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APPROXIMATION BY LINEAR COMBINATION
OF SZASZ-MIRAKIAN OPERATORS
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Introduction. To approximate continuous functions on the interval
[0,00), O. Szdsz and G. Mirakian generalized the Bernstein polynomials as
follows:

Su(fs2) =Y bnu(@)f(v/n),
v=0

where

Onp(x) =e " (nx)” /v,  feCl0,00).
Singh [8] has obtained an estimate for bounded continuous functions in
stmultaneous approrimation involving higher derivatives by these operators.
Sun [9] has tried to extend this estimate to functions of bounded variation
with O(t**) growth of the derivatives and has remarked that unfortunately,

for continuous derivatives his estimate does not include the case f’ € Lip 1
on every finite subinterval of [0, 00). In this case he only obtains

Sér)(f;:n)—f(’")(x):O(logn/n), r=0,1,2,...

This degree is worse than the usual degree 1/n. He put up the question
of whether a unified approach can be developed which may improve this
estimate for the class f’ € Lip 1 on every finite subinterval of [0, c0).

In this paper we present a unified approach which improves the estimate
of Sun [9] for continuous functions and moreover, it makes the results of
Singh [8] applicable to unbounded functions.

In the sequel (a,b) denotes an open interval in [0,00) containing the
closed interval [a,b] and || - ||[4,5) means the sup norm on the space Cla, b].

The mth moment of the Szdsz—Mirakian operator is defined as

v

Vim(7) = Zqﬁn,u(aﬁ) < — x)m, m=0,1,2,...
v=0

n
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Let dg,dq, ..., dx be arbitrary but fixed distinct positive integers. Then,
following Kasana and Agrawal [5], the linear combinations S,(f,k,x) of
San(f;z), 5 =0,1,...,k, are introduced as

|| Saniie) dgt dy? !

_ Sdln f?':v dl_ dl_ e dl_

Sulfiksa) = Z [T T T ,
Sawn(fi2) dit di? o dit

where A is the Vandermonde determinant obtained by replacing the oper-
ator column of the determinant by the entries 1. On simplification this is
reduced to

k
W(fikyx) = C(, k) Sa;n(f;2),
7=0

where

_ J =1
[ 25 k#0 CO0)

i#]j
and this is the form of linear combinations considered by May [7].

1. To prove the main theorem we need the following auxilliary results.
LEMMA 1.1. For V,, ,(x), we have the recurrence relation

Vo ms1(x) =2V, o (x) + maVi moi(x), m>1.
Grof [2] has proved that:

(a) Vn,O = 17 Vn,l - 0;

(b) Vi (z) is a polynomial in x of degree [m/2] and in n~! of degree
m—1,m>1;

(c) for all finite =, V;, () = O(n~[m+1)/2]),

LEMMA 1.2. Let f(t) = O(t*") as t — oo with a > 0, and § be a positive
number. Then

Y. Guw(@)f(v/n) =0,
lv/n—z|>8

where v is a constant depending on f, x and 6.

This lemma is due to Hermann [3]. A better estimate can also be found
in [1].

COROLLARY 1.3. For 6 >0 and s =0,1,..., we have
I Y bnal@)/m) ) < Kon™,
lv/n—xz|>68

where K is a constant depending on s.
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LEMMA 1.4. If C(j,k), j = 0,1,...,k, are defined as in the previous
section then

k
. m 1, m=0,
=0 , =1,..., K.

May [7] has proved this lemma using Lagrange polynomials. A simpler
exposition can be seen as Lemma 2 of Kasana [4].

LEMMA 1.5. There exist polynomials T), ,,(x) independent of n and v
such that

d’r‘
(@) = Y (= n2) Ty (@) b0 ().
2p+q<r
p,q>0

This can be proved by induction; for a detailed proof we refer the reader
to Kasana et al. [6].

2. We state and prove our main result as follows.

THEOREM. Let f be bounded on every finite subinterval of [0,00) and
f(t) = O(t*) as t — oo, for some a > 0. If ftY) € Cla,b), then, for n
sufficiently large,

(r) _ £(r) -1/2 (r+1). ,—-1/2 —(k+1)
s vy a,b] = 3 )
1S5 (fo ke, ) = 7 ljap) < Cin™ Pw(f n=/%) 4+ Can

where C, = C1(k,7), Cy = Cy(k,r, f) and w(f"1;68) is the modulus of
continuity of f0t1) on (a,b) defined as

w(fTHV;8) = sup sup |A,fCTY ().
ve(ab) Inl<s

Proof. Write

) (g D () — FOD (g
f(t)zzf ( )(t—l')l—i-f ((éz—i_lf)‘ ( )(t_w)r+1x(t)

+e(t, 2)(1 = x(1),

where £ lies between ¢ and x and x(t) is the characteristic function of
(a,b). As

k
(T) (f k,x) :ZC fiz)
7=0
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we have

SHUEEDSCMEY Oy
r+1 ; %
r fO@) (v
D STAIEI ) STUCTER,
N f(r+1)(£) _f(r+1)(x) (1/ _x>T+1X<V)

(r+1)!

)

(r) w— fO@) (v '
SO (f k) = ZZCJ, dom( )[Z 7 (dn—x>
: J

7=0v=0 =0
FUHDE©) = 40 (@) (v v
* (r 1 1)) (dn“””) X(dm)

() (2(55)))

= 1in,1 + In,2 + In,3 (SaY)'

Inlzrzﬂf() ZCJ, Zﬁﬁ,(f) < x)z
’ e\ g
T‘+1f() i Zl r) l
:ch, ) lo() Zcﬁm (dn>
'3 () o st

r+1
f( D
- ZC D
But den(t ;x) is a polynomial in x of degree exactly [ and the coefficient
of 2! is 1. So, for 0 < | < r, den(tl;x) = 0 and, for [ = r, we have
Sa;n(t'; ) = rl. Further,

nl*ZcJ, )| £+ m{(ﬁly—xw&:%(ﬂ;x)

v <jﬁ T sl

M

M



SZASZ-MIRAKIAN OPERATORS 127

k

_ f(r) Z

.]:

I e v S0y

+1)!
(r) (r+1) o L o) a1
= [+ f <x>;cu,k>[—x+(Hl)!sdjn(t )]
k
= V(@) + U (@) > C k)
j=0

k
o sy
J

— £ (2) + FUD (g Tzk:C(j,k — (),

2
7=0

N]

since > C(4,k)/(d;n) = 0, by Lemma 1.4. Thus, if S (f,k,2) = I, +
In,2 + In,?n then 57([) (f’ k,CC) - f(?“)(l,) = 1in2 + In,3-

To estimate I, o it is sufficient to consider it without the linear combi-
nation. Let

. f(’““’(ﬁ)—f(”“)(w) v\ (v
“‘ZW (r 1)1 <n‘> X<n>

Then, using Lemmas 1.5 and 1.2, we get for ¢ € (a,b) and § > 0,

> ) _ q ’Tpv%r(‘r)’
I, < Z Z nPlv — nzx| — Gnw(x)

v=0 2p+q<r
r+1
v
n

P,q>0
= | Tp,q,r(%)]
< DL ") duule)ly el CEINED

X

Q) = f @) v
(r+1)!
2p+q<r v=0
p,q>0

n
X 1+7‘V/n_$| w(frtY; ) Y
5 n

r+1
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< Mi(rw(f0) Y n“qusw

2p+q<r
p,q>0
(FEE e sy
x (|- -z + ),
n 1)
where
Tp,q,r ()]

Mq(r) = sup sup .
1(r) a<a<b 2ptq<r (r+1)lz"
p;q>0

Further, using the Schwarz inequality and Lemma 1.1, we observe that

1
|I.2] ng(r)w(f(’"“);é) Z np+q{0(n(q+r+1)/2)+60(n(q+r+2)/2)}_

2p+q<r
p,q>0

Choosing § = n*1/27 we get
1 allfas) < Cr(k,r)n~ 2w (f0D;n=1/2),

For t € [0,00) \ {a,b), we can choose § > 0 such that |t — z| > § for all
€ [a,b] and we also have ¢(t,z) = O(f(t)). By the Schwarz inequality,
Lemma 1.5, Lemma 1.1 and Corollary 1.3, I,, 3 is estimated as

‘_Z Z Z )(d;n)P|v — djnx|?

J=0 |v/(djn)—x|>5 2p+q<r
P20

x ¢djn,y(a:)W O<f<djn>>

k
< Ma(r, /)Y ICGER) > (dyn)Pte
j=0

2p+g<r
P,q>0
5 () y s, av/(d;n)
xS buunle)| = —a| (=
gV djn djn
|1//(d'n)—96|>§
Z > 1CG,R)(dgn)r*e
Jj=0 2p+q<r
p,q>0

2q
(Z ¢d n, V <d n [L‘>
» 2av/(djn)\ 1/2
X Z ¢djn,1/(x) <djn> ) )

[v/(djn)—x|>6
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or

k
||In,3H[a,b] < MQ(Ta f) Z Z |C(.]7 k)|

J=0 2p+q<r
P,q20

x (dn)?*10((djn)~*)0((d;n)~*'?)
k
= Ms(r, f) ) 1C(j. k)l(dyn) ==/
7=0

= Co(k,r, fyn~ D if s > 2k + 7 + 2.
Combining the estimates of I, 1, I, 2 and I, 3, we obtain the required result.

COROLLARY. If, in addition to the hypothesis of the above theorem,
fU+) € Lipy, B for some M > 0 and 0 < B < 1 on the interval (a,b),
then

||S7(1T)(f,k, ) - f(r)H[a,b] < Cyn~(BTD/2 4 0=kt
where Cs = MC].

Further, for £ =0 and 8 = 1, this is reduced to the desired estimate
SO (f;x) = f7 () = O(1/n)

on every finite subinterval of [0, c0).
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