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OVER TAME QUASI-TILTED ALGEBRAS
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Introduction. The class of finite-dimensional algebras (associative, with
an identity) over an algebraically closed field K may be divided into two dis-
joint classes (see [10], [11]). One class consists of tame algebras for which
the indecomposable modules occur, in each dimension, in a finite number of
discrete and a finite number of one-parameter families. The second class is
formed by the wild algebras whose representation theory is as complicated
as the study of finite-dimensional vector spaces together with two noncom-
muting endomorphisms, for which the classification up to isomorphism is a
well-known unsolved problem. Hence, we can realistically hope to describe
modules only for tame algebras. Given a finite-dimensional algebra over K,
it is an interesting task to study its associated affine varieties of modules
of fixed dimension-vectors and the actions of the corresponding products
of general linear groups (see [5]-]9], [13], [17], [19]-[21], [23], [26], [27], [31],
[33] for some results in this direction). For example, we may ask when these
affine varieties are irreducible, smooth, complete intersections, Gorenstein,
Cohen—Macaulay, normal, etc.

An important role in recent investigations of finite-dimensional algebras
is played by quasi-tilted algebras. It is the class of algebras of the form A =
Endy(T), where T is a tilting object in a hereditary abelian K-category H.
It was shown in [15] that an algebra A is quasi-tilted if and only if A is of
global dimension at most two and each indecomposable finite-dimensional
A-module has projective dimension at most one or injective dimension at
most one. Important classes of quasi-tilted algebras are provided by all tilted
algebras, tubular algebras, canonical algebras [28] and their relatives. The
structure of an arbitrary quasi-tilted algebra is not yet known. However, the
class of tame quasi-tilted algebras has been described recently by the second
named author in [30]. In particular, one knows that the dimension-vector
of an indecomposable module over a tame quasi-tilted algebra is either a

1991 Mathematics Subject Classification: 14L30, 14M10, 16G20, 16G60, 16G70.
Supported by the Polish Scientific Grant KBN No. 2P03A 012 14.

(85]



86 G. BOBINSKI AND A. SKOWRONSKI

root or a radical vector of the associated Euler (equivalently, Tits) integral
quadratic form.

The main aim of this paper is to describe the geometry of modules
over tame quasi-tilted algebras whose dimension-vectors are the dimension-
vectors of the indecomposable modules. The geometry of module varieties
in the dimension-vectors of directing modules over tame algebras has been
described in our paper [3]. In the present paper we deal with modules whose
dimension-vectors are the dimension-vectors of nondirecting modules over
tame quasi-tilted algebras.

The paper is organized as follows. In Section 1 we present our main
results and recall the related background. Section 2 contains some results
on the module categories of tame quasi-tilted algebras. Section 3 is de-
voted to some geometric preliminary results on affine varieties of modules.
In Sections 4 and 5 we study the geometry of module varieties of tame
quasi-tilted algebras in the dimension-vectors of indecomposable modules
lying in stable tubes and nonstable tubes of the associated Auslander—
Reiten quiver. In Section 6 we sum up the considerations of the previ-
ous sections to get the proofs of the main results. The final Section 7
contains examples illustrating different cases appearing in our considera-
tions.

1. The main results and related background. Throughout the pa-
per K will denote a fixed algebraically closed field. By an algebra is meant
an associative finite-dimensional K-algebra with an identity, which we shall
assume (without loss of generality) to be basic and connected. For such an
algebra A, there exists an isomorphism A ~ K@Q/I, where K@ is the path
algebra of the Gabriel quiver Q = Q4 of A and [ is an admissible ideal of
KQ, generated by a (finite) system of forms 371 ;<; Ajam, ;... a1; (called
K-linear relations), where A1, ..., \; are elements of K and Qg Q1,1 <
j <'t, are paths of length > 2 in ) having a common source and a common
end. Denote by Qg the set of vertices of @), by Q1 the set of arrows of @), and
by s, e : Q1 — Qo the maps which assign to each arrow o € @1 its source s(«)
and its end e(«). The category mod 4 of all finite-dimensional (over K) left
A-modules is equivalent to the category repy (@, I) of all finite-dimensional
K-linear representations V = (Vj, ¥a)icQo,acq, of @, where Vi, i € Qo,
are finite-dimensional K-vector spaces and ¢o : Vi) — Vi), @ € Q1,
are K-linear maps satisfying the equations 3 <<, )\jgoamj S+ Pay; =0 for
all K-linear relations >3; ;< Ajam,; ;... a1 € I (see [14, Section 4] for de-
tails). We shall identify mod 4 with rep g (Q, I) and call the finite-dimensional
left A-modules briefly A-modules. The Grothendieck group Ko(A) of A is
then identified with the group Z%°, and we may assign to each A-module
V = (Vi, pa) its dimension-vector dimV = (dimg V;)icq,-
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Moreover, we denote by I'4 the Auslander—Reiten quiver of A, and by 74
and 7, the Auslander-Reiten translations D Tr and Tr D, respectively. We
shall not distinguish between an indecomposable A-module and the vertex
of I'4 corresponding to it. A component in I'4 of the form ZA/(7"), r > 1,
is said to be a stable tube (of rank 7). We refer to [2] for basic background
on the Auslander—Reiten theory. Finally, following [11], an algebra A is
said to be tame if, for any dimension d, there exist a finite number of A-
K[X]-bimodules M;, 1 < i < ng, which are finite rank free right modules
over the polynomial algebra K[X] in one variable and all but finitely many
isomorphism classes of indecomposable A-modules of dimension d are of the
form M; ®@g[x) K[X]/(X — A) for some A € K and some i.

Fix now a vector d = (d;) € Ko(A) = Z?° with nonnegative coordinates.
Denote by mod4(d) the set of all representations V' = (V;, ¢;) in repg(Q, I)
with V; = K% for all i € Qp. A representation V in moda(d) is given
by de(a) X dg(q)-matrices V(a) determining the maps pq : Ks@) — [ela),
a € Q1, in the canonical bases of K%, i € Qy. Moreover, the matrices V(a),
a € (1, satisfy the equations

Z )\jV(Oémj,j) e V(Oél,j) =0
1<5<t

for all K-linear relations > 1 <;<; Ajaum; j ... a1 € I. Therefore, mod(d)
is a closed subset of Hate K%(@*ds@) in the Zariski topology, and so
mod 4(d) is an affine variety. We note that mod4(d) is not necessarily irre-
ducible. Clearly, it is the case when I = 0. The affine (reductive) algebraic
group G(d) = [l;cq, Gla, (K) acts on the variety mod4(d) by conjugation:

(9V)(0) = etV (@)

forg = (¢9;) € G(d),V € moda(d), « € Q. We shall identify an A-module V'
of dimension-vector d with the corresponding point of the variety mod 4(d).
The G(d)-orbit G(d)M of a module M in moda(d) will be denoted by
O(M). Observe that two A-modules M and N are isomorphic if and only if
O(M) = O(N).

For M, N € mod4(d), we say that N is a degeneration of M if N belongs
to the Zariski closure O(M) of O(M) in mody(d). If N € O(M) implies
O(N) = O(M), then the orbit O(N) is said to be mazimal. Clearly, an
orbit in mod 4(d) of maximal dimension is maximal, but the converse is not
true in general. It is known that the union of all G(d)-orbits in mod 4(d) of
maximal dimension is an open subset of mod 4(d), called its open sheet (see
119], [20]).

Assume now that A = KQ/I is of finite global dimension. Then there is
a (nonsymmetric) bilinear form (—, —)4 on Ky(A) such that
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(dim M,dim N)4 = > (—1)" dimg Exty (M, N)
i=0
for all A-modules M, N (see [28, 2.4]). Then the corresponding quadratic
form xa(x) = (x,x)4, x € Ko(A), is called the Euler form of A. If A is
triangular (Q has no oriented cycles), we may also consider the Tits form
qa of A, defined for x = (z;) € Z9 = Ky(A) as follows:

QA(X) = Z xz2 - Z Ts(a)Te(a) T Z TijTiT

1€Qo acQy 1,J€Qo

where 7;; is the number of K-linear relations with source 7 and end j in a
minimal set R of K-linear relations generating the ideal I. If gl.dim A < 2
then g4 coincides with x4 (see [4]). Moreover, we set

a(x) = Z Ty(a)Te(a) — Z 7T

ac€@Qn 1,7€Q0

for x = (x;) € Z2. We note that all quasi-tilted algebras A are triangu-
lar of global dimension at most 2, and so the forms x4, g4 are defined,
and in fact they coincide. A vector d € Z®0 is called connected if the full
subquiver of @ given by its support supp(d) = {i € Qo : d; # 0} is con-
nected. Moreover, we say that d is positive if d is nonzero and d; > 0 for all
1 € Q.

We can now state the main results of the paper.

THEOREM 1. Let A be a tame quasi-tilted algebra and d the dimension-
vector of an indecomposable A-module. Then

(i) mod4(d) is a complete intersection of dimension a(d) and has at
most two irreducible components.

(ii) The mazimal G(d)-orbits in moda(d) consist of nonsingular mod-
ules.

In fact, in the course of our proofs and in [3] we describe completely
all irreducible components and maximal G(d)-orbits in the considered va-
rieties mod 4(d). We also note that, if the support algebra of d is not a
hereditary algebra, then the semisimple module of dimension-vector d is a
singular point of mod(d), and consequently mod4(d) is not smooth (see
[5, Proposition 1]).

THEOREM 2. Let A be a tame quasi-tilted algebra and d the dimension-
vector of an indecomposable A-module. Then the following conditions are
equivalent:

(i) mod4(d) is irreducible.
(ii) mod4(d) is normal.
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(iii) d is not one of the following forms:

(a) d = h+2z, where h, z are connected positive vectors with disjoint
supports, xa(h) =0, xa(z) =1 and z; <1 for any i € Q.
(b)d = h + h', where h, h' are connected positive vectors with

xa(h) =0, XA(h,) =0, (h, h/> =1, <h/7h>A =0.

We also get the following consequences of the above theorems and their
proofs.

COROLLARY 3. Let A be a tame quasi-tilted algebra and d the dimension-
vector of an indecomposable A-module lying in a stable tube of I'4. Then
mod 4(d) is irreducible, complete intersection and normal. In particular, this
holds for any positive connected vector d € Ko(A) with x4(d) = 0.

COROLLARY 4. Let A be a tame quasi-tilted algebra. The following con-
ditions are equivalent:

(i) A is tilted, all tubes in I'4 are stable and, for any nonisomorphic inde-
composable Ta-invariant A-modules Hy and Hs, either dimg Hom 4 (H;, H2)
# 1 or dimg Ext(Ho, Hy) # dimg Ext? (Hy, Hy).

(ii) For any indecomposable A-module M, mod 4(dim M) is irreducible.

(iii) For any indecomposable A-module M, mod4(dim M) is normal.
(iv) For any indecomposable A-module M, mod s (dim M) is irreducible,
complete intersection and normal.

Finally, we also get the following geometric characterization of tame
quasi-tilted algebras.

COROLLARY 5. A quasi-tilted algebra A is tame if and only if every
indecomposable A-module M belongs to the open sheet of mod(dim M).

2. Tame quasi-tilted algebras. In this section we recall some facts on
tame quasi-tilted algebras and their module categories, needed in the proofs
of our main results. For details we refer to [15], [18], [24], [25], [28], [30].

2.1. Following [15] an algebra A is said to be quasi-tilted if gl.dim A < 2
and, for any indecomposable A-module X, either pd4 X <1 oridg X <1.

One important class of quasi-tilted algebras is formed by the tilted al-
gebras, that is, the algebras of the form Endy(7"), where H is a hereditary
algebra and T is a tilting H-module [28]. The structure of module cate-
gories over tame tilted algebras has been described in [18]. In particular, we
know that the Auslander—Reiten quiver I'p of a tame tilted algebra B con-
sists of a connecting component, a finite number of P;(K)-families of ray
tubes, coray tubes, and a finite number of preprojective components and
preinjective components.
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We now describe the second important class of tame quasi-tilted algebras.
Let C be a tame concealed algebra and T = (7))\ep, (k) be the unique
Py (K)-family of stable tubes in I'c [28, 4.3]. Following [30], by a semiregular
branch enlargement of C we mean an algebra of the form

F M 0
A=]0 C D)
0 O B

where

A i - C D(N
AT = [0 C’] (respectively, A~ = {O (B )})

is a tubular extension (respectively, tubular coextension) of C' in the sense
of [28, 4.7], and no tube in 7 admits both a direct summand of M and a
direct summand of N. It is known that such an algebra A is quasi-tilted.
Moreover, A is tame if and only if both AT and A~ are tame, or equivalently
are tubular algebras or tilted algebras of Euclidean type (see [1], [28]).

2.2. The following characterization of tame quasi-tilted algebras has been
established in [30, Theorem A].

THEOREM. Let A be a quasi-tilted algebra. The following conditions are
equivalent:

(i) A is tame.
(ii) A is tame tilted or a tame semiregular branch enlargement of a tame
concealed algebra.
(iii) xa s weakly nonnegative.
(iv) dimg Ext (X, X) < dimg End4(X) for any indecomposable A-mo-
dule X .

Recall that x 4 is called weakly nonnegative if x 4(x) > 0 for any positive
vector x € Ky(A). We also note that every representation-finite quasi-tilted
algebra is tilted [15, I1.3.6].

2.3. As a direct consequence of the above theorem, [18, Section 4, 6.2],
[28, 2.4(8), 4.9, 5.2], and arguments applied in the proof of [24, 2.1] one gets
the following proposition.

PROPOSITION. Let A be a quasi-tilted algebra. Then A is tame if and
only if xa controls the category mod 4, that is, has the following properties:

(i) For any indecomposable A-module X, x 4(dim X) € {0, 1}.
(ii) For any connected positive vector d € Ky(A) with xa(d) = 1 there is
a unique (up to isomorphism) indecomposable A-module X with dim X = d.
(iii) For any connected positive vector d € Ko(A) with xa(d) = 0, there
is an infinite family (Xx)xea of pairwise nonisomorphic indecomposable A-
modules with dim X, = d for any A.
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2.4. Sometimes it is convenient to consider an algebra A = KQ/I as
a finite K-category whose objects are the vertices of @), and, for any two
vertices ,y € g, the space of morphisms from z to y is the quotient space
of the K-vector space KQ(z,y) of all K-linear combinations of paths in @
from x to y by the subspace I(z,y) = I N KQ(x,y). A full subcategory C
of A is said to be convez (in A) if, for any path a9 — a1 — ... — a; with ag
and a; in C, all vertices a;, 0 < i < t, belong to C. Clearly, if C' is a convex
subcategory of A, we may identify modgo with the full subcategory of mod 4
given by all representations with support contained in C. Moreover, if A
is triangular and C' is a convex subcategory of A, then y¢o and g¢ are the
restrictions of x4 and g4 to Ko(C).

By the support supp(M) of an A-module M we mean the support of its
dimension-vector. If supp(M) = A then the module M is said to be sincere.

Following [28] an indecomposable A-module M is said to be directing if it
does not belong to a cycle M — My — ... M, — M of nonzero nonisomor-
phisms between indecomposable A-modules. Examples of directing modules
are provided by indecomposable preprojective and preinjective modules. Fol-
lowing [3] a directing module which is neither preprojective nor preinjective
is said to be internal.

We end this section with the following consequences of Theorem 2.2, [18,
Section 4, 6.2], [24], [28, 4.9, 5.2, p. 375] and the fact that the support of
any directing module is convex [4, 3.2].

COROLLARY. Let A be a tame quasi-tilted algebra and M an indecom-
posable A-module. Then there is a convex subcategory B of A such that M
1s a B-module and one of the following holds:

(i) B is tubular or representation-infinite tilted of Euclidean type, and M
18 a nondirecting module from a tube of I'4 consisting entirely of B-modules.

(ii) B is a tame tilted algebra containing at most two different tame
concealed convex subcategories, and M is a sincere directing module lying in
a connecting component of I'p.

2.5. COROLLARY. Let A be a tame quasi-tilted algebra. Then

(i) The support of any stable tube I' of I's is a tame concealed or tubular
convex subcategory of A.

(ii) If M is an indecomposable A-module with x o(dim M) = 0 then the
support of M is a tame concealed or tubular convexr subcategory of A.

3. Geometric preliminaries. In this section we recall and prove some
facts applied in our investigations of module varieties over tame quasi-tilted
algebras. For basic background we refer to [12], [16], [19], [20], [29].
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3.1. Let A = KQ/I be a triangular algebra (hence gl.dim A < o0)
and d € Ko(A) = Z9. Given a module M € mods(d) we denote by
Tyr(moda(d)) the tangent space to moda(d) at M and by Th(O(M)) the
tangent space to O(M) at M. Then there is a canonical monomorphism of
K-vector spaces

Tar(mod.a(d))/Tar (O(M)) — Extly(M, M)

(see [19, 2.7]). In particular, if Extl (M, M) = 0 then O(M) is an irreducible
component of mod(d) and O(M) is an open subset of mod(d).

The local dimension dimy; mod 4(d) is the maximal dimension of the irre-
ducible components of mod 4(d) containing M. We have dim g Ty (mod4(d))
> dimps mod4(d). Further, M € moda(d) is said to be a nonsingular
point if dimy;moda(d) = dimg Thr(moda(d)). If M is a nonsingular
point of mod4(d) then M belongs to exactly one irreducible component
of mod4(d) [29, I1.2.6]. The nonsingular points in mod 4(d) form an open
nonempty subset. Clearly, O(M) is irreducible, M is a nonsingular point of
O(M), and hence dim O(M) = dimg T (O(M)). Moreover, dim O(M) =
dim G(d) — dimg End (M) (see [20]).

It is also known that M € mod4(d) is nonsingular provided Ext% (M, M)
= 0. The standard proof of this fact involves schemes and a result by Voigt
(see [13], [26], [32]). For triangular algebras of global dimension at most 2
we shall present an elementary proof of this fact below.

Finally, mod 4(d) is said to be a complete intersection provided the van-
ishing ideal of mod 4(d) in the coordinate ring K[A(d)] of the affine space
A(d) = [aeq, K@@ is generated by dim A(d) — dimmod.(d) poly-
nomials. Observe that this is the case when dimmod4(d) = a(d). We also
note that the irreducible components of a complete intersection have the
same dimension.

3.2. We shall need the following fact.

PROPOSITION. Let A be a triangular algebra of global dimension at
most 2, M an A-module with Ext% (M, M) = 0, and d = dim M. Then M is
a nonsingular point of moda(d), dimy; moda(d) = a(d), and dim O(M) =
a(d) — dimg Extly (M, M).

Proof. For any M € mod4(d) we have
a(d) = dim G(d) — ga(d) = dim G(d) — xa(d)
= (dim G(d) — dimg End 4 (M))
+ dim g Ext! (M, M) — dimg Ext? (M, M)
= dim O(M) + dimg Ext!y(M, M) — dimg Ext? (M, M)
= (dimg Tar (O(M)) + dimg Extly (M, M)) — dimg Ext? (M, M)
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> dimg Thr(mod(d)) — dimg Ext? (M, M).
Hence, applying Krull’s generalized principal ideal theorem, we get
dimy; mod 4(d) > a(d) > dimg Thy(mod4(d)) — dimg Ext? (M, M)
> dimy; mod4(d) — dimg Ext% (M, M).
If Ext% (M, M) = 0, this leads to
dimy; mod4(d) = a(d) = dimg Ths(mod 4(d)).
Moreover, dim O(M) = a(d) — dim Ext}, (M, M). This shows our claims.
3.3. We get the following consequences of the above proposition.

COROLLARY. Let A be a triangular algebra with gl.dim A < 2, and
d € Ky(A) be a positive vector. Assume that for any maximal G(d)-orbit
O(M) in moda(d) we have Ext? (M, M) = 0. Then mod4(d) is a complete
intersection and dimmod4(d) = a(d).

Proof. Clearly it is enough to show that a(d) = dimmod4(d). Observe
that the closure of any G(d)-orbit in mod4(d) is an irreducible variety.
Moreover, any module N from mod4(d) belongs to the closure O(M) of
a maximal orbit O(M) of moda(d). Hence, it follows from our assump-
tion that any irreducible component Z of mod4(d) contains a module M
with Ext4 (M, M) = 0. Applying now 3.2 we conclude that M is a non-
singular point of mod4(d), and so Z is a unique irreducible component of
mody4 (d) containing M. In particular, applying 3.2 again, we have dim Z =
dimps moda(d) = a(d). Therefore, dimmod(d) = a(d), and this finishes
the proof.

3.4. A module variety mod 4(d) is said to be normal if the local ring Oys
of any module M € mod 4(d) is integrally closed in its total quotient ring. It
is well known that if mod4(d) is normal then it is nonsingular in codimension
one, that is, the set of singular points in mod 4(d) is of codimension at least
two (see [12, Chapter 11]). We shall need the following consequence of Serre’s
normality criterion.

THEOREM. Let A be a triangular algebra, d € Ko(A) a positive vector,
and assume that moda(d) is a complete intersection. Then moda(d) is
normal if and only if mod(d) is nonsingular in codimension one.

Proof. See [16, I1.8.23].

3.5. The following theorem shows that the degenerations of finite-dimen-
sional modules over tame quasi-tilted algebras are given by short exact se-
quences.
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THEOREM. Let A be a tame quasi-tilted algebra, d € Ky(A) a positive
vector, and M, N two modules in mods(d). Then M € O(N) if and only if
there exist A-modules N;, U;, V; and short exact sequences 0 — U; — N; —
Vi — 0 in mody such that Ny =N, N1 =U; &V, 1 <1< s, M = Ngpq
for some natural number s.

Proof. It is a direct consequence of [31, Theorem 3], [33, Corollary 3] and
the well-known fact (see for example [7, 1.1]) that any short exact sequence
0—U—W — V — 0 of modules gives a degeneration U & V € O(W).

3.6. The following characterization of maximal orbits in the module
varieties of tame quasi-tilted algebras will be crucial in our investigations.

PROPOSITION. Let A be a tame quasi-tilted algebra, d € Ky(A) a positive
vector, and M a module in moda(d). Then O(M) is a mazimal G(d)-
orbit in mod(d) if and only if Extl(M’,M") = 0 for any decomposition
M =M & M" of M.

Proof. Suppose M = M’ @& M" and there exists a nonsplittable short
exact sequence

0—-M —-E— M —0.

Then M = M’ & M" is a proper degeneration of F, and hence the inclusion
O(M) C O(F)\ O(E) holds. Therefore, O(M) is not maximal. Assume now
that Ext!y(M’, M") = 0 for any decomposition M = M’ @ M" of M. Let
O(M) C O(N) for some module N in mod4(d). Applying Theorem 3.5 we
conclude that there are A-modules N;, U;, V; and short exact sequences

in mod 4 such that Ny =N, N1 =U; @V, 1 <i<s, M = Ngyq for some
natural number s. Invoking now our assumption we infer that the above
exact sequences are splittable, and consequently M = Ngi 1 ~ Ng ~ ... ~
N; = N. This shows that O(M) is a maximal orbit in mod(d).

4. Geometry of stable tubes. Let A be a tame quasi-tilted algebra
and d the dimension-vector of an indecomposable A-module lying in a stable
tube of I'4. We prove in this section that mod 4(d) is irreducible, complete
intersection, normal, and its open sheet is the union of all maximal G(d)-
orbits. Invoking 2.5(i), we may assume that A is tame concealed or tubular.
We first recall basic information on the structure of I'4 in both cases.

4.1. Assume A is tame concealed. Then it follows from [28, 4.3] that I'y
is of the form

I'y=Pv7TvVvVQ
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where P is a preprojective component containing all indecomposable projec-
tive modules, @ is a preinjective component containing all indecomposable
injective modules, and 7 = (7 (’\)) AePy (k) 1s a family of pairwise orthogonal
standard stable tubes separating P from Q (in the sense of [28, 3.1]). In
particular, we know that all modules in 7 have projective dimension and
injective dimension one.

4.2. Assume A is tubular. Then by [2.8, 5.2], I'4 is of the form

Pa=PVvTHV(V %) VTaVOn
qeQt

where Py is a preprojective component, Q. is a preinjective component,
Ty = (’][)(’\)),\epl(K) is a family of ray tubes, 7, = (TQ))AGM(K) is a family
of coray tubes, and each 7, ¢ € QT, where Q" is the set of all positive
rationals, is a family (%(A))/\epl(K) of stable tubes. Further, each 7,, ¢ € QtU
{0, 00}, consists of pairwise orthogonal standard tubes, almost all of which
are homogeneous (stable tubes of rank 1). The indecomposable projective
A-modules lie in Py V 7y while the indecomposable injective A-modules lie in
T V Q. In particular, we know that all indecomposable A-modules lying
in stable tubes of I'4 have projective dimension and injective dimension one.
Finally, each tubular family 7;, ¢ € Q" U {0, 0o}, separates

Py=PoV (\ T) from Q= (\/ 7))V Qu.
p<q p>q
In both cases 4.1 and 4.2, the ordering of families from left to right indicates
that there are nonzero maps only from each family to itself or to the families
to its right.

4.3. Let A be tame concealed or tubular and I" be a stable tube, say of
rank r, in I'4. Then for any indecomposable A-module X in I" there exists
a sectional path X; — X9 — ... — X,;, = X with X; lying on the mouth
of I, and then m is called the quasi-length of X, denoted by ql(X). It is
known [28, 3.1(3)] that for any indecomposable module X in I" we have

(1) xa(dim X) = 0 if and only if  divides ql(X).
(2) xa(dim X) = 1 if and only if r does not divide ql(X).

4.4. We shall also need the following known lemma.

LEMMA. Let I" be a stable tube of rank r in I'a and N an indecomposable
A-module not lying in I'. Then

(i) If Hom (X, N) # 0 for some indecomposable module X from I', then
Homa (M, N) # 0 for any indecomposable module M in I" with ql(M) > r.
(ii) If Homa (N, X) # 0 for some indecomposable module X from I, then
Hom4 (N, M) # 0 for any indecomposable module M in I' with ql(M) > r.
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4.5. Throughout this section we assume that d is the dimension-vector
of an indecomposable module from a Py (K )-family 7 of pairwise orthogonal
standard stable tubes of I'y. If A is tubular we may assume that 7 = 7,
for some ¢ € QT, and then we put P = P, and @ = Q,. Denote by h the
dimension-vector of an indecomposable A-module lying on the mouth of a
homogeneous tube of 7. Then we have the following characterization of the

families P, 7, O.

PROPOSITION. Let X be an indecomposable A-module. Then X belongs
to P (respectively, T, Q) if and only if (h,dimX)s < 0 (respectively,
(h,dim X)4 =0, (h,dim X)4 > 0).

Proof. See [28, 4.3, 5.2].

4.6. Our first aim is to describe the maximal G(d)-orbits in mod4(d).
We have two cases to consider: x4(d) = 0 and ya(d) = 1. We call an
indecomposable A-module X with x4(dim X) = 0 isotropic. Clearly, ev-
ery indecomposable homogeneous A-module (lying in a homogeneous tube
of I'y) is isotropic. We also note that isotropic modules X1, ..., X, from 7
are pairwise orthogonal if and only if X7, ..., X, belong to pairwise different
tubes of 7. Moreover, we abbreviate x = x4 and (—, —) = (—, —) 4.

PROPOSITION. Assume x(d) = 0. Then a G(d)-orbit O(M) in mod 4(d)
is maximal if and only if M = M1 & ... ® M; for some pairwise orthogonal
isotropic modules My, . .., My from T . Moreover, the open sheet of mod 4(d)
is the union of all mazimal G(d)-orbits in mod4(d).

Proof. Let M be a module in mods(d) and M = M; & ... ® M, its
decomposition into a direct sum of indecomposable A-modules, and d; =
dim M; for 1 < i < t. Assume O(M) is a maximal orbit in mod4(d).
Applying 3.5 we get Extl (M, M;) = 0 for all ¢ # j. Hence, since gl.dim A
< 2, we have

(d;,d;) = dimg Homa(M;, M;) — dimg Exty(M;, M;)
+ dimg Ext? (M;, M;) > 0
for all ¢ # j. Moreover, (d;,d;) = x(d;) > 0 for any 1 < i < ¢, because
M, ..., M; are indecomposable (see 2.3). Therefore,

0=x(d)=(dd)= Y (didy)
1<i,5<t

implies that (d;,d;) = 0 for all 1 <4, j < t. In particular, we get (d;,d;) =0
for 1 <14 <t, and so My, ..., M; are isotropic. Furthermore, the equalities

0 = (di,d;) = dimg Hom 4 (M;, M;) + dimg Ext? (M;, M)
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imply that the modules My, ..., M; are also pairwise orthogonal. Finally,
observe that, for each 1 < 5 <t, we have
0=(d,d;) = ) (d;,d;) =0.
1<i<t

On the other hand, it follows from our assumption x(d) = 0 that d = ph for
some p > 1. Therefore, invoking 4.5, we conclude that My, ..., M; belong to
7 . Since these modules are pairwise orthogonal and isotropic, we deduce that
they belong to pairwise different tubes of 7. Observe also that d; = p;h,
1 <i <t with p1 +...+p = p, and dimg Endg(M) = p. Therefore,
all maximal G(d)-orbits in mod(d) have (see 3.1) the same dimension
dim G(d) — p. In particular, the open sheet of mod(d) is the union of all
maximal G(d)-orbits in mod4(d).

Clearly, if M = M; @ ...® M; is a module in mod4(d) with My, ..., M,
isotropic and pairwise orthogonal then dimg End (M) = p, and hence the
orbit O(M) is maximal.

4.7. We note that by 2.3 any indecomposable A-module X which is
not isotropic is uniquely determined (up to isomorphism) by its dimension-
vector.

PROPOSITION. Assume x(d) = 1. Then a G(d)-orbit O(M) in mod 4(d)
1s maximal if and only if M = My & ... ® M,;, where M, ..., M; are pair-
wise orthogonal indecomposable modules from T, My is not isotropic, and
My, ..., M (if t > 2) are isotropic. Moreover, the open sheet of mod4(d)
is the union of all mazimal G(d)-orbits in mod4(d).

Proof. Let M = M1 ®...® M; be a decomposition of a module M from
mody4(d) into a direct sum of indecomposable A-modules, and d; = dim M;
for 1 < ¢ <t. Assume O(M) is a maximal orbit in mod4(d). As above we
deduce that (d;,d;) > 0 for all 1 < 4,5 < t. Moreover, (d;,d;) = x(d;) €
{0,1} for any 1 <i <t, by 2.3. Since x(d) = 1 we have

L=(d,d)= > x(di)+ ) (didy).
1<i<t i#j

Suppose x(d;) = 0 for any 1 < ¢ < t. Then there exists a pair (4, j) such that
(dj,d;) = 1. On the other hand, by our assumption, M; and M; are isotropic
modules. Hence, A is tubular and M;, M} belong to pairwise different tubular
families. Invoking (d;,d;) = 1 and 4.5 we then get (d;,d;) < 0, which
contradicts the above inequalities.

Therefore, there exists ig € {1,...,t} such that x(d;,) = 1. We may
assume that igp = 1. Assume ¢t > 2. Then x(d;) = 0 for 2 < i < ¢, and
consequently the modules Moy, ..., M; are isotropic. Moreover,

0 = (di,d;) = dimg Hom 4 (M;, M;) + dimg Ext? (M;, M)
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for all i # j from {1,...,t}, and so My,..., M; are pairwise orthogonal and
belong to 7. Furthermore, d; = pth + e and d; = p;h, 2 < i < t, for some
p1=>0,p2>1,...,p; > 1 and a connected positive vector e such that e < h.
Clearly, d = ph +e for p = p; + ... + p;. Thus dimg Enda(My) = p1 + 1,
and dimg Enda(M;) = p; for 2 < ¢ < ¢ (if t > 2) (see for example [28,
3.1]). Therefore, dimyx End4(M) = p + 1 depends only on d. Hence, all
maximal orbits in mod4(d) have the same dimension dim G(d) — (p + 1).
In particular, the open sheet of mod4(d) is the union of all maximal G(d)-
orbits in mod4(d).

Clearly, if M = My @ ...® M, is a module in mod 4(d) with My, ..., M
indecomposable pairwise orthogonal A-modules from 7, M; not isotropic,
and Mo, ..., My isotropic (if t > 2), then dimg End4 (M) = p+ 1 and hence
O(M) is a maximal orbit of mod4(d). This finishes the proof.

4.8. We can now derive the following consequence of 3.3, 4.6 and 4.7.

PROPOSITION. The variety moda(d) is a complete intersection and has
dimension a(d). Moreover, the wunion of all mazimal G(d)-orbits in
mody(d) is its open sheet and consists of nonsingular modules.

4.9. Our next aim is to prove that the variety mod 4(d) is irreducible. It is
enough to show that the union of all maximal G(d)-orbits in mod4(d) is its
irreducible subset. We shall use some class of canonical algebras introduced
in [28]. For integers ¢ > p > 1 we denote by A(p, q) the path algebra of the

Euclidean quiver

a Qp—1
e—>0— - >0—>0

7 >
N z

o—>0— -+ >0—>0

B2 Bq—1

For integers r > ¢ > p > 2, denote by A(p, q,r) the bound quiver algebra
Ap,q,m) = KA(p,q,7)/1(p,q,r), where A(p, q,r) is the quiver

Qs ap—1
e—>r0o— - >0—>0
o N
Br  pa2 Bg—1_ Bq
o r0——re— - +0-L oo
N /o
e—>0— - >0—>0
Y2 Yr—1

and I(p,q,r) is the ideal in K A(p, q,r) generated by oy, ...a1 + F4... 01 +
VoM

Finally, for a € K \ {0,1} denote by A(2,2,2,2,a) the bound quiver
algebra A(2,2,2,2,a) = KA(2,2,2,2)/1(2,2,2,2,a), where A(2,2,2,2) is
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the quiver
[ ]

pay
ANy

1
[ ]
and 1(2,2,2,2,a) is the ideal in K A(2,2,2,2) generated by asay + (201 +
Y271 and agan + af2B1 + 0201.

The above canonical algebras A(p, q), A(p,q,7), A(2,2,2,2,a) are quasi-
tilted and their Auslander—Reiten quivers admit a canonical separating
tubular Py (K)-family 7’ of tubular type (p,q), (p,q,7), (2,2,2,2), respec-
tively. In all these cases the dimension-vector ¢ of indecomposable modules
lying on the mouth of homogeneous tubes (simple homogeneous modules)
of 7’ has the identity at all vertices of the quiver. Moreover, A(p,q) and
A(2,2,2,2,a) are tame, and A(p, q,r) is tame if and only if 1/p+1/q¢+ 1/r
> 1. Observe that 1/p+ 1/q + 1/r > 1 (respectively, 1/p+ 1/q¢+ 1/r =
1) if and only if (p,q,r) = (2,3,3),(2,3,4),(2,3,5) or (2,2,n — 2) with n
> 4 (respectively, (p,q,7) = (3,3,3),(2,4,4),(2,3,6)). The algebras A(p, q),
A(2,2,n —2), A(2,3,3), A(2,3,4), A(2,3,5) are tame concealed algebras of
type Apiq, Dp, Eg, E7, Eg, respectively. The canonical algebras A(3,3,3),
A(2,4,4), A(2,3,6) and A(2,2,2,2,a) are called tubular. We refer to [28]
for the representation theory of canonical algebras. We need the following
lemma.

LEMMA. Let A be one of the above canonical algebras and c the dimen-
sion-vector of simple homogeneous modules in the tubular family T'. Then
for any indecomposable A-module W with dim W = c there exists a reqular
map ¢ : K — modx(c) such that o(K)NO(W) # 0 and o(K)NO(H) # 0

for any simple homogeneous A-module H .

Proof. This is an easy exercise due to a very simple structure (see [28,
3.7]) of indecomposable A-modules of dimension-vector c. We indicate the
argument for the algebra A(3, 3, 3). In this case, the indecomposable modules
of dimension-vector ¢ lying in one of the three tubes of rank 3 in 7" are of
the form

— — —

0 1 1 1 1 0
Ao Ao Ao
K—K—K—K > K—K—K—K > K—K—K—K -
Ve a0 Ve gt Ve g0
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If W is the first of the above modules then the required regular map ¢ :
K — mod,(c) assigns to each 1 € K the representation

Ju g 1
2R
K—~K—~K—~K

o

K—K

Clearly, ¢(0) = W and ¢(u), p # 0, 1, form (up to isomorphism) the family
of all simple homogeneous A-modules in 7".

4.10. Let A be one of the above tame canonical algebras. Then
I'y= P'vVT' v Q,

where the indecomposable modules in these families may be characterized
as follows (see 4.5): an indecomposable A-module Z belongs to P’ (respec-
tively, 7/, Q') if and only if (c,dim Z) 4 < 0 (respectively, (c,dim Z), = 0,
(c,dim Z) 4 > 0) (see [28, 3.7]). Let d’ be the dimension-vector of an inde-
composable A-module lying in 7’. Then we have the following

PROPOSITION. The variety mods(d’) is irreducible.

Proof. We have two cases to consider: y,(d’) = 0 and y,(d') = 1.
Assume first x4(d’) = 0. Then d’ = pc for some p > 1. Fix a homogeneous
module Ny of dimension-vector c.

Let My, ..., M; be indecomposable A-modules from 7’ of dimension-
vectors pic, ..., pic, respectively, where p1,...,p; are positive integers such
that p = p1 + ...+ p:. Observe that then there exist indecomposable mod-
ules Ni,...,N; in 7' of dimension-vector ¢ such that N{* & ... ® NI €
O(M; & ...® M) in mod(pc) = mod(d’).

Indeed, for each 1 < i < ¢, there exists an exact sequence 0 — N; —
M; — L; — 0 where N; and L; are indecomposable A-modules lying on
the same ray as M; (in the tube of 7’ containing M;), and dim N; = c,
dimL; = (p; — 1)c. Clearly, L; @ N; € O(M;) in mod,(p;c). Hence our
claim follows by induction on p1, ..., p;.

Since the closures of orbits are irreducible, we conclude that M. .. M;
and N' & ... ® N/' belong to a common irreducible component Z; of
mod(d’). On the other hand, by Proposition 4.9, there are regular maps
0i + K — mody(c), 1 <1 <t such that g;(K) intersects both O(N;) and
O(Ny). For each 1 < i <t, we then get a regular map &; : KP — mod(p;c)
such that & (KPi) intersects both O(N") and O(N{").

Finally, consider the regular map 7 : G(d’) x K? — modx(pc) which
assigns to each (g, p1,...,ut) € G(d') x KP = G(d") x KP' x ... x KP* the




GEOMETRY OF MODULES 101

module g(@!_; & (i) € mody(d’). Then the image of 7 is an irreducible
subset of mod,(pc) containing both N & ... @ N and NJ. Therefore,
NP @ ... ® N and N§ belong to a common irreducible component Z5 of
mod 4 (d’).

We now note that any module X € mod,(d’) which is a direct sum
of indecomposable modules from 7’ is nonsingular, because then X is of
projective dimension at most one, and so Ext? (X, X) = 0. This shows that
Z1 = Z9, and it is a unique irreducible component containing M1 ®...H M
(respectively, N{'). Therefore, there exists a unique irreducible component
Z of mod,(d’) containing all maximal G(d’)-orbits of mod,(d’), and so
mod 4 (d’) is irreducible.

Assume now x4(d’) = 1. Then d’ = pc+¢€’ for some p > 0 and €’ positive
with € < c. For each 0 < i < p, the vector d; = ic+€' is positive, connected,
with x4(d}) = 1; let V; be the unique indecomposable A-module (lying in 7")
such that dimV; = d}. In fact Vp, V,...,V, are indecomposable modules
lying on one ray of a tube in 7’. Hence, for each 0 < i < p, we have an exact
sequence

00—V — Vp —W; —0

where W; is an indecomposable A-module of dimension-vector (p—1)c, lying
on the same coray as V). In particular, V; @ W; € O(V,) in mod,(d’). On
the other hand, it follows from the first part of our proof that the set of
all modules in mod,(d’) of the form V; @ W, for all modules W in 7' with
dimW = (p — i)c, is irreducible. Further, the modules V,, V; & W;, 0 <
1 < p, are nonsingular, because they have projective dimension at most one.
Invoking now Proposition 4.7 we conclude that there exists an irreducible
component of mod4(d’) containing all maximal G(d’)-orbits. Consequently,
mod 4 (d’) is irreducible.

4.11. We now return to our considerations concerning the tubular family
7T over a tame concealed or tubular algebra A. Applying some results by
Bongartz [6] and Lenzing—de la Pefia [22] we are now able to prove the
following fact.

PROPOSITION. The variety mod 4 (d) is irreducible.

Proof. It follows from [22, Section 5] that there exists a canonical (tame
concealed or tubular) algebra A of the same tubular type as A and a tilting
A-module T such that A = Ends(T), 7’ is contained in the torsion part
G4 of mod, defined by the vanishing of Ext! (T, —), 7 is contained in the
torsion-free part Y4 of mody defined by the vanishing of Tor{!(T,—), and
7 is the image of 7' via the functor F' = Homu (T, —).

Let M’ be an indecomposable A-module in 7’ such that dim F(M')=d,
and let d’ = dim M’. Denote by G4(d’) the open subset of mod,(d’) con-
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sisting of all torsion modules and by Ya(d) the open subset of mod(d)
consisting of torsion-free modules. It follows from [6, Section 4] that there
is an affine variety Z and two bundles ¢ : Z — G4(d') and ¢ : Z — Yu(d)
such that, for each X € G4(d’), we have 1o~ (O(X)) = O(F(X)). This es-
tablishes a bijection between the G(d’)-orbits in G4(d’) and the G(d)-orbits
in Ya(d).

Denote by S4(d’) the open sheet of mod,(d’) and by Sa(d) the open
sheet of mod4(d). It follows from 4.8 that S,(d’) is contained in G(d')
and Sa(d) is contained in Y4(d). Moreover, S4(d’) consists of all maximal
G(d’)-orbits in mod,(d") and S4(d) consists of all maximal G(d)-orbits
in mod4(d). Since mod,(d’) = Sa(d’) is irreducible (by 4.10), the variety
Ga(d') is also irreducible, and invoking the definitions of Z and ¢ (see [6]
for details) we conclude that Z is irreducible. Hence Y(d) is irreducible
and consequently so is mod 4(d) = Ya(d).

4.12. Our final aim in this section is to prove that the variety mod4(d)
is normal. Since mod4(d) is a complete intersection, it is enough to show
that mod 4(d) is nonsingular in codimension one (see 3.4). We also note that
since mod 4(d) is irreducible, the normality of mod4(d), as defined in 3.4,
is equivalent to the fact that the coordinate ring of mod4(d) is integrally
closed in its quotient field.

We need some preliminary observations and notations. We may decom-
pose each module X in mody(d) into a direct sum X = M @ N, where
N is a direct sum of indecomposable modules from tubes of rank 1 (homo-
geneous modules) and M has no homogeneous direct summand. We know
by [28, 4.3, 5.2] that there are only finitely many (up to isomorphism) such
direct summands M of X. We define M(d) to be the (finite) set of (iso-
morphism classes) of A-modules M without homogeneous direct summands
such that M & N € mody(d) for some A-module N which is a direct sum
of homogeneous modules.

For each M € M(d) consider the set W)(d) consisting of all modules
L& N € mody(d) such that L ~ M and N is a direct sum of homogeneous
modules. It follows from 4.6 and 4.11 that W), (d) is irreducible. Moreover,
Wy (d), M € M(d), are G(d)-invariant subsets of mod4(d) whose union
is mod4(d). Finally, for an A-module Z, denote by u(Z) the number of
homogeneous direct summands (including the multiplicities) of Z. Then
dim Wy (d) is the maximum of dim O(Z)+u(Z) for all modules Z € Wy, (d).

4.13. We first consider the case x(d) = 0.
LEMMA. Assume x(d) = 0. Then moda(d) is normal.

Proof. As 0=x(d)=dim G(d)—a(d), applying 4.8 we get dim mod4(d)
= a(d) = dim G(d). In order to prove that mod4(d) is nonsingular in codi-



GEOMETRY OF MODULES 103

mension one, it is enough to show that if a set Wy, (d), M € M(d), contains
a singular module then dim Wy,(d) < dimG(d) — 2.

Suppose L & N € Wys(d), with L ~ M, is a singular point of mod4(d).
Invoking 3.2 we then have Ext%(L & N,L @ N) # 0. Since N is a direct
sum of homogeneous modules, it follows from 4.1 and 4.2 that pdy N =
1 =ida N. Hence Ext% (L, L) # 0. Then there exist indecomposable direct
summands Lq, Lo of L such that Ext%(Lg,Ll) # 0. Clearly, idg L1 = 2,
pdy Ly = 2, and so Ly € P, Ly € Q. In particular, L1 % Ly. Therefore,
dimg Enda(L & N) > 2+ p(N), and so

dimO(L & N) =dimG(d) — dimg End4(L & N) < G(d) — 2 — pu(N).

But then dim Wy (d) < dim G(d) — 2 = dimmod 4(d) — 2, and this finishes
the proof.

4.14. Our next step is to prove the following fact.

PROPOSITION. Assume x(d) = 1 and A is tame concealed. Then the
variety mod 4(d) is normal.

Proof. As 1=x(d)=dim G(d)—a(d), applying 4.8 we get dim mod4(d)
= a(d) = dim G(d)—1. Hence, in order to prove that mod 4(d) is nonsingular
in codimension one, it is enough to show that if Wy;(d), for some M €
M(d), contains a singular module, then dim Wy;(d) < dim G(d) — 3.

Since A is tame concealed, by 4.1 we have I'y = PV 7T V Q, where P is a
preprojective component containing all indecomposable projective modules
and @ is a preinjective component containing all indecomposable injective
modules. Moreover, for any homogeneous module H € 7, X € P, Y € Q,
we have Hom 4 (X, H) # 0 and Homu4(H,Y) # 0. Since x(d) = 1, d is of the
form d = ph + e with 0 < e < h. Then it follows from 4.7 that all maximal
G(d)-orbits in mod 4(d) have dimension dimG(d) — (p + 1).

Suppose now that L& N € Wy,(d), M € M(d), L ~ M, is a singular
point of mod4(d). Then Ext? (L, L) = Ext%(L ® N,L ® N) # 0, and there
exist indecomposable direct summands Ly, Lo of L with EXti(LQ, Ly) #0.
Clearly, idg Ly = 2, pdy4 Lo = 2, and hence L; € P and Lq € Q.

Assume N # 0. Then Homu4 (L1, N) # 0, Homa(N, La) # 0, and so we
have

dimO(L @& N) = dimG(d) — dimg Ends(L & N)
<dimG(d) —4 — pu(N) < (dimG(d) — 1) — 3 — u(N).
Thus dim Wy (d) < dimmod(d) — 3.
Let N = 0. In such a case Wy, (d) = O(M) and dim O(M) < dim G(d) —

(p+ 1), because O(M) is not maximal (see 4.7). Hence, if p > 1, we have
dimWys(d) < dimG(d) — p — 2 < mod(d) — 2.
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Suppose p = 0. If dimx End4 (M) > 3, then dim O(M) < dim G(d)—3 <
dimmod 4(d) — 2, and there is nothing to show. Assume dim End 4 (M) = 2.
Then M = L1 & Ly and Enda(L1) = K, Enda(L2) = K and Homa (L1, L2)
= 0, Homy(Lg, L1) = 0. Further, since L1 € P and Lo € Q, we also have
Exty(Li, L1) = 0 and Ext!(Ls, Ly) = 0. Moreover, dim O(M) = dim G(d)—
2 = dimmod(d) — 1. On the other hand, it follows from the description
of maximal orbits in mod 4(d), given in 4.7, that moda(d) = O(V) for the
unique indecomposable A-module V' with dimV = d = e (because p = 0).
Hence L is a minimal degeneration of V', and consequently applying 3.5 we
get a nonsplittable exact sequence

0—-L1 >V —>Ly—0

with L = L1 @ Ls. Consider now the induced exact sequence
Exty (L1, L1) — Ext% (L, L1) — Ext%(V, L)

induced by the above short exact sequence. Then Exti(V, Ly) = 0 because
V €T implies pd4 V=1, and, as we have seen above, also Ext!(L1, L1)=0.
Hence Ext% (Lo, L1) = 0, a contradiction. Therefore, the set of singular
points in mod4(d) is of codimension at least 2.

4.15. Our final aim of this section is to prove the following fact which
completes the proof that mod4(d) is normal.

PROPOSITION. Assume x(d) = 1 and A is tubular. Then moda(d) is
normal.

Proof. Since x(d) = 1, we again have dimmod4(d) = dimG(d) — 1.
Further, by 4.2, I'4 is of the form

Pa=PVvTHV(V %) VTav Qu
qeQt

and, by our assumption 4.5, 7 = 7, for some ¢ € QT. Moreover, d =
ph + e with 0 < e < h, and all maximal G(d)-orbits in mod4(d) have
dimension dim G(d) — (p+1) = dimmod 4(d) — p. Assume that M € M(d),
and L ® N € Wy(d) with L ~ M is a singular point of mod4(d). Since
pdy N =idg N =1, there are indecomposable direct summands L; and L9
of L with Ext% (Lo, L1) # 0. Thenidq L1 = 2, pd 4 Lo = 2, and consequently
L1 belongs either to Py or to a tube of 7y with a projective module, and Lo
belongs either to Q. or to a tube of 7., containing an injective module.
Suppose now that L N = Uy & Uy W for some indecomposable direct
summands Uy and Uy with Hom 4 (U1, Us) # 0 or dimg End (L) > 3. Then

dim O(L & N) = dim G(d) — dimg End (L & N)
<dimG(d) — 3 — pu(N) < dimmoda(d) — 2 — u(N),
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and hence dim W),(d) < dimmod 4(d) — 2. Therefore, we may assume that
L @ N is a direct sum of pairwise orthogonal indecomposable modules, and
L =1L, ® Ly with dimg End (L) = 2.

We claim that N = 0. Suppose N # 0. Observe that N has no inde-
composable direct summands from a family 7,, r € QT, because otherwise
Hom4(L1, N) # 0 and Homy (N, Ly) # 0, by the separation property of 7.
Next assume that N admits two indecomposable direct summands Ni € 7y
and Ny € 7. Then the supports Cy of N1 and Cy, of Ny are unique tame
concealed convex subcategories of A, and A is a tubular extension of Cj
(respectively, coextension of C,). In particular, Cy and Co, have a common
object . Then there is an indecomposable projective module P € Py and
a nonzero map P — Ns which factorizes through any tube of 7j5. Hence
Hom 4 (N7, N2) # 0, which contradicts our assumption on L & N.

Therefore, by symmetry, we may assume that L; belongs to a ray tube
of 7y containing a projective module, the indecomposable direct summands
of N lie in homogeneous tubes of 7, and Lo is a module in T V Qoo whose
restriction to Cy is zero. We shall prove that in fact N = 0. Take a module
H lying on the mouth of a homogeneous tube of 7y containing no direct
summand of N. Then

(d,dim H)
= (dim(L; & N) + dim Lo, dim H)
= (dim(L; @ N),dim H) + (dim Ly, dim H)
= (dim Ly, dim H)
= dimg Homy (Lo, H) — dimg Ext(Ly, H) + dimg Ext% (Lo, H)
= — dimg Ext} (Lo, H) = — dim Homa (7 H, L)
= —dimg Homy(H, Ly) = 0.
Moreover, d = ph + e, 0 < e < h, where e = dim Z for an indecomposable
module Z € 7. We also know that Homu(Z,H) = 0, pdy Z = 1, and
(h,dim H) < 0, by 4.5. Finally, if p = 0, then Z is a sincere A-module and so
Homu(H, Z) # 0, or equivalently, (dim Z,dim H) = — dimg Ext (H, Z) =
—dimg Hom4(Z, H) < 0. Altogether this gives
(d,dim H) = p(h,dim H) + (e,dim H)
= p(h,dim H) + (dim Z,dim H) < 0,
a contradiction.
Therefore N = 0, and Wy, (d) = O(M). If p > 1 then
dim Wy (d) = dim O(M) < dimmoda(d) —p — 1 < dimmod4(d) — 2,

because the orbit O(M) is not maximal.
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Assume p = 0. We claim that Ext}(L;, L;) = 0. Indeed, suppose it is
not the case. Since Enda(L1) = K and pdy L; < 1, we then have

x(dim L;) = dimg End 4(L1) — dimg ExtYy (L1, Ly) + dimg Ext% (Ly, Ly)
=1 —dimg ExtYy(Ly, Ly),
so x(dim L;) = 0. Hence L; is an isotropic Cp-module and
(dim Lq,d) = (dim Ly, dim Z)
= dimg Homu (L1, 2)
= dimg Home, (L1, Z|c,) > 0,

because Z|c, # 0 and is a direct sum of indecomposable preinjective Cp-
modules. But then we get

dirnK HOIIlA(Ll, LQ) = <d1m Ll, dim L2>
= (dim L;,dim L; + dim L3)
= (dim L;,d) > 0,

contrary to our assumption that L; and Lo are orthogonal.

Therefore, Extll4(L1,L1) = 0. Repeating now the arguments applied in
the final part of 4.14 we conclude that Ext? (Lo, L1) = 0, again a contradic-
tion. This finishes the proof.

5. Geometry of nonstable tubes. Let A be tame quasi-tilted and d
the dimension-vector of a nonstable nondirecting indecomposable A-module.
We shall describe the maximal G(d)-orbits in mod 4(d), the irreducible com-
ponents of mod4(d), discuss the normality of mod(d), and prove that
mody4(d) is a complete intersection.

5.1. We may assume that A is either tubular or tilted of Euclidean type
and d = dim X for an indecomposable nondirecting A-module X lying in a
tube of I'4 containing a projective module. Moreover, invoking [28, Section 4]
(see also [1]) we may assume that additionally the following hold:

(1) There exist a convex tame concealed subcategory C of A, a convex
linear category A = KA (A is a quiver of type A,,) and an indecomposable
C-module R lying on the mouth of a stable tube I'©) of I'c such that C
is obtained from the one-point extension C[R] by identifying its extension
vertex with one of the ends of A.

(2) The restriction X|c of X to C' is an indecomposable C-module lying
on the ray of I'®) starting at R while the restriction X[, of X to A is a
unique indecomposable sincere A-module.

(3) The Auslander—Reiten quiver I'4 is of the form

I'y=Pv7TvVvVQ
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where P is the preprojective component of I'o, 7 = (T(’\))/\Gpl(K) isa Py (K)-
family of tubes obtained from the unique Py (K)-family I" = (I’O‘))/\epl(K)
of stable tubes of I'x by ray insertions in the tube I'(©) containing R, and Q
is either a preinjective component (if A is tilted of Euclidean type) or is of
the form Q = (V eq+ 7g) V Zoc V Qo (if A is tubular), in the notation 4.2.
Hence, 7N = '™ for any A € Py (K) = K U {oo} different from 0.

We denote by X the unique ray of 7(© starting from R. Then for any
nondirecting indecomposable A-module Z in 7 with Z |4 # 0, the module
Z|c is indecomposable and lies on Y. Denote by h the dimension-vector of
a module lying on the mouth of a homogeneous tube of 7 (equivalently,
of I'). Then d = ph + e with d|¢ # 0 and e # 0 such that 0 < e|c < h and
e|4 having 1 at each vertex of A. Moreover, xa(d) = 1.

5.2. The following proposition describes the maximal G(d)-orbits in
mod 4(d).

PROPOSITION. Let M be a module in moda(d). Then the G(d)-orbit
O(M) is mazimal in moda(d) if and only if M =My &...® M, t > 1, for
some pairwise orthogonal indecomposable A-modules My, ..., M; such that
Moy, ..., M (if t > 2) are isotropic modules from T, and either M lies in
the nonstable tube of T©) or Mi|lc =0,t>2, and X does not contain any
of the modules Mo, ..., M;.

Proof. We know from 3.6 that the orbit O(M) is maximal if and only
if Exty(M’,M") = 0 for any decomposition M = M’ @& M" of M. As-
sume O(M) is maximal. Applying the same arguments as in 4.7 we con-
clude that M = M; & ... ® M, where My, ..., M; are indecomposable A-
modules with x(dim M;) = 1, x(dimM;) = 0 for 2 < i < ¢ (if t > 2),
(dim M;,dim M;) = 0 for all i # j from {1,...,t}, and dim M; = pth +e,
dimM; = ph, 2 < ¢ < ¢, with py > 0, po > 1,...,p0 > 1 such that
p =p1+ ...+ p. Moreover, the modules M, ..., M, are pairwise orthogo-
nal, and clearly Ms,..., M; lie in 7.

Further, since M|y = M|, is a sincere indecomposable A-module we
conclude that M, lies in 7 (and then in the nonstable tube 7)) if and only
if Mi|c # 0. Assume Mi|c = 0. Hence M; = M|, lies in Q. Observe also
that then ExtY(My, Z) # 0 for any module Z lying on the ray ¥, and so
Mo, ..., M; do not lie on X.

We now determine dim O(M) = dim G(d) — dimx End4(M). We have
dimg Endy (M) =p1+1 if dim M |¢ #pi1h with p; > 1, and dimg End 4 (M)
= p; if dim M;|¢c = p1h > 0. Moreover, dimg End 4 (M;) = p; for 2 <i <.
Therefore, we get dimg Enda(M) = p+ 1 if d|¢ # ph or Mi|c = 0, and
dimg End (M) = p if d|c = ph and M;|c # 0.
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Hence, if d|¢ # ph then all maximal G(d)-orbits in mod 4(d) have the
same dimension dim G(d) — (p + 1), and their union is the open sheet of
mod 4 (d). Moreover, in this case, if M = M;@®...®M; with My, ..., My pair-
wise orthogonal indecomposable lying in 7, Ma, ..., M; (if ¢ > 2) isotropic,
and M lying in 7, we have dimg Ends(M) = p + 1, and so O(M) is a
maximal G(d)-orbit mod4(d).

Assume now that d|c = ph. Note that d|c # 0 because X|c # 0. It
follows from the above discussion that the open sheet of mod4(d) is the
union of all G(d)-orbits of the form O(M), where M = M & ... & M; with
My, ..., My indecomposable A-modules from 7 such that M; belongs to
TO) and My, ..., M, are isotropic modules lying in pairwise different tubes
of T and different from 7.

Conversely, if M = M & ... ® M, for My, ..., M, pairwise orthogonal
indecomposable A-modules such that M;|c = 0, M, ..., M; are isotropic
modules from 7 and do not lie on the ray ¥, then ExtY(M;, M;) = 0 for all
i # j from {1,...,t}, and O(M) is maximal by 3.6. Clearly, such an orbit
O(M) has dimension dim G(d) — (p + 1) and hence is not contained in the
open sheet of mod4(d).

5.3. We may also state the following consequence of the above consider-
ations.

PROPOSITION. The variety moda(d) is a complete intersection and has
dimension a(d). Moreover, the maximal G(d)-orbits consist of nonsingular
modules.

Proof. Let O(M) be a maximal G(d)-orbit and M = M; @ ...® M, be
a decomposition of M into a direct sum of indecomposable modules. Then
for each pair ¢,5 € {1,...,t} we have

0 = (dim M;, dim M;) = dimg Hom 4 (M;, M;) + dimg Ext? (M;, M;)
(see 4.7), and so Ext%(M;, M;) = 0. Therefore, Ext} (M, M) = 0 and M is

a nonsingular point of mod4(d), by 3.2. Applying 3.3 we then conclude that
mod 4(d) is a complete intersection and dimmod(d) = a(d).

5.4. Our next aim is to prove the following fact.

PROPOSITION. The variety mod4(d) has at most two irreducible com-
ponents. Moreover, moda(d) is irreducible if and only if d|c # ph for any
p=>1.

Proof. Denote by X the set of all modules in mod4(d) of the form
My @ ...® M; where M,..., M; are pairwise orthogonal indecomposable
A-modules from 7T, M, ..., M, are isotropic, and M; lies in 7 and is
not isotropic. Applying arguments as in 4.10 we infer that X is irreducible.
Moreover, it follows from 5.2 that X contains the open sheet of mod4(d).
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Let Z; be the closure of X in mody(d). Clearly, Z; is irreducible of
dimension a(d), and so is an irreducible component of mod4(d). Moreover,
if d|¢ # ph for any p > 1, then Z; = mod4(d) and consequently mod4(d)
is irreducible.

Assume now that d|c = ph for some p > 1. Denote by Zs the set of
all modules (representations) M in mod4(d) such that M(a) = 0 for any
arrow connecting the extension vertex of C[R] with C. Obviously, Z; is not
contained in Z,.

We claim that Z5 is an irreducible component of mod4(d). Indeed, 2,
consists of all modules in mod 4(d) of the form U® V', where U is a C-module
with dimU = ph and V is a A-module with dimV = d — ph = e. We
know that e is the dimension-vector of a unique sincere indecomposable A-
module N, and then mod 4 (e) is the closure of O(NN). Hence mod (e) is irre-
ducible. Applying 4.11 we conclude that mod¢(ph) is irreducible. Therefore,
Z, is also irreducible as a product of modc(ph) and mod,(e). Moreover,
dim Z; = dimmod 4 (ph) + dimmod (e) = a(d), because d = ph + e and
the supports of ph and e are disjoint. This shows that Z5 is an irreducible
component of mod4(d). Finally, observe that every maximal G(d)-orbit of
mody4(d) is contained in Z; or Z9, and hence mod4(d) = Z1UZ5. Therefore,
mody4(d) has exactly two irreducible components Z; and Zs. This finishes
the proof.

5.5. The final aim of this section is to prove the following.

PROPOSITION. The variety mod4(d) is normal if and only if d|c # ph
for any p > 1.

Proof. Assume first that d|c = ph for some p > 1. We claim that then
mod 4(d) is not normal. We know from 5.4 that mod 4(d) has two irreducible
components Z; and Zs. It is well known that Z; N Zy consists of singular
modules. Hence, in order to prove that mod4(d) is not normal it is enough
(see 3.4) to find an irreducible subset of Z; N 25 of dimension a(d) — 1.

Consider the set Z of all modules in mod4(d) of the form N = Nyo& N; &
...®N,, where Ny is a unique indecomposable A-module with Ny|c = 0 and
N|x = No|a, Ni is a unique indecomposable A-module of dimension-vector
h lying on the ray X of 7 starting at R, and Na,....,N, (if p > 2)
are modules lying on the mouth of pairwise different homogeneous tubes
of 7. Observe that Z is contained in Z,. Further, there exists a short exact
sequence

0—>N1—>M1—>N0—>0

where M, is a unique indecomposable A-module in 7© with dim M; =
d—(p—1)h. Hence, any module N = Ng@N1®...® N, of Z is a degeneration
of a module M = M; @ N @ ... @ N, from Z;. This shows that Z is
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contained in Z; N Z5. On the other hand, by 4.11, Z is an irreducible set
and dim Z = a(d) — 1. Therefore, mod 4(d) is not normal.

Assume now that d|c # ph for any p > 1. We know from 5.4 that
then mod4(d) is irreducible. We claim that mod4(d) is also normal. Since
mod 4(d) is a complete intersection, it is enough to show that moda(d) is
nonsingular in codimension one.

We proceed as in 4.14 and 4.15, and use notation introduced in 4.12.
Assume M € M(d) and L @ N € M(d), with L ~ M, is a singular point
of mod4(d). We claim that dim Wy (d) < dimmod4(d) — 2. As in 4.15 we
reduce the consideration to the case where L @ N is a direct sum of pairwise
orthogonal indecomposable A-modules, L = L1 @ Lo, dimg End4(L) = 2,
Ext4 (L2, L1) # 0, and by definition N is a direct sum of homogeneous
A-modules. Since pdy L1 = 2, we have L; € P or L; € 7. Similarly,
since id4 Lo = 2, we infer that Lo belongs to a component Q (coray tube or
preinjective) containing an injective module.

We prove that N = 0. Suppose it is not the case. We claim that then
N is a direct sum of homogeneous modules from 7. Indeed, assume there

exists an indecomposable direct summand H of N which does not belong
to 7. Then

(d,dim H) = (dim X, dim H) = dimg Hom (X, H) >0

where X is a unique indecomposable module with dim X = d. On the other
hand, H = N & W for some indecomposable A-module W and

(d,dim H) = (dim(L ® W) 4 dim H,dim H) = (dim(L @ W), dim H)
= dimg Homa(L ® W, H) — dimg ExtY (L @ H)

because x(dim H) = 0 and pd 4 H = 1. Finally, we get Hom 4 (L&W, H) # 0,
which contradicts our assumption on L & N.

Thus, N is a direct sum of homogeneous modules from 7, and conse-
quently Ls|c = 0. Take a module H lying on the mouth of a homogeneous
tube of 7 containing no direct summand of N. Then

(dim H,d) = (dim H,dim L + dim N)
= dimg Hom 4 (H, L2) + dimg Hom4(H, N)

because pdy H = 1 and Homa(L®N,74H) = Homy (L& N, H) = 0. On the
other hand, d = dim X for a unique indecomposable A-module X lying in
T and so (dim H,d) = 0. Hence, Hom 4 (H, Ly) = 0 and Hom4(H, N) =
0. In particular, Ls|c = 0 and N is a direct sum of homogeneous modules
from 7. We know that if 7, Li|4 # 0, then it is an indecomposable A-
module. Observe that Lo = Lo, is also an indecomposable A-module. Since
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A is a hereditary algebra of type A,, we then get the inequality
dimy Ext}y(Lg, L1) = dimy D Hom 4 (74 L1, L2)
< dimg Homu (7, L1|a, L2) < 1.
But then we obtain
1=(d,d) = (dim(L; ® Ly ® N),dim(L; ® Ly & N))

= x(dim L;) + x(dim Ly) — dimg ExtY (Lo, L) + dimg Ext? (Lo, L;)

= 2 — dimg ExtY(Ly, L) + dimg Ext? (Lo, Ly)

> 1 + dimg Ext? (Lo, Ly),

and so Ext% (Lo, L1) = 0, a contradiction.

Hence, N = 0.If d = ph+e with p > 1, then dim W), (d) = dim O(M) <
dimmody(d) —p — 1 < dimmody4(d) — 2, because O(M) is not a maximal
orbit in mod 4(d). Finally, as in 4.14, p = 0, dimg Enda(L; & L2) = 2 and
pdy X < 1 again leads to Ext? (Lo, L1) = 0.

This finishes the proof that mod 4(d) is nonsingular in codimension one,
and consequently is normal, in the case d|c # ph for any p > 1.

6. Proofs of the main results. The aim of this section is to sum up
the results of Sections 4, 5 and our paper [3] and prove the results stated in
Section 1.

6.1. Theorem 1 is a direct consequence of 4.8, 4.11, 5.3, 5.4 and [3, The-
orem 1].

6.2. Theorem 2 follows from 2.3, 2.4, 2.5, 4.11, 4.13, 4.14, 4.15, 5.4, 5.5
and [3, Theorem 2].

6.3. Corollary 3 is a direct consequence of 2.3, 2.5 and Theorems 1 and 2.

6.4. We now prove Corollary 4. Let A be a tame quasi-tilted algebra.
First observe that if I'4 admits a nonstable tube I' then, by 5.4, 5.5 and
their duals, there exists an indecomposable A-module X in I" such that
mod 4 (dim X) is neither irreducible nor normal. In particular, it is the case
if A is not tilted (see 2.2).

Therefore, assume that A is tilted and all tubes of I'4 are stable. Then
any nondirecting indecomposable A-module M lies in a stable tube and
it follows from 4.11, 4.13, 4.14 and 4.15 that mod4(dim M) is both irre-
ducible and normal. Let M be a directing (indecomposable) A-module. We
know from [3, Theorem 2] that mod4(dim M) is not irreducible (equiva-
lently, is not normal) if and only if M is an internal directing A-module
and dim M = h; + hy with connected positive vectors h; = dim Hi,
hy = dim H; of K((A) such that x4(h;) =0, x4a(h2) =0and (h;,hg)4 =1,
for some indecomposable modules H; and Hs lying in homogeneous tubes of
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I'y and with the property dimx Hom 4 (Hy, H2) = 1. Moreover, we then also
have (hy,hy) = 0, Hom(Ho, H;) = 0, and hence — dimy Ext!,(Ho, Hy) +
dim g EXti(HQ, Hl) = <h2, h1> — dimpg HomA(Hg,Hl) =0.

Conversely, suppose that Hy, Hy are indecomposable modules from ho-
mogeneous tubes of I'4 such that

dimg Homy (Hy, Ho) =1,  dimg ExtYy(Hy, Hy) = dimg Ext? (Hy, Hy).

Then it follows from the structure of I'4, described in [18], that Hp is a
torsion-free module and Hj is a torsion module, in the torsion theory given
by the tilting module defining the tilted algebra A, and hence Hom 4 (H2, H1)
= 0. Clearly, xa(dim H;) = 0 and xa(dim Hz) = 0, because H;, Hy are
from homogeneous tubes. Then we get the equalities

(dim Hy,dim Hs) = dimg Homa (H;, Hy) — dimg EXt}q(Hl,HQ)
+ dimg Ext? (Hy, Hy) = dimg Homa(Hy, Ha) = 1
and
(dim Hy, dim H,) = dimg Homy (Hy, Hy) — dimg ExtY (Hy, Hy)
+ dimg Ext? (Ho, Hy) = dimg Hom 4 (Ha, Hy) = 0.

Hence, x4(dim H; + dim Hy) = (dim H; + dim Hs, dim H; + dim Hj) =
1. Moreover, dim H; + dim Hs is connected, because Homy(Hy, Ha) # 0.
Therefore, applying 2.3 we conclude that dim H; + dim Hy = dim M for a
unique indecomposable A-module M. In fact then M lies in the connecting
component of I'4, and so is an internal directing A-module. In particular,
mod 4(dim M) is neither irreducible nor normal. Finally, we recall that an
indecomposable A-module H lies in a homogeneous tube of I'4 if and only
if it is T4-invariant, that is, 7o H = H. This finishes the proof of Corollary 4.

6.5. Let A be a quasi-tilted algebra. It has been proved in [31, Theorem 3]
that A is tame if and only if for any modules M, N such that dim M =
dim N and N € O(M)\O(M) in mod 4(d), the module N is decomposable.
Therefore, A is tame if and only if the orbit O(M) of any indecomposable
A-module M is maximal. In particular, if every indecomposable A-module
belongs to the open sheet of mod4(dim M) then A is tame.

Conversely, if A is tame and d is the dimension-vector of an indecompos-
able A-module then it follows from 4.6, 4.7, 5.2 and [3, Theorem 1] that the
G(d)-orbits of indecomposable modules in mod 4(d) have maximal dimen-
sion, and so belong to the open sheet of mod4(d). This proves Corollary 5.

7. Examples. We shall illustrate our considerations by some examples.

7.1. Let A= KQ/I be the bound quiver algebra given by the quiver
Q 1283



GEOMETRY OF MODULES 113

and the ideal I in K@ generated by af. It is well known that A is a tilted
algebra of type As and the Auslander—Reiten quiver I'4 is of the form

P
/N
S1 S Ss
\I /

where dim S; = (1,0,0), dim P, = (1,1,0), dim Sy = (0,1,0), dim I, =
(0,1,1), dim S5 = (0,0,1). In particular, we have ExtY (X, X) = 0 for any
indecomposable A-module X. Then for any dimension-vector d € Ky(A) =
73, the irreducible components of mod 4 (d) are the closures of the orbits of
modules M in mod4(d) with Ext (M, M) = 0 (see [5, Lemma 4]).

Take now d = (2,2,2). Then it is easy to see that the irreducible compo-
nents of mod4(d) are the closures of orbits of the following three modules:

M =510 P,® 1P Ss,
My =Py ® Py, P S3D S3,
M3z =565 &1& I

Moreover, dimg Enda(M;) =7, dimg End4(Mz) = 8 and dimg End 4(M3)
= 8. Since dim G(d) = 12, we get dimO(M;) = 5, dim O(Ms) = 4 and
dim O(M3) = 4. Hence, the irreducible components of mod(d) are not
equidimensional. Therefore, mod 4(d) is not Cohen-Macaulay and so is not
a complete intersection. On the other hand, note that d is not the dimension-
vector of an indecomposable A-module.

7.2. Let A= KQ/I be the bound quiver algebra given by the quiver

AT
2 5
and I generated by 7§ and o§. Then A is a tilted algebra of Euclidean
type D7, being the domestic tubular extension of the tame concealed (even
hereditary) algebra of Euclidean type Dy given by the vertices 1, 2, 3, 4, 5.
The Auslander—Reiten quiver I'4 of A consists of a preprojective component,

a preinjective component and a Py (K)-family of ray tubes, all of them stable
with the exception of one tube which is of the form



114 G. BOBINSKI AND A. SKOWRONSKI

0 0
1 0 )0
0,0 0.0 11
00 00 11
o N, N 0,
0.0 010 11 :
00 00 171
N0 TN, SN o,
010 11 1;1
00 171 171
0, o,/ N0 N S
1(1)1 0(1)0 1;1 1.1 :
11 00 171 171
I N N N T Z i W
| 199 1% 11 2l
| 121 121 171 21y
o,/ N0 N0 T N o |
1;1 222 121 2l :
171 279 171 279
N0, TN T N0, T TN oy
! 279 209 222 2;2

where the indecomposable modules are replaced by their dimension-vectors
and the dotted lines have to be identified in order to obtain the (ray) tube.
Then according to 5.4 and 5.5,

0 0 1
0 1 1
1 1 1
n n
2n 2n 2n
n n

form a complete list of the dimension-vectors d of indecomposable A-modu-
les for which the module variety mod4(d) is not irreducible (equivalently, is
not normal).

7.3. Let A= KQ/I be the bound quiver algebra given by the quiver

and the ideal I in K(Q generated by a0, vo and v3 — ao. Then A is a tame
tilted algebra obtained by glueing two Kronecker algebras C; = KQ™) and
Cy = KQW@, where QW) (respectively, Q) is the full subquiver of A given
by vertices 1 and 2 (respectively, 2 and 3). Moreover, I'4 is of the form

ITy=PiVTLVCVTITV Qs

where P is the preprojective component of I'cy, 77 is a Py(K)-family of
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stable (homogeneous) tubes of I¢,, 72 is a P (K)-family of stable (homoge-
neous) tubes of I'c,, Qs is the preinjective component of I'c,, and C is the
connecting component of the form
1 1
340 120 021 0 4 3

NG N N N

2 30 010 0 3 2

2

obtained by glueing the preinjective component of I, and the preprojective
component of I'c, using the indecomposable projective-injective A-module
P of dimension-vector d = (1,2, 1). Observe that d = hy 4+ hy, where hy =
(1,1,0) and hy = (0,1,1) are generators of the radicals of x¢, and x¢,,
respectively. Moreover, (hi,hy)4 = 1 and (hy, h;)4 = 0, and it follows from
Theorem 2 that mod4(d) is neither normal nor irreducible.

On the other hand, any indecomposable A-module nonisomorphic to P
is either a Cj-module or a Cy-module. Hence, mod 4(e) is normal and irre-
ducible for the remaining dimension-vectors e of indecomposable A-modules.

7.4. Finally, let A = KQ/I be the bound quiver algebra given by the
quiver
T, . ¢
NN
Q: 3—4 7
S N

and the ideal I generated by {oy — ndy and {oya. Denote by C; the tame
hereditary algebra of type A4 given by vertices 4, 5, 6, 7, and by C the tame
hereditary algebra of type D5 given by vertices 1, 2, 3, 4, 5, 6. Moreover, let
By be the convex subcategory of A given by all vertices except 1. Then B;
is a tilted algebra of type D5 which is the tubular extension of C; using the
simple homogeneous module

lKl
N\
K K
N
K

Moreover, A is the one-point extension Bj[R] of By by the indecomposable
preinjective Bi-module R of the form

K
/N

K—K 0

SN S
K

0
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Further, the radicals of x¢, and xc, are generated respectively by
0 1 1.1
h1_00111 and h2_1221o

Then it follows (see also [25, 1.5]) that A is a tame tilted algebra whose
Auslander—Reiten quiver is of the form

ITy=P1VTLVCV TV Qs

where P; is the preprojective component of I'¢,, 77 is the Py (K)-family of
ray tubes of I'p,, 7o is the P;(K)-family of stable tubes of I'c,, Q2 is the
preinjective component of Ic,, and the connecting component C contains a
unique sincere indecomposable (directing) module M and

12 0 1 11
i = 2371 = 011 220 =h hs.
dim M 123, 0% -1-1 1 1+ ho

In fact, C is a glueing of the preinjective component of I'p, with the prepro-
jective component of I'¢,, and the neighbourhood of M in C is as follows:

0 0 1

1 0 1 1 1 1 0 1 1 0 1
00110 012 1 O11 0 11110 1211 01210 122 0

oo X X X X N SN

=a 0 1 0 2 0 1 0 1 2 2 0 1 2 1 1
ee > 02 1*01321*0 1 12321*12320*1 1 13420*0 1

B NG N N

ee 20943550 2 0 2 0 0 0 1 0 1 1 2 1 1 2 3

1150» 23%1* 1270 2270»

1 3 11211*11321*00110*01210*01100*13320*12220*24530*°=°
1 1 0 1 2
122 00100 01110 2210

Moreover, it is easy to check that (hj, hy)4 = 2, and hence mod4(dim M)
is irreducible and normal. Observe that if N is an arbitrary indecomposable
directing A-module nonisomorphic to M then N is either a Bj-module or
a Cy-module, and consequently mod 4(dim N) is irreducible, normal and a
complete intersection.

On the other hand, we note that the tubular family 77 has one nonstable
tube containing indecomposable modules with dimension-vectors

0 n 0 0 0 n 0 0
in mn = 10 0 + nh 1m n = 10 0 + nh n>1
0 n 0 0 - L 1 n 10 - 1, -

for which the associated modules varieties are, according to 5.4 and 5.5,
neither irreducible nor normal.
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