (see Example 6.3).

Proof (of Theorem 5.1). Because of Proposition 2.7 we can assume
that V is irreducible. Let W7y,..., W, denote the irreducible components of
Vi, so that

q
Vh = U WJ
j=1
By hypothesis, there exist {; € W;N(R™\{0}) so that V is locally hyperbolic
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at the infinite points fA] for 1 < j < q. In Proposition 4.11 it is shown
that there are points in W;, which we will again call §;, such that V is
locally hyperbolic at infinity in direction £;. By Corollary 4.10, there exists a
common choice of regular coordinates for V' and of constants § > 0, Ry > 1
such that for the corresponding projection map = : V. — C* and each
z € VNI'(&,0) satisfying |w(2)| > Ry, z is real whenever 7(z) is real.

Let D € Clwy,...,wg], homogeneous of degree d, be chosen so that V},
is unbranched over {w € C* : D(w) # 0}. (See, e.g., Whitney [21], Chap-
ter I, Corollary 8E, or Shafarevich [16], Chapter II, 6.2, Theorem 4.) For
0<n<1let

S(n) == {z = (w,s) € C" : [D(w)] < nlw|?}.
Choosing n > 0 small enough, possibly shrinking § > 0 and perturbing ¢;

by choosing a different center for a smaller cone, and increasing R;, we can
assume that

(5.1) U I'(§;,6) C Vi \ S(n)

and that the properties mentioned above still hold.
Since V4, is unbranched over 7(S(n)),

o) = inf {135 () — ()] o] = 1, w & 7(S()} > 0.
By the homogeneity of the 3;, this implies
(2 min 3;(w) = ()] = elnlul, w & w(S()

Thus, outside S(n) the 3;(w) are distinct and at least ¢(n)|w| apart, while
on the other hand it is easy to see that for each a;(w) there exists some
Br(w) such that |aj(w) — Br(w)| < C(1 + |w|)! 7. Therefore, if R(n) > 1
is chosen so that C(1 + |w|)' ¢ < Se(n)|w| for all w € C*\ S(n) satisfying
|w| > R(n), then there exists a unique §;(w) such that

laj(w) = Bi(w)| = min |oy(w) — Bi(w)l.

1<i<m’
Consequently, outside the exceptional set
§*(n) == {z = (w,5) € C" : |[D(w)| < nw|? or |w| < R(n)}
the projection map 7 induces an analytic map
(5.3) TV AS () — Vi \ 5™ (n).
Note that for n > 0 small enough, the sets W; \ S(n), 1 < j < ¢, are
connected. Hence
(5.4)  R(j):=C-(I'(&,d) NR™ NW;) is nonpluripolar
in W, \ S(n), 1<j <q.
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Let
q
R := [J RG),
Jj=1

fix n > 0 so small that (5.1) and (5.4) hold and choose Ry > max(Ry, R1(n))
so large that the set
Q:={z€V:|n(z)| <2Ro}

is connected.

To prove that the variety V has the property (SRPL), let u € PSH(V)
be any function that satisfies 2.2(«) and (). To show that u satisfies 2.2()
for some constants A > 1, B > 0 which do not depend on u, let
(5.5) M(u) :=max{u(z) : z € V, |7(z)| < Rp}.
The argument has two steps. First we show that there exists A > 1 depend-
ing only on V', V4, and 1 so that
(5.6) u(z) < Aln(2)| + M(u), zeV.
Then we show that there exists B > 0, not depending on u, so that M (u)
< B. This and (5.6) obviously imply that u satisfies condition 2.2(+y), hence
V has SRPL(A, B).

To prove (5.6) for a suitable constant A > 1 we define the functions ug
on V, \ S*(n) and won W, \ S(n) by

uo(z) ;== max{u(¢) : C €V, 7({) =2z}, u(z):=max{ug(z) — M(u),0}.
Then ug is plurisubharmonic on V4, \ S*(n) since 7 is analytic, while w is
plurisubharmonic because of the definition of M (u). Also define vy and v
on C* by
vo(w) :=max{u(z): z €V, n(z) =w}, v(w):=max{vo(w)— M(u),0}.
By Hormander [7], 4.4, vo and hence v are plurisubharmonic on C*. Note
that v is a plurisubharmonic extension of
w — max{u(z): z € WV, \ S(n), n(z) = w}.

Next recall that u satisfies
(5.7) u(z) < |z|+o(|z]) and wu(z) <0, xze€VNR"™
From the definition of 7 in (5.3) we know that for z € V4, \ S*(n) and each
¢ € V'\ S*(n) satisfying 7(¢) = z, we have

7(Q) =2 < C(L+ Jw])' =

Hence (5.7), the regularity of the coordinate system, and the definition of
ug imply
(5.8) u(z) <zl +o(lz]),  zeVa\SH).
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If z € I'(¢;,0) NR™ N W; for some j, then u(z) < 0 because V is locally
hyperbolic at infinity in the direction &;. From this, (5.8) and the Phragmén—
Lindel6f theorem for subharmonic functions on C, it follows that

(5.9) u(z) < |Imz| < |z| forall z € R.
Next define ¢ : V, \ S(n) — [—o0, oo[ by
¢(z) = sup ﬂ((z), z€Vu\S(n).
cec [¢]

Then ¢ is positive homogeneous. Since u is plurisubharmonic, the upper
regularization ¢* of ¢ is plurisubharmonic and positive homogeneous. For
z € R we have ¢(z) < |z| because of (5.9). Hence (5.4) implies

(5.10) o*(2) <|z| for z€eR.
Now define similarly to ¢ the function 1 : C¥ — [—o0, 00| by
Y(w) = sup U(Cw), w € CF.
cec [€]

Then 1)* is positive homogeneous and plurisubharmonic on C¥. Moreover,

for w € C*\ 7(S(n)) and ¢ € C, the definitions of ¥ and u imply
1 _ 1 ~
mv((w) = i max{u(¢z) : z € Vy, \ S(n), 7(z) = w}.

Hence ¢ is an extension of w — max{¢(z) : z € W, \ S(n), 7(z) = w}
and consequently ¥* extends w — max{¢*(z) : z € V4, \ S(n),7(2) = w}.
Therefore we can now apply Theorem 3.1 with W = W,, I' = V}, \ S(n),
I'" =Ck\w(S(n)), u= ¢*, and v = *. Tt gives the existence of A > 1 such
that

Y*(w) < Alw|  for all w € CF.
By the definition of ¥*, this implies, for each z € V,

u(z) = M(u) < v(7(2)) < ¢(r(2) < ™ (w(2)) < Al (2))];

which proves (5.6).

To prove that M (u) is bounded above by some B > 0 not depending on
u, let
E=VNR"N{.
Then the hypothesis on V' implies that E is nonpluripolar in the open set

(2 defined above. Therefore, the extremal function U (-, £2) of E relative to
{2 is not constant. Hence

wi=max{Ug(z,2):z2€V, |n(2)] < Rp} < 1.
Next note that by (5.6),
u(z) < A2Ryg + M(u), =z € 12,
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while (5.7) implies u(z) = 0 for z € E. Hence the definition of Uj(-, £2)
implies
u(z) < (2ARo + M(u)Ug(2,92), ze€ {2,
and consequently M (u) < (2ARo + M (u))p. This implies
2AR
(5.11) M(u) < f(/)f

Hence V satisfies SRPL(A, B) for B = 2ARou/(1 — ). m

We conclude this section by showing that Theorem 1.1 follows from the
Main Theorem 5.1.

Proof of Theorem 1.1. Let q = Z;.n:_ol qj be the decomposition of ¢ into
homogeneous polynomials so that degg; = j unless ¢; = 0. Then

V ={z = (2,7) € C"": P,(2) =0},

where
m—1
Pu(20,2') = Pu(2) + Y 20" g5 ().
=0

If we write P,, = H;‘Zl (1 where the Q; € C[z,...,z2,] are irreducible
and pairwise nonproportional, then the varieties V' (Q;) are the components
of V. By hypothesis there is, for each [, a § € R™ with @;(&) = 0 and
VQi(&) # 0. Then

VA(0,8) = VPu(&) = (T Qu(€)) VQu(&) # 0.
v#l
So some derivative, say P, /0z,, does not vanish at (0,¢;). By the implicit
function theorem there are a neighborhood U of 0 and a holomorphic func-
tion f with real Taylor coefficients such that

VNU={2€U:2,=f(z0,.-,2n-1)}

This shows that V' is locally hyperbolic at the infinite point a with respect
to N={0}"xR. m

REMARK. From the proof of Theorem 5.1, one sees that the constant A in
the (SRPL) estimate u(z) < A|z|+ B depends on the size of the cones I'(¢, J)
in which V is locally hyperbolic. However, in the situation of Theorem 1.1,
V={z€C": (Pn+q)(z) = 0}, it is not difficult to show that the cones can
be taken very large, in fact equal to {z € C™ : P,,(z) = 0}\ S(n). Therefore,
the constant A depends only on the principal part P,, of P,, +¢. A similar
result holds for general varieties V' provided that the sheet numbers m and
m/ for 7:V — CF and 7 : Vj, — C* are the same, i.e., the map 7 : V — 1},
defined in (5.3) is biholomorphic outside a small exceptional set. We omit
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the proof, since we do not have current applications for the result, and since
the proof is similar to the codimension 1 case.

The constant B in the (SRPL) estimate necessarily depends on the per-
turbation of V' away from V4. In particular, in Theorem 1.1(b), if K is a
compact subset of the space of polynomials with real coefficients and degree
less than m, there is a constant B(K) such that SRPL(A, B(K)) holds for
the polynomials P, + ¢, ¢ € K. However, the choice of B made in (5.11)
does not show this result without further work because of the lack of a good
estimate for the constant u < 1. To prove it, one needs to relate the local
extremal functions V7 (z, £2) with the global extremal function on Vj, of the
cones R; in V},. We omit the details, which are straightforward but lengthy.

6. Discussion of examples, open questions. The Main Theorem 5.1
states that a pure dimensional algebraic variety V inherits (SRPL) from
its cone V}, of limiting directions in V' at infinity provided in sufficiently
many real limiting directions nearby inverse images of real points under
suitable projections are all real. Therefore it is natural to ask what happens
when some of the branches (a;(w),w) in V' that cluster near real branches
(B (w),w) of V4, are real while some are complex. In this case, the property
of vanishing at the real points of V is not preserved when a function u on
V is pushed forward to V4, under the map 7 in (5.3). A simple example of
this situation is the zero variety V of the polynomial

P(:’Ua Y, S) = 53(8 - y) + ‘TB'
In this case
Vi = {(z,y,5) €C*:s=0o0r s =y}

Hence V4, is the union of two hyperplanes in C3. Note that the coordinates
(z,9,s) = (w,s) € C2xC are regular for V. Generically there are four zeros
s = aj(z,y) of P, one of which is near s = y, while three of them are near
s = 0, in the sense that they grow like a fractional power less than 1 in
|(z,y)|. When x and y are both real and large, only one of the three roots of

P(z,y,s) =0 near s = 0 is real while two are complex. By [3], Theorem 1,
the following holds:

6.1. EXAMPLE. The variety
V ={(x,y,5) € C*: s*(s —y) + 2> = 0}
does not satisfy (SRPL).

This shows that the conclusion of the Main Theorem 5.1 can fail if V'
is not locally hyperbolic at infinity for sufficiently many real infinite points.
The example also shows that Theorem 1.1 can fail if P,, has repeated irre-
ducible factors. In this situation, however, more can be shown.
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6.2. EXAMPLE. Let P, €CCl[zy, ..., z,] be homogeneous of degree m with
real coefficients and assume that V(P,,) satisfies the dimension condition.
If P,, has repeated irreducible factors then there exists ¢ € R[zq, ..., 2z,]| of
degree less than m such that V (P, + q) fails (SRPL).

To prove this, assume that P,, = Hj.:l Q;j, where Q1,...,Qs are the
irreducible factors of P, and where ry > ... > rg with r1 > 2. Since V(P,,)
satisfies the dimension condition, each polynomial @); is real up to a complex
factor. Therefore we can assume without restriction that the polynomials
Q1,...,Qs have real coefficients. Then define g := H;:Q Q;j and note that

P+q=@Q"+1 ][
j=2

By Proposition 2.7, V(P + q) fails (SRPL) if V(Q7* + 1) fails (SRPL). To
prove the latter, define u, : C" — R by u,(z) := v[ImQ;(2)|. Then u, is
plurisubharmonic and u, () = 0 for z € R”, since @)1 has real coefficients.
For z € V(Q7' + 1) we have |Q]'(z)| = 1 and hence

uy(z) = v|ImQ1(2)] < v|Q1(2)| < v

Hence u, satisfies the conditions 2.2(«) and () of (SRPL). If we assume
that V(Q7' + 1) satisfies (SRPL) then we get the existence of A > 1, B > 0
such that

(6.1) uy(z) < Alz|+B forall ze V(Q* +1), reN.

Since the equation A" 4+ 1 = 0 has nonreal solutions for each 1 > 2, we can
find ¢ € V(Q7' + 1) such that [Im Q1(¢)| > 0. From this and (6.1) we get

vIm@Q1(¢)| < A|¢|+B for all v € N.
This contradiction shows that V(Q7* + 1) fails (SRPL).

In view of Examples 6.1 and 6.2 and of Theorems 5.1 and 1.1 it is natural
to pose the following problem.

PROBLEM. Let V be a pure dimensional algebraic variety in C™ for which
Vi, satisfies (RPL). Which conditions on V' and Vj} characterize when V
inherits (SRPL) from 14,7

To indicate that the solution of this problem might be rather subtle and
cannot be obtained only by using the methods that were applied to prove
the Main Theorem 5.1, we recall the following example of Bainbridge [2].

6.3. EXaMPLE. Let P(x,y,s) := (s> — 22)? — y(y?> — 2?). Then V(P)
satisfies (SRPL).

Note that in this example
Vh = {(373772/) eC®:s=zors= —x}
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is again the union of two hyperplanes in C? and that again (s,z,y) = (s, w)
are regular coordinates for V' (P). However, now generically two of the four
roots of P cluster near the two different branches of V4,. As Bainbridge [2]
has shown, V' (P) is not locally hyperbolic in the sense of 4.9 in any direction.
By Proposition 4.11 it is also not locally hyperbolic at any infinite point in
the sense of 4.4. This can also be easily seen from Proposition 4.6 since at
no regular point of V does V have the form given in (4.2).
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