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Nonlocal problems for first order functional
partial differential equations

by JAN TUrO (Gdansk)

Abstract. Local existence of generalized solutions to nonlocal problems for nonlinear
functional partial differential equations of first order is investigated. The proof is based
on the bicharacteristics and successive approximations methods.

1. Introduction. Let B = [—b,0] x[=b,0], I; = [0,t] x R™ and E; =
[—bo,t] x R™, where t € [0,a), a >0, b= (by,...,b,) € R?, Ry = [0,00),
and by € R;. For any function z : E, — R with a > 0 and a fixed (z,y) =
(#,y1,...,yn) € Is we define the function z(, ) : B — R by 2, (t,5) =
2(x +t,y+3s), (t,8) € B. We denote by C°(B,R) the set of all continuous
real functions on B.

We assume that f : I, x C°(B,R) x R® — R, and hy, ¢ : Eg = [~bg] x
R" - R, =1,...,r, are given functions.

We consider the nonlinear functional partial differential equation

(1) Drz($7y) :f($7yaz(m,y)7Dyz($ay))a

with nonlocal condition

(2) z(:n,y)—l—Zhl(x,y)z(ak—l—:n,y) :gp(x,y), ($7y) GEO)
1=1
where D,z = (D, 2,...,D,, 2), and a;, i = 1,...,r, are numbers such that

O<a1 <...<a, <a.
The nonlocal condition (2) may also be written in the form

.
(3) 209 + (M) 2y =¥ Y ER™
=1
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In this paper we extend the method of quasilinearization to problem
(1),(2), for which we construct two uniformly convergent sequences: the
first converges to a solution of the problem, the second to its derivative.
The technique essentially involves the method of bicharacteristics.

We consider generalized solutions of problem (1), (2). More precisely, a
function u : E. — R, where 0 < ¢ < a, is a solution of (1), (2) provided

(i) v € C(E.,R) and Dyu(zx,y) exists for (z,y) € I;
(ii) the function u(-,y) : [0,c] — R is absolutely continuous on [0, ¢] for
each y € R™;
(iii) for each y € R™ equation (1) is satisfied for almost all x € [0, ¢], and
condition (2) holds.

For r = n, by = 0 and hy;; = h;;6;; (65 is the Kronecker symbol) the
nonlocal boundary condition (2) reduces to the nonlocal condition “a la
Cesari” [1]-[4], [11], [12], [20], [26], [27]. If hyi; = 8;:0;; then (2) reduces to
the Nicoletti condition [21], [23]. Furthermore, if all ¢y = 0,1 = 1,...,r,
then we get the usual Cauchy condition.

Classical solutions to nonlocal problems were considered for parabolic
equations in [8], [9], [13], and for hyperbolic equations in [6], [7], [10], [15].

Generalized solutions to nonlinear first order partial differential equa-
tions have been investigated in a large number of papers by various au-
thors. Theorems on existence, uniqueness and continuous dependence upon
Cauchy or boundary data for quasilinear systems were given in [1]-[3], [11],
[12], [16], [17], [22]. Quasilinear differential-integral systems and systems
with a retarded argument were considered in [4], [19], [20]. Nonlinear differ-
ential equations were studied in [14]. Generalized solutions of quasilinear or
nonlinear equations with operators of the Volterra type were investigated
n [24]-[27]. Generalized solutions of (1) with the Cauchy condition were
considered in [5].

Equation (1) contains as particular cases the differential equations with a
retarded argument, differential-integral equations and differential-functional
equations with operators of the Volterra type (see Section 6).

2. Preliminaries and assumptions. For y € R" we write |ly|]| =
> |yil- Let || -]lo denote the supremum norm in C°(B,R). We denote by
C%L(B,R) the class of all functions w € C°(B,R) such that

|wl|| = sup{|w(t,s) —w(t,3)|-||s —3]"": (t,5),(t,35) € B} < .

For w € C%L(B,R) we put ||wlo.r = [Jw]lo + [Jw| -

Let C1(B,R) be the set of all continuous functions w : B — R such that
the derivatives Dyw = (Dg,w, ..., Dy, w) exist and Dyw € C°(B,R"). For
w € CY(B,R) we put ||w||; = ||w|lo + max{||Dsw(t,s)|| : (t,s) € B}.
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We denote by C1L(B,R) the set of all functions w € C'(B,R) such
that Dsw € C%L(B,R). For w € CY(B,R) we write w1, = ||w]1 +
[1Dswl|z-

Let © be the class of all functions 7 : [0,a] xRy — Ry such that v(-,t) €
L([0,a],Ry) for every t € Ry, and ~(s,-) : Ry — Ry is nondecreasing for
almost all s € [0, a], where L([0, a], R} ) is the class of all integrable functions
on [0, a).

We put 20) = I, x C*(B,R) x R™ for i = 1,2, and QL) = [, x
CVL(B,R) x R™.

Given S = (Sp, S1,52) € R3, we denote by C2[S] the set of all func-
tions ¢ : Fy — R such that

(i) ¢ € C(Ep,R) and Dyp(z,y) exists for (z,y) € Eo;
(ii) |o(z, )l < So, [Dyp(z,y)ll < S1 on Koy, and
1Dy e(x,y) — Dyp(z,y)|| < Sally — 7l

for (z,y), (x,7) € Ep.

Given S = (8¢, 51,52) € R, Sy, S1 € [0,1/2), we denote by C**[S]
the set of all functions h; : Ey — R such that

(i) by € C(Eo,R) and Dyhy(z,y) exists for (z,y) € Ey, l=1,...,7;

(ii) 32—y (@, m)| < So, 3211 1Dy hu(, y)ll < St on Ep, and

YDy hu(z,y) = Dyhu(z,9)l| < Sally — 7]

for (‘Tay)7 (‘Tay) € Eo.
Let ¢ € CYL[S], by € CYE[S], 1 =1,...,7, be given and let 0 < ¢ < a,

Q = (QU7Q17Q2)7 A= ()‘07)‘1)7 where QZ S R+7 1 = 071727 and )‘j S
L([0,al, R+) j = 0,1. We denote by C1%[c, p, h, Q, \] the set of all functions

z € C(E,,R) such that
(i) z satlsﬁes condition (2) on Ejy;
ii) Dyz(z,y) exists for (z,y) € I;
(ifi) [2(z,y)| < Qo and [[Dyz(z,y)| < Q1 for (,y) € L;
(iv) for (x,y), (T,v), (Z,7y) € I. we have
2(2.y) — 2(@.9)| < | | () dt]
1Dy2(w,9) = Dyz(@ ) < | () dt| + Qally — 7.

We denote by C%L[c, Q, A\1] the class of all functions v € C(I.,R™) such
that
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v(z,y)|| < Q for (z,y) € I;

(i) flo(

(i) [[o(z,y) —v(@ gl <[5, M () dt] + Qally — 7| for (x,y), (,7) € L.

Let CL(B,R) denote the set of all continuous linear operators defined
on C(B,R) and taking values in R. The norm in CL(B,R) is denoted by
I lews,R)-

AssumMPTION H;. 1° The function f(-,y,w,q) : [0,a] — R is measurable
for every (y,w,q) € R"xC°(B,R)xR" and f(z,-) : R"xC°(B,R)xR" — R
is continuous for a.e. z € [0, al;

2° there is 8 € O such that |f(z,y,w,q)| < B(z, |w|) on 2);

3° for every (v,y,w,q) € 2, D, f(z,y,w,q) € R" and D, f(z,y,w,q)
€ CL(B,R) exist;

4° there is o € © such that

v

||Dyf(x,y,w,q)|| < Oé($, ||ZU||1), ||Du;f(33,y,w,(])||CL(B,]R) < oz(x, ||’LU||1),
on 2W:;
5° there is v € © such that
(4) ||Dyf(x,y,w,q)—Dyf(:n,ﬂ,w—l—h,G)H
<@, [lwlly,)lly =3l + 1Al + llg —all],

and

||Dwf($7y7waq) - Dwf(x>y7w + h)G)HCL(B,R)
< (@, wlly,o)llly =7l + 12l + llg —all],
for (z,y,w,q) € RUL) | 5.5 R”, h e C'(B,R).
AssumpTION H,. 1° D,f exists for every (z,y,w,q) € 2 and
Dyf(-y,w.q) € L([0,a],R") for (y,w,q) € R" x C*(B,R) x R™;
2° for (z,y,w,q) € 2 we have the estimate
Hqu(:E,y,w,q)H < oz(a:, HwH1)7
3° for (z,y,w,q) € L) 7.5 € R and h € C'(B,R) we have the
estimate
”qu(x7y7w7Q) - qu(x7y7w + hag)”
< (@, wlly,o)llly =7l + 12l + llg —all],

REMARK 1. We prove the theorem on the existence of solutions and we
give an estimate of the domain of solutions. For simplicity of the estimates
of the constant ¢ we have assumed the same estimate for the derivatives
D,f, Dyf, D,f, and we have also assumed the Lipschitz condition for these
derivatives with the same constant.

REMARK 2. It is important in our considerations that the Lipschitz condi-
tions for the given functions are local with respect to the functional variable.
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Consider the function D, f only and the simplest assumptions on it.
Suppose that there is a constant 7 such that

(5) Dy f(z.y,w,q) — Dyf (2,7, w+ kDI < F[ly — 7l + [|2[lx + [lg —ll]-
Of course, our results are true if we assume (5) instead of (4).

Now we show that there is a class of nonlinear equations satisfying (4)
and not satisfying (5).

Consider the equation with a deviated argument

(6) Dyz(,y) = flz,y,2(\(@), $(x,9)), Dyz(z,y)),

where f : I, x Rx R® — R, A € C([0,a],R), ¥ € C(Is,R"), —by <
AMz)—2 <0, =b < Y(x,y) —y <b, (z,y) € I,, and the derivative D,
exists on I,. We get equation (6) by putting in (1)

f(x7 Yy, w, Q) = f(x7 Y, w()\(x) -, ¢(337 y) - y)7 Q)
Suppose that there are constants a,71, 00,91 € Ry such that

1Dy f (2,9, w,q) = Dy f(2,7,@,9)|| < nllly =l + [w -] +[lg - gll],

1D f (2, y,w,q) = Do f(2, 9,0, )| <mllly =7l + [w — @[ + llg —7ll];

,q
||Dwf(x,y,w,q)\| < aq, ||Dy¢(3§‘,y)|| < 507
[Dy(x,y) — Dytp(z,9)|| < 61lly — 7.
Observe that in 2 we have

Dyif($7y7waq) = Dyzf(x>y>w()\(x) - $,¢($,y) - y)vQ)

+ Dwf(x7 Y, w()‘(x) -, 1/}(1'7 y) - y)? q)
: [ZD%U}()\(.’L’) - x,zp(a:,y) - ?J)(Dyﬂ/h(l’ay) - 1)] .
j=1

Then it is easy to see that
”Dyf(x:f%wa q) - Dyf(x7g7w + h7q)H
< {1+ (14 o) |[wll]* + e [(1 + &o)?Jwll1,z + &1 llw]1]}
x [y =3l + [l + llg — gll].
Thus condition (4) is satisfied. We see at once that the function D, f does

not satisfy the global Lipschitz condition (5). Similar considerations apply
to Dy f, Dy f.

3. Bicharacteristics. Suppose that h; € CHL[S], I =1,...,r, ¢ €
CULS], z € CY e, o, h,Q, )] and u € C%Lle,Q,\1]. We consider the
Cauchy problem
(7) 77/(75) = _qu(t777(t)7 z(t,n(t))7u(t777(t)))7 77(:17) =Y,
and denote by g[z, u](-, x,y) its solution.
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By using the Gronwall inequality, we can prove, similarly to [5], [28], the
following.

LEMMA 1. Let ¢, € CYL[S], hy,hy € CHE[S], z € CYE e, 0, h, Q, ],
z€ CYe, B, h,Q, N, u,u € C%Ele, Q, \] be given, and let Assumption Hy
be satisfied. Then the solutions glz,u|(-;x,y) and g[z,@](-,x,y) of (7) exist
on [0,c], they are unique and we have the estimates

ol 2,1) — gl ul(t7.9)1 < G| s, @) | + 1y — ]
and

lglz, ul(t; z,y) — gz, u](t; 2, y)|

7
< G(z Hv $,Q")ds[llz — Z| c(e. )

+ |1Dyz — DyZ|lo(e, vr) + v —lloa, zm)l|,

where
xr

G(x) = exp [@ S (s, Q") ds},
0

and Q' = Qo+ Q1, Q =1+ Q1 +2Q2, Q* = Qo+ Q1 + Q2.

For given ¢ € CLE[S], hy € CYE[S], z € CY e, ,h,Q, )\ and u €
C%Lle, Q, M), we define

Flz,ul(z,y) = ¢(0, g(0; 2, 1)) thOQOwy )2(ar, g(0;2,y))

+

O e B

F(Plzul(s:2.))

= 3 Da (Pl ul(ss 0, ) (s, 95, )| ds,
1

=
Il

and

T[z,u)(z,y) = Dy,p(0,9(0;2,9) = > Dy, (0, 9(0; 2, y))2(ar, 9(0; 2, ))
=1

— Z hi(0,9(0; 2, y))u(ar, g(0; x,y))

[Dy. f(Plz,ul(s; 2,))

+ )
0
+ Du)f(P[za ’LL](S, x, y))(ui)(&g(swyy))] dS,
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where

P[Z7U](T;$7y) = (Tag[zvu](T;xvy)aZ(T,g[z,u](‘r;r,y))vu(7—7g[27u](7—;x7y)))7
andi=1,...,n.

4. Successive approximations. Now we consider the system of inte-
gral-functional equations which are generated by (1), (2):

z(z,y) = Flz,u](z,y), u(z,y) =T[z,u)](z,y), (z,y)€ I,

) z(z,y) + Zhl (x,y)z(ar + z,y) = o(x,y), (z,y) € Ey,
=1

g(t;z,y) =y + | Dyf (P2, ul(s;2,y)) ds,

where T' = (T1,...,T,).

REMARK 3. The functional integral system (8) is obtained in the follow-
ing way. By introducing an additional unknown function u = D,z in (1) we
consider the linearization of this equation with respect to u, i.e.

(9) Drz($7y) = f(V) + ZDq]'f(V)(Dij($7y) - uj($7y))a

where V' = (2,9, 2(,4), u(2,y)). From (1) we get the following differential
system for the unknown function wu:

(10) Dmui(x7 y) = Dyzf(v) + Dwf(v)(Din)(x,y) + Z DQj f(V)uZ(a:, Y),
j=1
i=1,...,n. Finally, we put Dyz = u in (10).
Considering (9), (10) along the bicharacteristic g[z, u](-; z,y), we obtain

(b gl (5 .)) = F(PLz,ul(t:2,9))

=" Dy, F(Plz,ul(ts 2, y))us (t, glz, u) (2, ),
j=1

d
g Uit glz,ul(t;2,y)) = Dy, f(Ple, u(t; 2,y))
+ Dy f(Plz,u](t 2, ) (W) 1, g12,u] (t52,9) -
Now we construct successive approximations. Suppose that ¢ € C*#[S],

hy € CHL[S], 1 = 1,...,r, and that Assumptions H;-H, are satisfied. We
define the sequences {z(™} and {u(™} in the following way:

(11)

2 ig an arbitrary element of CHEle, o, h,Q, N,
u® = Dyz(o) on I..
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Evidently, u(® € C%L[c,Q, \]. Now, if (2™ u(™) € CVEe, ¢, h,Q, ] x
C%Lle, @, M\1] are known functions, then u(™+1) is a solution of the equation

(12) w=Tu],
and
(13) S(m+1) F(m)[z(m),u(m+1)],

where T(™) = (Tl(m), . ,T,gm)) is defined by
Tz, ul(@,y) = Dy p(0, 9(0:2,))

=" Dy, b0, 9(0;2,))2™ (ar, g(0; 2, ))
=1

= 3 ha(0. g(0s,y)u™ (a1, g(0: 2, )
=1

+{[Dy, F(P[="™) (s 2, y))

0

+ Doy F(PI™, ) (532, 1) (0™ ) s g5 | 451
i=1,...,n. We denote by g the solution of

x

(14) g9(t;z,y) =y + | Do f (P2 u)(r; 2, )) dr,

t

and for simplicity we ignore the dependence of g on z(™) and w.
Note that the equations v = T0™ [2(™) 4] and (12) are not identical.

LEMMA 2. If Assumptions Hy-Hy are satisfied and if hy € CHL[S], ¢ €
CYHE[S], Q; > S, i =0,1,2, then there is ¢ € (0,a] such that for any m > 0
we have

(am) Z(/rrl) 6 Cl"LI:C? (p7 h’ Q? )\]7 u(/rrl) 6 CO"LI:C? Q’ Al:l;
(bm) Dy2z™ (2, y) = u™ (2,y) in I..

Proof. We first suppose that ¢ € (0, a] is a small constant such that
[Sg + SO& ] <1,

0

[1—50—§a(s,Q')ds] [51+51Q0+§a ds] <0,
0 0

¢ 1

{1 - G(e) |:§0 + S a(s, Q") ds} } P(c) <Q2, Mlc) <1,
0
(1- 50)_1{50 + § [8(s, Qo) + Qra(s, Q)] ds} < Qo,

0
where
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xT

P(z) = G(x){52 + 51Q1 4 S2Qo + S1Q1 + Q(1 + Q1) S’Y(S,Q*)ds},

0

M(z) = {G(OQ: 5o+ als. @) ds] + P@) b exp [ [1(5.@7) ]
0 0

+ So + (1+ Q1) \v(s,Q")ds.

O e &

Put

C

M(@) = {G(0)Qa [So + [als, @) ds] + P(e) + 1+ Qi pa(z, @),

0
Ao(z) = B(x, Qo) + {Ql + G(c) [51 +51Qo0 + SoQ1

[

+Qf[a(s. Q)+ Qu1(s, Q) ds| pala, Q).

0
We prove (a,,) and (b,,) by induction. It follows from the definitions of
29 and u(® that (ag) and (by) are satisfied. Suppose now that (a,,) and
(by,) hold. First we prove that
(15) T(??L) : COVL[Cv Qa /\1] - CO,L[Cv Qa )\1]

Indeed, it follows from Assumptions H;-Hs and Lemma 1 that for v €
C%Lle,Q, \1] and (z,v), (Z,7) € 1., we have

xT

(16) 1T ) (2, y)l| < S14+51Qo+50Q1+(1+Q1) { als, Q) ds < Qu,
0
and

1T [u] (2, y) — T [u)(z,7)]]
< [|Dyep(0,9(0;2,y)) — Dyp(0, g(0; 7, 7))

+ > 1Dy m(0, g0z, y))| - 127 (@, 9(05 2, 9)) — 27 (@, 9(0; 7, 7))

=1
=1

+ 375 (0, 902, 9))] - ™ (ar, g0 2, y) — u™ (ar, 9(0;7, 7))
=1 k=1

+ 357 (0, 9(0;2, ) — Ba(0, 9(0:Z,))] - [ul™ (ar, g(0: T, 7))
=1 k=1

+ V1D, f(PI2" ul(s; 2, y)) — Dy f (P, u](5:7.9)) | ds

O ey B
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+‘ ZDwf(P[Z(m)7u](Svay))(uk )(S,Q(S;xvy))ds
k=1
F 3T 1DL P ] (552, 1)) (™) (s
w zZ 7u 87'1"7:'“/ uk (Svg(svxvy))
0 k=1

— Dy (P ul(5:7, 7)) (ug™) (s g si7.7 | s
<|§ru0) dt| + Qally 7.

By the above inequality and by (16) we get (15).
From Assumptions H;—Hs, applying Lemma 1, we obtain

1T [u](z, y) — T [@](z, y)]|
< [|Dyp(0,9(0;2,y)) — Dyp(0,9(0; 2, y))|l

+ > 1Dy m(0, g0, y)| - 127 (ar, 9(0; 2, )) — 2 (a1, 5(05 2, )|
=1

=1

+ 37 1m0, 90, 9))| - [ul™ (a1, g(0;2, ) — uf™ (a1, 5(0; 2, )|
=1 k=1

+ 373 1m0, 902, 9))| - [ul™ (a1, g(0; 2, ) — @™ (a1, g(0; 2, )|
=1 k=1

+ 373 (0,90, 9)) — h(0,5(0;,9))| - |uf™ (a1, 5(0; 2, )|
=1 k=1

— Dy (P (532, 9) ™) (s 551000 | 45
< M(¢)|[u —lle, g,

where g is the solution of equation (14) with @ instead of u on the right-hand
side.
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Hence, using the Banach fixed point theorem we conclude that there is
exactly one u("t1) € C%Lc, Q, \;] satisfying (12).

Now we prove that the function z(™*1) given by (13) satisfies (by1)-
Put

Az, y,7) = 2" (2,7) — 2" (a }juw”” — i)

8] we can prove the estimate

il
| Az, y,9)| < (S2 4 82Q0 + SoQ2)[19(0;2,9) — g(0; 2, y)|1?

T

+\llg(si2,7) — g(s52, ) P[Q(L + @1 + Q2)7(s, Q")

0
+ anl (S, Q/)] ds.

It follows from Lemma 1 that

Similarly to [5],

lg(s; 2, 9) — g(s; 2, 9) | < G(O)lly =Yl
Therefore there is C* > 0 such that
Az, y, )| < C*lly—7lI>,  (2,9), (2,7) € L.
Consequently,
Dz (2, y) =D (@,y),  (2,y) € L.

It is easily shown that z(™*D € CME[c, ¢, h, Q, ]. The proof of Lemma 2
is complete.

5. Uniform convergence. We can now formulate the result on the
convergence of the sequence of successive approximations.

LEMMA 3. If Assumptions Hy-Hsy are satisfied and if h; € CVL[S], ¢ €
CULS], Qi > S;, i =0,1,2, then there is ¢ € (0,a] such that the sequences
{2 and {u"™} are uniformly convergent on I..

Proof. Suppose that ¢ € (0,a] is a small constant such that
{51 + So + SHl(s) ds} exp { SH()(S) ds} + Sﬁll(s) ds <1,
0 0 0
where

Ho(e) = {1+ Qu + G(OIQ:[So + {5, Q) ds] + P) (e @)

0
Hy(z) = Ho(z) + a(z,Q"),
Hy(z) = Ko(2) + o2, Q) + K1 (0)Hy (), i=1,2,
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Ko(x) = 7(z, Q*){QQ + G(c) (51 + SoQ1 + S2Qo

+Qf[a(s, @) + Qu1(5,Q")] ds) |

0

K, (z) = exp “Ho(s) ds} S [Ko(s) + 2a(s, Q)] ds.
0 0

For ¢t € [0,c] and m > 1 we put

Z(m)(t) = Sup{‘z(m)(xvy) - Z(m_l)(‘ray)’ : (xay) € [t}7
U™ (t) = sup{|[u'™ (z,y) — "D (2,9)| : (2,y) € I}.

According to (12) and Assumptions Hy, Ha, on I. we have

[ud™ D (2, ) — ™ (@, y)| < | Ho(s)UT D (s) ds
0

+ QSC [Ho(s) 2™ (s) + H,(s)U™)] ds

0
+ 5,2 (z) + SoU™ ().

Then we obtain the following integral inequality on [0, c|:

Ut (@) < \ Ho(s)U™ ) (s) ds + | [Ho(s) 2™ (s) + Hy(s)U™)] ds
0
+ 5.2 () + SoU™ ().

o

The above estimate and the Gronwall lemma imply

(171 U (e < { [ o2 (9) + B ()0 ds
0

x

+ 5,2 (2) + ggU(m)(az)} exp { S Hy(s) ds}.
0

Using (13) and Assumptions H;, Hy we can prove that
(18) 2" D(z) < 5oz (x)

+\ [Ho(5)Z™ (s) + Hi(s)U™ (s)]ds, =z € [0,c].
0

From (17), (18) we conclude that there exists 6 € (0,1) such that
(19) U™ (g)4 2D (z) < (U™ (2)+ 2™ (z)], 2 €[0,d, m > 0.
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From (11) and from Assumptions Hy, Ho we have
ZW(z) < [[8(s,Q0) + Qre(s, Q)] ds,

0
T

UM (z) < (14 Q1) | ols, Q') ds.
0
Finally, the assertion of Lemma 3 follows from (19).

6. Theorem and particular cases. We are now able to state the main
result of the paper.

THEOREM. Let Assumptions Hi-Hs hold, and let Q; > S;, i = 0,1,2.
Then there is ¢ € (0,a] such that for any numbers a;, 0 < a; < ¢, | =
1,...,7, and functions ¢ € CYE[S], hy € CLL[S], there erists a solution
Z: E. — R of problem (1), (2).

Proof. By Lemma 3 there exist z € CY%le,p,h,Q,)\] and u €
C%Lle,Q, \] such that {z(™} converges to Z and {u(™} converges to T
uniformly on I.. Furthermore, D,z exists on I, and D,z = u. Thus we
obtain

(200 Z(w,y) = (0,5(052,y) — > hu(0,9(0: 2, y))2(ar,5(0; 2, y))

=1
T

+ | [#(Plz D2 (s:2.))
0

— Z D,, f(P[z,DyZ|(s;z,y)) Dy, Z(s; z,y) | ds,
k=1

where
xr

g(t;x,y) =y + | Dof (P2, D2 (r; 2, y)) dr.
t
Now we prove that Z is a solution of (1). By taking y = g(x;0,7) in (20),
we get

(21) ?(%E(f; 0,7))
= 90(0’ 77) - Z hy (0’ 77)5(&1, 77)
1=1

+

O e 8

|:f(7—7 §($7 07 77)7 2(7',§(9E;0,77)) ) Dy2(7—7 g(xa 07 77)))

n

_ZD%JC(T’ g(l‘, 07 77)7 E(7',5(1‘;0,77))7 DyE(Ty §($7 07 U)))Dyk E(T, §($7 0) 77))] dT,
k=1
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since the function g satisfies the group property. By differentiation of (21)
with respect to x, and by putting again y = g(z;0, ), we find that Z satisfies
(1). It follows immediately that Z satisfies (2). The proof of the Theorem
is complete.

Now we list examples of equations which can be derived from (1).
1) Suppose that f: I, x RxR" — R, A:[0,a] —» R, ¢ : I, — R", are
given. Assume that
—bo <A@) =2 <0, -b<¥(z,y)-y<b (2,y) € Lo
We consider the operator f defined by

f(x7 Yy, w, Q) = f(x7 Y, w[)\(x) -, ¢(337 y) - y]7 Q)a (.Z', Yy, w, q) S ‘Q(O)
In this case equation (1) reduces to the following differential equation with
a retarded argument:

Dyz(x,y) = f(z,y, 2(Ax),¥(x,y)), Dy z(x,y)),
Z($7y) ng(x,y), ($7y) GEj(]-

2) Suppose that f: I, x R x R® — R is given function. Let
fla,y,w,q) = f(a:,y, | w(t, s) dt ds,q)-
B

Then equation (1) reduces to the differential-integral equation

0 b
D,z(z,y) = f(x, Y, S S z(x +t,y +s)dtds, Dyz(x, y)),
—bo —b

2(x,y) = o(z,y), (z,y) € Eo.
3) If we take
f($7y7waQ) = f(xaya (V(I(x,y)w))($7y))a

where (I(, ) w)(t,s) = w(t — z,s — y), then equation (1) reduces to the
differential-functional equation [25]

Drz($7y) = f(xaya (Vz)(x,y), Dyz($7y))'
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