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Introduction. For any positive integer n we denote by P(n) the Lebe-
sgue measure of the set of irrational numbers x € (0, 1) whose closest ratio-
nal approximation with denominator < n is a convergent of the continued
fraction expansion of x.

The question of the behaviour of P(n) was asked by M. Deléglise to
A. Schinzel. Recently I. Aliev, S. Kanemitsu and A. Schinzel [1] proved that

1 6 1
P(n) ==+ —(log2)?>+0( - ).
(n) = 5 + S5liog27 + 03
In this article we shall improve this result to the following

THEOREM. There exists ¢ > 0 such that
1 6 1 (logn)3/®
1 P(n) ==+ —(log2)?+0( - —c—"—— ).
) P =5+ 2o + O 5 oo et
Under the Riemann hypothesis we have
1
@) P() = 2+ S (102 + 042+,
7T
REMARK. I. Aliev, S. Kanemitsu and A. Schinzel [1] also note that the

main term, but not the error term, can be derived from Theorem 1.3 of
P. Kargaev and A. Zhigljavsky [2].

Classical results. We denote by |x| the greatest integer not exceeding
x and write ¢(z) =2 — |z — 1/2.

LEMMA 1. Let f be a function with a continuous derivative in the interval

[a,b]. Then
b

b
> fn) =\ f@)dz +p(a)f(a) — () f(b) + | v(2) f'(x) da.

a<n<b a a

Proof. See for example Titchmarsh [4], formula 2.1.2, page 13. =
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Applying this lemma and writing ¢(z) = ¥ (z)/z, log* 2 = max(log z, 1)

we obtain
LEMMA 2. For arbitrary positive numbers a < b we have

Z %:logb—loga-l-(b(a) —¢(b)+0<%>,

a<n<b
1 log b)2 — (1 2 |
s loen_ oetl (o) +¢<a>loga—¢<b>1ogb+0<°g “>,
a<n<b a?
1 1 1 1
D ﬁ_5—3+0<¥>'
a<n<b

COROLLARY 1. For any positive number x, we have

3 %: 1og2+¢<§> —¢(m)+0<$>7

z/2<k<z

log k x (log 2)?
=1 — ) log2 4+ ———
Z 3 og <2> 0g 2 + 5

z/2<k<z
x x log™
+¢<§> log <§> — ¢(x)logz +O< = ),
1 1 1
> m=,70 (z)

z/2<k<z
LEMMA 3. There exists ¢ > 0 such that for any x > 1 we have

Z“ ~0(eo(~Tagnger) )

1<d<z
1 3/5

Z ,u +O< eXp< 71(05;56) 1/5>>.

1<d<z (log log z)

Under the Riemann hypothesis, for any x > 1 we have
u(d) —1/24¢ p(d) 6 —3/2+¢
1<d<z 1<d<wz
Proof. By partial summation, for any 1 < x < y we have
p(d) 1 ¢ dt
S EE == Y wa+ (Y )G

r<d<y Yy r<d<y T r<d<t

S DL (5 )

rz<d<ly Yy r<d<ly T x<d<t
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By Satz 3 of A. Walfisz [5], page 191, there exists ¢ > 0 such that
1 3/5
Z p(d) = O<:U exp (—c’ (OL)”J)
= (log log )Y/
Writing
log t)3/°
o(t) = o (ogt)™™”
0 =e0(~ G
we have > o, u(d) < t5(t), hence

Z“ < 3y +3§5(t)%

z<d<y T
Yy
2
< 6(y) + 0(z)(log z) étlogt < 0(x)log x,
dt ¢ Ydt b
3 “—<<—)+§5()—<<M+6( |4 o 0@
Y t T
r<d<y T

In 1909, Landau [3] proved that Y~ u(d)/d = 0. Hence for any ¢ with
0 < ¢ < ¢ we have

) 1 3/5
Z M(d ) Z ‘u << 0(x)log z < exp <—C %)
2 y—)oo A (log log z)

which proves the first estimate of Lemma 3.
Furthermore,

2 -3 2 g —ato
1<d<z d>z

u(d) 6 pd) _ 6 (%@)

which proves the second estimate of Lemma, 3.
The proof of the estimates under the Riemann hypothesis is similar.

Proof of the theorem. In [1] I. Aliev, S. Kanemitsu and A. Schinzel
reduce the problem to the evaluation of an elementary sum by proving

LEMMA 4 (Aliev, Kanemitsu, Schinzel). For n > 1 we have
1 1
= — 2 e
n) 2 * bz be

where the sum is taken over all integers b,c such that 1 < b <n < c < 2b
and (b,c) =1
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Applying this lemma we have

1 = 1
P =ty Y LS
b=1 n<c<2b d| (b,c)
1 " u(d) 1 11 " u(d) [n
3t 2 5 2 w2y
d=1 1<k<n/d n/d<m<2k d=1
where
sw= Y ¢ ¥ o
N k m’
z/2<k<zr xT<m<2k

LEMMA 5. For any positive number x we have

S(z) = (log2)* i+0<10g+x>.

2 dx 2

Proof. The argument is similar to those used in [1]. We use Corollary 1,
which is a simple application of the Euler—-Maclaurin summation:

1 1 1
Sw= 2. % 2 uT 2

z/2<k<z x<m<2k z/2<k<z

1 _ 1
= Z E(long—logx—i—qﬁ(x) — ¢(2k) + O(z7 %)) — Z o2
z/2<k<z x/2<k<z
log k 1 _ 1
- Y S (es/2) s 0 Y
z/2<k<z z/2<k<z x/2<k<z
~ (log2)? 1 logt
2 4x +0 2 )"

If we replace S(n/d) by the asymptotic formula above and do a straight-
forward summation over d we obtain the result of I. Aliev, S. Kanemitsu
and A. Schinzel in [1].

Howewer, we observe that if d is large, then n/d is small and therefore
the error term in the asymptotic formula above is bad. Hence we need a
different argument when d is large.

Let R be an integer such that R =< n'/3 (this choice will be explained
later). We then have

1 d d
P(n)=3+2 %S<%>+2 3 3 %S<%>.
1<d<n/R 1<r<R n/(r4+1)<d<n/r

We observe that for any real number x > 0 we have S(z) = S(|z]). Indeed,
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if k¥ and m are integers we have
rf2<k<ze|z]/2<k<|z|], z<m<2k<&e|z]<m< 2k
Now for n/(r+1) < d < n/r we have |n/d| = r. Hence
1 pu(d) o[ p(d)
(3) P(n)=;+2 > 75@) +2 > S(r) > 5
1<d<n/R 1<r<R n/(r+1)<d<n/r

We will use Lemma 5 to replace S(n/d)and S(r) by the corresponding
asymptotic formula. We recall that R < n'/3, which implies that log(n/R) =
logn. We deduce from Lemma 3 that there exists ¢ > 0 such that for
1<r <R,

u(d) ( (log n)3/® >

— L —exp| —¢c777F7—1 ).
§ : 2 1/5
o d n (loglogn)'/

The term (log2)?/2 from Lemma 5 for S(n/d) and S(r) contributes to
P(n) (in (3)) the amount

(log 2)2< % + > > %)

1<d<n/R 1<r<R n/(r+1)<d<n/r
_ 2 (d) _ 6 2 2 u(d)
= (log2) 7 = —(log2)” —(log2) > 7
1<d<n d>n

which gives the constant term W—g(log 2)2 and an admissible error term by
Lemma 3.

The term —1/(4(n/d)) from Lemma 5 for S(n/d) contributes to P(n)
(in (3)) the amount

1 p(d)
o Z d’
1<d<n/R

which by Lemma 3 is an error term of order
1 (logn)3/®
ol = e
(2 (- ogtog7
and under the Riemann hypothesis

—1/2+4¢
OG <%> ) = O(R'/?n=5/2%%),
n

The term —1/(4r) from Lemma 5 for S(r) contributes to P(n) (in (3))
the amount
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1 1 p(d)
S

r
1<r<R  n/(r4+1)<d<n/r

:ézé(zf%—z%%

1<r<R d>n/(r+1) d>n/r
171 p(d) 1(d)
= 3\& e w4 > ; > )
R - 1)
d>n/R d>n 2<r <R d>n/r

which is of order
1R 1 (logn)3/®
ol =2+ 24 = P Gt = BV AR
(G, e m) = (g
which in turn is

3/5
O(l exp<—c’ %)) for 0 < <e.
n

log log n)t/5

Under the Riemann hypothesis this error term becomes
1/ n\ 32 ) 1 /n\ 3/2te / y
ol == 3/24¢ :OR12_32+6.
() e Za(E) ) momeme

The error term O(log™ (n/d)/(n/d)?) from Lemma 5 for S(n/d) con-
tributes to P(n) (in (3)) the amount

o 2, ) ol )

1<d<n/R

The error term O((log™(r))/r?) from Lemma 5 for S(r) contributes to
P(n) (in (3)) the amount
Z p(d) )
da |)’
n/(r+1)<d<n/r

log™ (r)
o ¥ =
1r+1 (logn)3/®
o(oen T oo agiogmr))

which is

1<r<R
1<r<R
which in turn is

3/5
O(l exp<—c’ %)) for 0 < <e.
n

log log n)t/5

Under the Riemann hypothesis this error term becomes

1(.n o/ _ 1/2—¢ _—3/24¢
O| logn Z - = O((logn)R n )

r+1
1<r<R +
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We now see that the choice R =< n'/? permits us to optimize the sum
RY2n=3/2 4+ 1/(nR) and completes the proof of the theorem.

Acknowledgements. It is a great pleasure for the author to thank
Professor A. Schinzel for an interesting discussion on this subject and his
comments on the preprint. The author would also like to thank I. Aliev for
his valuable remarks on an earlier version of the preprint.

REFERENCES

[1] I Aliev, S. Kanemitsu and A. Schinzel, On the metric theory of continued frac-
tions, Colloq. Math. 77 (1998), 141-146.

[2] P.Kargaevand A. Zhigljavsky, Asymptotic distribution of the distance function
to the Farey points, J. Number Theory 65 (1997), 130-149.

[3] E. Landau, Handbuch der Lehre von der Verteilung der Primzahlen, Teubner,
Leipzig, 1909; reprinted by Chelsea, New York, 1953.

[4] E. C. Titchmarsh, The Theory of the Riemann Zeta-Function, revised by D. R.
Heath-Brown, second ed., Oxford Univ. Press, New York, 1986.

[6] A.Walfisz, Weylsche Exponentialsummen in der neueren Zahlentheorie, Deutscher
Verlag Wiss., Berlin, 1963.

Institut Girard Desargues

Université Lyon I

43, boulevard du 11 novembre 1918
69622 Villeurbanne, France

E-mail: rivat@desargues.univ-lyonl.fr

Received 9 February 1998;
revised 8 April 1998



