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Disconjugacy and disfocality criteria for second order
singular half-linear differential equations

by ONDREJ DOSLY and ALEXANDER LOMTATIDZE (Brno)

Abstract. We establish Vallée Poussin type disconjugacy and disfocality criteria for
the half-linear second order differential equation
o = p(t)|u|°‘|u/|17a sgnu + g(t)u,

where a € (0,1] and the functions p, g € Liy.(a,b) are allowed to have singularities at the
end points t = a, t = b of the interval under consideration.

1. Introduction. In this paper we investigate oscillatory properties and
solvability of two-point BVP’s associated with the half-linear second order
differential equation

(1.1) u” = p(t)|ul ||~ sgnu + g(t)u

where a € (0,1], —00 < a < b < o0, and the functions p,g € Lioc(a,b)
are allowed to have singularities at the end points ¢ = a, t = b. Multiplying
(1.1) by a|u’|* =% we get the half-linear equation in the form more frequently
considered in the literature:

(1.2) (@) = ap(t)P(u) + ag(t)@(u'), P(s):=|s|*sgns.

However, if o # 1, equation (1.1) is of a slightly different kind than (1.2)
and the solution sets of (1.1) and (1.2) are not identical. Indeed, suppose
that a < t; < ty < t3 < t4 < b and that there exist solutions u,v of (1.1)
such that u(t1) = 0 = u/(t2), v'(t3) = 0 = v(t4); moreover, since the solution
space of (1.1) is homogeneous, we can suppose that u(t2) = v(t3). Now, the
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function
u(t), t <t <t
ﬂ(t) = u tz), to <t < ts,
o(t), t3<t<ty

is a solution of (1.1) but not of (1.2). This means, in particular, that the
Sturmian separation theorem (which holds for (1.2)) does not extend to
(1.1), i.e., (1.1) in general admits coexistence of a nonzero solution with a
solution having two or more zeros in an interval under consideration.

Oscillation theory of (1.1) and (1.2) attracted a considerable attention
in the recent years, see e.g. [2, 5-7, 12-16] and the references given therein.
It was shown that oscillatory properties of (1.1), (1.2) are similar to those
of the linear equation

(13) W = pltyu + gl

and methods like variational and Riccati technique, which are typical in
linear oscillation theory, extend with minor modifications also to half-linear
equations.

In this paper we prefer to write half-linear equations in the form (1.1)
since then the equation can be regarded as a particular case of the nonlinear
second order equation u” = f(t,u,u’). The assumption a € (0, 1] is enforced
by the fact that for « > 1 the right-hand side of (1.1) becomes singular in
the phase variable u’.

In 1929 de la Vallée Poussin [21] proved that the second order linear
equation (1.3) (with g,p continuous on [a, b]) is disconjugate in the interval
[a, b], provided

o0
(14) b-a<2|
0

dt
- A= t)|, B= t
1+ At + Bt2’ e |9, B = max |p(t)],

and as a consequence of (1.4) he showed that two consecutive zeros a, b of a
nontrivial solution of (1.3) have to satisfy

2A(b—a) + 3B(b—a)® > 1.

The last condition (given in the monograph by Sansone [20] as the “real”
Vallée Poussin criterion) has been extended in various directions (see [9,
19, 22] and also the survey paper [1] containing a comprehensive bibliogra-
phy). Finally, because of “misinterpretation” of the original result of Vallée
Poussin (1.4), this condition was rediscovered by Cohn in [3]. Note also that
an interesting treatment of Vallée Poussin’s condition (1.4) can be found in
the paper by Opial [19].

Our main result, Theorem 3.1, concerns a Vallée Poussin’s type criterion
for (1.1), where the coefficients g,p are allowed to be singular at the end
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points of the interval under consideration. Moreover, in contrast to the pre-
vious criteria of this kind, we only use one-sided estimates of the functions

9, p-

The paper is organized as follows. In the next section we formulate some
auxiliary results concerning unique solvability of (1.1) with singular end
points a, b and disconjugacy of this equation in terms of solvability of a cer-
tain second order differential inequality. Section 3 is devoted to the main
results of the paper: Vallée Poussin type disconjugacy and disfocality cri-
teria for (1.1). The last section contains some remarks concerning these
statements.

2. Auxiliary results. Throughout the paper we use the following nota-
tion: CL.(a,b) denotes the set of functions u : (a,b) — R such that u, u’ are
absolutely continuous on each compact subinterval of (a,b). Next, L(a,b) is
the usual space of Lebesgue integrable functions on (a,b).

By a solution of equation (1.1) we understand a function u € C}._(a,b)
which satisfies (1.1) almost everywhere in (a,b). It is easy to see that if u is
a solution of (1.1) then Au is a solution as well. The fact that the solution
space of (1.1) has just one half of linearity (homogeneity but not additivity)
justifies the terminology “half-linear equation” for (1.1).

Observe that if we define

r(t) = exp{ § g(s) ds}
(a-+b)/2

then (1.1) can be written in the form

(2.1) <%> = %|u|0‘|u’|lo‘ sgn u.

In this paper we investigate the problem of the existence of a nontrivial
solution of (1.1) satisfying the boundary conditions

(2.2) u(a1+) =0 =u(by—),
(2.3) u(ar+) =0=u'(b1—)
for some ay,b; € [a,b], a; < by. In our investigation we do not exclude the

case when both functions p, ¢ have singularities at a and /or b. In particular,
we will investigate problem (1.1), (2.2) under the assumptions

t b

(24)  r(t) € L(a,b), mn(mgr(s)dsgr(s)ds) € L(a,b)
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and problem (1.1), (2.3) with

§,7(s)ds\“
(2.5) r(t) € L(a,b), p(t)<T> € L(a,b).
Notice that (2.4) holds e.g. if
01 < g 901 < O 8| 2+ ]
and condition (2.5) holds if
(O] < oo o) < O+ 2

where C' > 0, ¢ € (0,a), § € [0,1). Note also that condition (2.4) guarantees
that each solution u of (1.1) has finite (one-sided) limits at the end points
a, b, and condition (2.5) implies that lim;_,;,_ u/(t) exists and it is finite (see
[2], Lemma 2.2).

Now we show that if the integrability condition (2.4) holds then the zero
initial conditions determine the trivial solution of (1.1).

LEMMA 2.1. Suppose that (2.4) holds and ay € [a,b) (resp. by € (a,b]).
Then the trivial solution u = 0 is the only solution of (1.1) satisfying the
condition

(t
wlort) =0 fmint 75| <0
or respectively,
/
u(bi—) =0, timinf| L[ Z o,

Proof. See [2, Lemma 2.8]. m

LEMMA 2.2. Suppose that (2.4) holds and w is a nontrivial solution of
(1.1) satisfying u(a+) = 0 (resp. (u(b—) = 0). Then for any continuously
differentiable bounded function v : (a,b) — R we have
v (Hu(t) v (Hu(t)

u'(t) u'(t)

Proof. Suppose, by contradiction, that the statement fails to hold. Then

by Lemma 2.1 there exist ¢ > 0 and ag € (a,b) such that

u'(t)
u(t)

(2.6) liminf

t—a+

=0, or respectively, liminf =0.

t—b—

lu(t)] #0 and |[v'(t)] > €

‘ for a <t < ap.

Hence
01> 160 ds =l > e 58— o)

for a < t < ag, which contradicts the boundedness of v. m
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Now we turn our attention to disconjugacy and disfocality criteria for
(1.1).

DEFINITION. Equation (1.1) is said to be disconjugate in the interval [a, b
if it does not have a nontrivial solution satisfying u(a;+) = 0 = u(b;—) for
any aj,b; € [a,b], a1 < by, and it is said to be left (right) disfocal in [a,b]
if it does not possess a nontrivial solution satisfying u(a;+) = 0 = u/(b1+)
(u'(a1+) =0 =u(by—)) for any a1,b1 € [a,b], a; < by.

LEMMA 2.3. Let (2.4) hold and suppose that there exist ¢ € [a,b] and

a bounded positive function v € C} (a,b) with finite limits v(a+) > 0,

v(b—) > 0 such that v'(c) =0 and e
V< p@ () (@) + gt () fora <t <b,
V() (c—t) >0 fora<t<b, t#ec.
Then (1.1) is disconjugate in [a,b].

Proof. We will prove the statement in case ¢ € (a,b). When ¢ = a or
¢ = b we proceed in a similar way. Suppose, by contradiction, that u is a
nontrivial solution of (1.1) having at least two zeros in [a, b], i.e., there exist
ay € [a,b) and by € (a,b] such that u(a;+) = 0 = u(by—). Then there exist
ti,te € (a1,b1), t1 < tg, such that u/(t1) =0, u/(t2) = 0 and

W(t) >0 fora; <t<ty, u(t)<0 forty<t<by.

Define the functions g1 and g2 by

or(t) = % L oalt) =

By a direct computation one can verify that

(0= a 2 a0 s S0t (010 U a0,

05(t) < a(r]i(g) r(t)ggaﬂ)/a (t)> sgnv’(t), a; <t<b.

In addition, by Lemmas 2.1 and 2.2 we have

«

v'(t)
u(t)r(t)

(2.7)

o1(a1+) =00, 01(b1—) = o0,
2.8
(28) Hmint 28 — 0 = Jim int 20
t—ai+ Ql(t) t—b— Ql(t)

Suppose first that ¢; < c¢. Then by (2.8) there exist 71 € (ay,t1) and ¢ €
(0,t1 — 71) such that

(29) Ql(t) <Q2(t) for 1 <t<T +e, Ql(Tl) :QQ(Tl).
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If we take into account (2.9), then (2.7) implies

t t
01(t) = o1(m) + S ds S r( (a+1)/a (s) ds

[

> 02(71) + S p(s) dS S (aﬂ)m (s)ds > pa(t)

for 4 <t < 11 + ¢, which contradicts (2.9), hence t; > c.
Now suppose that t; = ¢. By the same argument as above there exist
c1 € (a,c] and € € (0,¢; — aq) such that

(2.10) 02(t) <oi(t) forep—e<t<er, oi(a) = o2(c1).
Set w(t) = p1(t) — 02(t) and
ooy = & T el /) o ] £ ),
0 for |z| = |y|.
Then
(2.11) w'(t) > —ar(t)w(t)p(o1(t), 02(t)) forecp —e <t <e.

Inequality (2.11) implies that for t € (¢; — €, ¢1),

C1

w(t) < w(ep)exp [a S r(s)p(o1(s), gg(s))ds].

Since w(cy) = 0, the last inequality contradicts (2.10). Consequently, we
have proved that ¢; > c¢. In the same way one can prove that ¢ < ¢, but
this impossible, since t1 < t3. m

REMARK 2.1. The statement of Lemma 2.3 remains valid if ¢ € (a,b),
C’lloc(a ) UCL (¢,b) and v/(c—) > 0 > v'(c+).

loc

In the same way as in Lemma 2.3 one can prove the following disfocality
criterion for (1.1).

LEMMA 2.4. Suppose that there exists a bounded function v € 5llc)c(a, b)
with finite limits v(a+) > 0, v'(b—) > 0, v'(t) > 0 on (a,b), and satisfying
the inequality

(2.12) V(1) < p( ()W () + g(t)u(t), a<t<b.

Then the boundary value problem (1.1), (2.3) has only the trivial solution
for every a1,by € [a,b].

REMARK 2.2. In the same way as in Lemma 2.4 we can prove that the
boundary value problem (1.1), u/(a+) = 0, u(b—) = 0 has no nontrivial
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solution provided there exists a bounded function v € 5110C(a, b) such that
v'(a+) <0, v(b—) > 0, v/(t) < 0 and (2.12) holds.

3. Main results. The main results of our paper, the Vallée Poussin type
disconjugacy and disfocality criteria for (1.1), read as follows.

THEOREM 3.1. Suppose that (2.4) holds, there exist ¢ € [a,b], l;; > 0,
i,7 = 1,2, and differentiable functions (3,7 such that 3(t) > 0 fort € (a,c),
~v(t) >0 fort € (e,b),

ﬂ_l/o‘ € L(a,c), ’y_l/o‘ € L(c,b)

and
(3.11) OSO ds > a§ﬁ_1/a(s) ds
o i+ lies+ slat1)/a ; ’
) ds b
3.1 “Ye(s)d
(3.12) (S) lo1 + lops + slatl)/a > a§7 (s)ds,
where
(a+1)/a 1/a B'(t)
(3.21) I5} (t)p(t) > —l1, B (t) g(t) + Oéﬂ(t) > —l3, a<t<ec,
t)

(a+1)/a _ 1/a 71
(3.22) ATV M)p(t) > —la1, v (t)[g(t)er(t)

Then the BVP (1.1), (2.2) has only the trivial solution for any a < a; <
by <b, i.e., (1.1) is disconjugate in [a,b).

:|§122, c<t<b.

Proof. We prove the statement in case c€ (a, b), the casesc =aorc =5
may treated in the same way. Without loss of generality we can suppose that
both ly1 # 0, lo1 # 0. Let 1 > 0 and 5 > 0 be such that

71 ds .
— —1/a
(S] li1 + ligs + sletD)/a a§ﬂ (s)ds,
72 b
ds B e
(S] log + logs + slatD/a a§’Y (s)ds.

Define the functions g1, 02 (implicitly) by the equalities

71
ds

S 111 + 1128 + S(a+1)/a -
01(t)

2
S dS
lo1 + log + slat1)/a

5*1/0‘(3) ds, a<t<eg,

=al\yVes)ds, c<t<b.

02(t)
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Obviously, o1(t) > 0 for a < t < ¢, p1(a+) = 711, 01(c) = 0, p2(t) > 0 for
c<t<b, p2(b—) =12, 02(c) = 0. Let

(3.3) o(t) = {eXp[ - Sg ﬂ_l/a(S)Qli/a(s) ds] fora<t<c,
exp[ — |, v (s) 0y (s) ds] forc<t<b.
Then
v(t) >0 fora<t<b,
V'(t)(c—1t) >0 forté€ (a,c)U(cb), v'(c)=0,
there exist finite limits v(a+) > 0, v(b—) > 0 and we have, for ¢t € (a,¢),

0 = oft) <g§<(f>) > RS <g1<t> ) Vet (gl () > |

Consequently,

V() = () (0)] T — g(t)v' (1)

_ é ( g;((tt)) ) l/a_lv(t) [ <Qﬁl((tt)) ) ' e ( %%) ) (/e ap(t) —ag(t) Qﬁl((tt))] :

The estimates (3.2) now imply that

V(1) < pOP@) O + g0 (1), a<t<g

the same inequality holds also for ¢ < t < b as can be verified by a direct
computation. Consequently, by Lemma 2.3 every solution of (1.1) has at
most one zero in [a,b]. =

REMARK 3.1. A closer examination of the proof of the previous theorem
reveals that this statement is actually a “double disfocality criterion”. In-
deed, (3.11), (3.21) imply that (1.1) is left disfocal in [a, ] and (3.12), (3.22)
imply right disfocality in [c,b]. This, in turn, implies disconjugacy of (1.1)
in [a,b].

This observation immediately suggests the following (left) disfocality cri-
terion.

THEOREM 3.2. Suppose that (2.5) holds and there exists a differentiable
function B satisfying B3(t) > 0 for t € (a,b), =/ € L(a,b), such that

) b

>« “(s) ds,
(S) liy + lias + sletD)/a (Slﬁ (s)
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where
’
t
B Op0) 2 s, 0 ote) + 5

Then the BVP (1.1), (2.3) has only the trivial solution, i.e., (1.1) is left
disfocal in [a,b).

:|Z—112, a<t<hb.

Typical examples of functions 3, which meet the assumptions of The-
orem 3.1 are specified in the following corollary.

COROLLARY 3.1. Let A\, A2 € [0, ), c € [a,b], [;; >0,4,j =1,2, and

dt a?

o0

_g)le=M)/a
>
(3.4) (S) i +ligs + sletD/e ™o — )y e=a) 7
' v dt 2
S (a+1)/a > - (b - C)(Oﬁh)/aa
0121+1228+S a— Ao
where
A
t—a) (@D apt) > t—a)™/ | g(t)+———| > —I t
(=) 2 s, () gt | 2, a <<
(b—t)2@tD/apiy > 1y (b—t)*2/ [g(t) T Al t)] <lyp, c<t<b.

Then (1.1) is disconjugate in [a,b].
Proof. Substitute 3(t) = (t — a)**, v(t) = (b — t)*? in Theorem 3.1. m

4. Remarks and comments. In this final section we give some remarks
concerning the results of the previous section.

(i) The Vallée Poussin criterion (1.4) is a special case of Theorem 3.1.
Indeed, it suffices to substitute ¢ = (b+a)/2, 3 =1 =+, a = 1 and take
into account that

°§’ dt _°§’ dt
0 1+ Mt+ Nt2 ; N + Mt +t2°

Theorem 3.1 also extends the results of [10], Theorem 4.4, and [11], Lem-
ma 1.7, to half-linear equations.
(ii) Harris [8] proved that (1.3) is disconjugate in [a,b] if there exists a
differentiable function p such that (1.4) holds, where A, B are given by
A= max |g(t) +2p(t)|, B = max |p(t) — g(t)p(t) — p(t) + 4/ (t)]-
t€ab] t€la,b]
Substituting u = 0 we get (1.4). The criterion of Harris is essentially based
on the Riccati substitution ¢ = y'/y + p whereas our criterion from Theo-
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rem 3.1 is based on the substitution

o0 = 50 (2

This suggests investigating disconjugacy of (1.1) using the combined substi-

tution
o) =50 ( L)+t

We have tried to follow this idea, but till now we have obtained no result
analogous to those of Harris.

(iii) The strict inequalities in (3.1) cannot be replaced by equalities as
shown by the following example. Let ¢ € (a,b), A1, A2 and ly9, 4,7 = 1,2,
be the same as in Corollary 3.1 and

oo 2
S ds = @ (C _ a)(afkl)/a
ol +lhes+ slath)/a o — )\ ’
T ds g

_ h— (a—Ag)/a‘
ey T MU

Define the functions g1, 02 by

T ds a?
- — a)(@ A/ <t<
S li1 + ligs + sletD/a g — Ny (c—a) . a <e,
o01(t)
OSO dS — OéQ (b _ C)(Q*)\Q)/a c < t < b
) log + log + slatl)/a a— Ao ’ = .
02

Then
Ql(a+) = 00, QQ(b_) = 00, 01 (C) = 07 QQ(C) = 07
01(t) >0 fora<t<e, pa(t)>0 forc<t<b.

Now it is not difficult to verify that there exists € > 0 (sufficiently small)
and 0 € (0,1) such that

a? A T ds ~1/a

Y (t —a)l@M)/a > 5 S aiD/a =adp; ' (t) fora<t<a+e,
! 01(t)
2

. c (b= 02/ > agg, V(1) for b—e <t <b.

— A2

Consequently,

c t

(4.1)  lim S(s - a)_Al/o‘Q?[/a(s) ds = oo = lim S(b - s)_AQ/agé/a(s) ds.

t—a+ ; t—b—
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One can verify directly that the function v given by (3.3) (with 3(t) =
(t —a)*, y(t) = (b —t)*?) is a solution of (1.1) with

p(t) =~ (t —a) /e
A -1/ for a <t <,

g(t) = <— lig — m)

p(t) = —lgy (b — t)relatD)/a

Ay >—/\2/a for c <t <b.

g(t) = <122 + m

On the other hand, by (4.1), v(a+) = 0,v(b—) = 0, hence (1.1) is not
disconjugate in [a, b].
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