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Abstract. We discuss k-rotundity, weak k-rotundity, C-k-rotundity, weak C-k-rotun-
dity, k-nearly uniform convexity, k-3 property, C-1 property, C-11I property, C-III property
and nearly uniform convexity both pointwise and global in Orlicz function spaces equipped
with Luxemburg norm. Applications to continuity for the metric projection at a given point
are given in Orlicz function spaces with Luxemburg norm.

Let X be a Banach space, and D be a subset of X. The metric projection
Pp : X — 2P is defined by Pp(z) = {y € D : ||z — y|| = dist(z, D)}. D is a
proximinal (resp. Chebyshev) set if Pp(x) contains at least (resp. exactly)
one point for all z in X. For a proximinal D, Pp is called norm-norm (resp.
norm-weak) upper semicontinuous at x if for every normed (resp. weak)
open set W D Pp(z), there exists a normed neighborhood U of x such that
Pp(y) € W for all y in U. It is proved in [Wa95] that if X has the C-II
(or C-III) property, then Pp is continuous for any Chebyshev convex set D.
In this paper, we investigate some structures which imply the continuity
of the metric projection at a given point for Orlicz function spaces with
Luxemburg norm.

Let B(X) and S(X) be the unit ball and the unit sphere of the Banach
space X respectively. A point z € S(X) is said to be a locally C-I (resp.
C-1I, C-III) point of B(X) if the following implication holds for every
sequence {z,} C B(X): if for any 6 > 0 there exists an integer m such that
conv({z} U{zn}n>m) N (1 —06)B(X) =0, then lim,,_,o0 z,, = x (resp. {x,}
is relatively compact, weakly compact) [Wa95]. We call such points LC-I,
LC-II, and LC-III points respectively.
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Recall that the Kuratowski measure of noncompactness a(A) for A C X
is defined as

a(A) = inf{e > 0: A can be covered by a finite family of sets

of diameter less than €}.

A slice of B(X) is defined by S(f,n) = {x € B(X) : f(z) > 1 —n} where
feS(X*)andn > 0.

Let R be the set of all real numbers. A function M : R — R is called
an Orlicz function if M is convex, even, M(0) = 0 and M (c0) = oo. The
complementary function N of M in the sense of Young is defined by

N(v) = sup{uv — M(u)}.
u€R

It is known that if M is an Orlicz function, then so is N. M is said to
be strictly convex if M((u + v)/2) < (M(u) + M(v))/2 for all u # v. An
interval (a,b) is said to be an affine interval of M if M is affine on (a,b)
and M is strictly convex on (b,b+¢) and (a — £, a) for some € > 0. Denote
all affine intervals of M by ;2 (a;, b;).

M is said to satisfy the As-condition for large u (we simply write M€ Ay)
if for some K and ug > 0, M(2u) < KM (u) for |u| > uo.

Let G be a bounded set in R™ and let (G, X, 1) be a finite non-atomic
measure space. For a real-valued measurable function z(t) over G, we call
om(z) = § 5 M(x(t)) du(t) the modular of . The Orlicz function space Ly
generated by M is the Banach space

Liay ={x=z(t) : 3A > 0, om(Az) < o0}
equipped with the Luzemburg norm
|z = inf{\: opr(x/A) < 1}

For information on Orlicz spaces, see [KrRu61, Ch96].
First we recall some lemmas.

LeEMMA 1 [LiSh96]. In an Orlicz function space Lnpy equipped with Lua-
emburg norm, let x € S(L(yy). If M does not satisfy the /a-condition,
then a(S(f,n)) > 1/4 for any slice S(f,n) of B(Lr)) containing x.

LEMMA 2 [LiSh96]. In an Orlicz function space Ly equipped with Luz-
emburg norm, let & € S(Lary). If pf{t € G = 2(t) € U2, (ai, b;)} > 0, where
U2 (ai, bi) is the family of all affine intervals of M, then a(S(f,n))>6>0
for any slice S(f,n) of B(L(y) containing x, where 0 is a constant that
depends only on x.
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THEOREM 1. In an Orlicz function space Ly equipped with Luzemburg
norm, let x € S(Lar)). Then the following are equivalent:

(1) = is an LC-II point of B(L(ar)).
(2) () M € Aq,
(ii) p{t € G : |z(t)] € Usjey(ai, b))} = 0, where | J;=(a;,b;) is all
affine intervals of M,
(iii) if pu{t € G : |z(t)| = b} > 0 for some affine interval (a,b), then
N € Ay and pft € G : |z(t)] = ¢} = 0 for all affine intervals

(c,d) of M.
(3) z is an LUR point of B(L(ar), i.e., for all sequences {x,} in B(Lr),
lim, o0 ||zn — || = 0 whenever lim,,_, ||z, + x| = 2.

Proof. (1)=(2). (i) Suppose that M ¢ A,. Then (see the proof of
Lemma 1 in [LiSh96]) there is a sequence {z,,} satisfying

zn = lg\G, + (T + un)la, nlglgo lznllary =1, a({zn}) > 1/4,

and z,, — = weakly. For every § > 0 there exists an integer N so that
conv({z} U{zy}n>n)N(1—0)B(X) = 0; but a({zy, }) > 1/4, which contra-
dicts = being an LC-II point of B(L(ay)).

(ii) Suppose p{t € G : |z(t)| € Ujeq(as, b))} > 0. By Lemma 2, there
exists a sequence {x,} in B(Lp) satisfying a({z,}) > 0 and z, — x
weakly, where 6 depends only on x, which implies that = is not an LC-II
point of B(Lyr)), a contradiction.

(iii) Suppose that pB = p{t € G : |z(t)] = b} > 0 and uC = p{t € G :
|z(t)| = ¢} > 0 for some affine intervals (a,b) and (¢, d) of M. Take By C B
and Cy C C with uBy > 0, uCy > 0 and

(M(B) — M(a)|uBo = [M(d) — M(c)}uCo
(i.e., M(b)uBo + M(c)uCo = M (a)puBo + M (d)uCqp). Set

a+b . c+d
z = xlg\(BOUCO) + signz|g, + sign x| ¢, -
Then
M(a) + M(b M(c) + M(d
om(2) = om(zla\(Boucy)) + MMBO - %u%

=om(x) =1

As in the proof of Lemma 2, there exists a sequence {z,} in B(L(y)) sat-
isfying a({z,}) > 0 and z,, — z weakly, where 6 depends only on z, hence
only on . Let y = x|\ (B,ucy,) + asignz|p, + dsignz|c,. Then

oM (y) = om(zla\(Boucy)) + M(a)puBo + M(d)uCo = onm(z) =1
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and z = (z +y)/2. Since [[z([(v) = [[yll(ar) = [Iz]l(ar) = 1, thereis f € L,
with f(z) = f(2) = ||f|| = 1. Since z, — z weakly, for any 6 > 0 there
exists an integer N so that conv({z} U {z,}n>n) N (1 — §)B(X) = 0; but
a({zn}) > 0 contradicts = being an LC-II point of B(Lxp)).

Suppose uB = pu{t € G : |z(t)| = b} > 0 for some affine interval (a,b) of
M and N ¢ A,. Since N ¢ A,, there exist u, / oo such that

2"M<2inun> > (1 - %)M(un).

Without loss of generality, assume that z(t) = b on B. Take subsets B,, in
B such that B D B; D By D ... and

(M () — M(@)|uB, = [M(5) — M(a)]uB.
Then M (u,)uBy, > [M(b) — M(a)|uB. Set

Tn = x’G\B + a‘B\Bn + up| B, -

Then
om(zn) = om(@lg\) + M(a)(uB — puBy) + M(un)pBr
= om(z|le\B) + M(b)uB = om(x) = 1.
Obviously
T sup % > [M(5) — M(a)]uB >0,

by [An62], {z,} is not weakly compact and so a({z,}) > 6 > 0. For any
d > 0, take K > 0 such that 2/K < 4. Set z,, = . Then for all K <ny <
... < ng and any Zf:o A =1, \; >0, we have

oM < i )‘zxn> = om(zlg\B) + M<>\0b + i Aia)M(B \ Bn,)
=0 =1

k
+ M (D Aittn, + Aob) By,
=1
k—1

+M<(Z)\iuni +>\0b+)\ka) . )

i=1 By \Bny,

k
> ou(alavs) + (AoM(®) + Y AiM(a) ) u(B\ By,)

i=1

k
+ Y (1= 1/ni)\iM(up,) By, + M(Aob)uBn,
i=1,A;>1/2™
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+ M(kil Nitin, + Aob+ Ma) i(Bu,, \ Bu,)
=1
k—1
—i—M((;)\Zunz +)\0b+)\ka) >
k

> our(wlovs) + (MM(B) + Y AM(a)) u(B\ Bu,)

i=1

ny \Bnj_y

k
+ Y (1= 1/n)AM (un,) B, + M(Aob)pBn,
i=1, A >1/2m

+ Y (L= 1/n)AM (un)u(Bny_, \ Bny)

i=1,\;>1/2m

+ M()‘Ob + Aka’)lu’(Bnk—l \ Bnk)

—_

+ ]\4((1€Z1 Ailln, + Aob + )\ka)
i=1

k
> oar(@lovs) + (NM®) + Y AM(a)) u(B\ By,)

=1

poee )

Nk—1

Z (1 - 1/nl)>‘lM(unz)M(Bng \ an+1)

1i=1, \;>1/2%

%_

-

J

IR

+ M()‘Ob + ()‘j+1 +.. )‘k)a):u’(Bn] \ an+1)
=1 i
> ou(aleys) + (MM®) + D \M (@) )u(B\ By,)

+ (1 —1/n1) Z ‘ Z )‘iM(um)/‘(an \B”j+1)

+ Z M()‘Ob + ()‘j+1 +o.t )‘k)a):u'(Bng \ an+1)
k k
> (1=1/n) Y Nom(wn) —(1=1/n1) Y Nowm(zn,)
i=1 i=1, \;<1/2™i
k
>(1—1/n) =) 1/2" =(1-1/K)—1/28 >1-4.

i=1
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Hence conv({z}U{zy, }n>k)N(1—8)B(X) = 0; but a({z,,}) > 0 contradicts
x being an LC-II point of B(Lar)).
(2)=(3). By [ChWa92], it follows that x is an LUR point of B(Lar)).
(3)=(1). Obvious. =

For an integer k, a point x € S(X) is said to be:

e a locally k-rotund (LkR) point of B(X) if for any sequence {z,} in
B(X), limy, . ny—oo |2+Tn,+. . .4y, || = k+1 implies lim,, o ||z, —z| =0;

e a locally weakly k-rotund (LWER) point of B(X) if for any sequence
{z,} in B(X), limy,,  nyooo | + Zpy + ... + 2p, || = k + 1 implies
w-lim,, o0 T, = T;

e a locally C-k-rotund (LCkR) point of B(X) if for any sequence {z,}
in B(X), limy,, . ny—oo ||+ p, + ...+ @y, || = k+ 1 implies {z,,} is a
relatively compact set;

e a locally k-nearly uniformly convex (LENUC) point of B(X) if for every
€ > 0 there exists 0 > 0 such that for all sequences {x,,} with sep(z,) > ¢
there are {ni,...,n;} with

T+ Ty, +...+ 2y, <1-s
E+1
e a locally k- (LkB) point of B(X) if for every e > 0 there exists § > 0
such that for all sequences {z,} with sep(x,) > ¢ there are {nq,...,n;}

with conv({z, xn,, ..., 2n, }) N (1 —§)B(X) # 0;

e a locally nearly uniformly convexr (LNUC) point of B(X) if for every
€ > 0 there exists 0 > 0 such that for all sequences {x,,} with sep(z,) > ¢
we have conv({z} U {z,}) N (1 —38§)B(X) # 0.

It is easy to see that for all Banach spaces, we have the implications

LUR == LkR=—=LCkKR

J l

LWER LC-II

LkKNUC = Lk = LNUC
For these properties, we refer to [Ku91, KuLi94, KuLi93, Wa95].

COROLLARY 1. In an Orlicz function space Lnry equipped with Luzem-
burg norm, let x € S(Lnpy). Then the following are equivalent:

(1) = is an LUR point of B(Lry) [ChWa92];
(2) @ is an LkR point of B(L(ay) (k > 1);
(3) @ is an LWER point of B(Lp) (k> 1);
(4) z is an LCKR point of B(Lapy) (k> 1);
(5) @ is an LENUC point of B(L(ry) (k> 1);
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(6) = is an Lk-3 point of B(L(r)) (k > 1);
(7) x is an LNUC point of B(Lr));
(8) x is an LC-I point of B(L(ar));

(9) = is an LC-II point of B(L(ar));

(10) M € Ao, pft € G : |z(t)] € U;2,(ai, bi)} = 0, where {(a;,b;)} is the
family of all affine intervals of M, and if u{t € G : |x(t)| = b} > 0 for some
affine interval (a,b) of M, then N € Ay and p{t € G : |x(t)| = ¢} =0 for
all affine intervals (c,d) of M.

~— — — ~—

Proof. (1)=(2)=(3), (1)=(2)=(4)=(9), (1)=(5)=(6)=(7), and
(1)=(8)=(9) are trivial by definitions.

(7)=(9). By Theorem 4 of [Wa95], an LNUC point is an LC-II point
in B(X).

(10)=-(1). This is proved in [ChWa92].

(9)=-(10). This follows from Theorem 1.

(3)=(10). Since ||x[|(ary = 1, there is ¢ > 0 such that uG. = p{t € G :
lz(t)| < c} > 0.

Suppose that M ¢ A,. Then there exist u,, /* oo such that

M1+ 1/n)uy) > 2"M(uy).
On passing to a subsequence if necessary, there are disjoint subsets G,, C G,
so that
M (up)pG, =1/2", n=12,...

Define y =322, unla, - Then on(y) = 32,25 M(un)pGn =1, |lyllar =1
and dist(y, Ep) = 1, where Eyy = {z : o (Ax) < oo for all A}. By the
Hahn-Banach theorem, there is a functional ¢ such that ¢(y) = ||¢]| = 1,
and ¢(z) =0 for all z in Ey;. Set x,, = 'I|G\U7L>n ¢, +y

Ua G- Then
T+ Ty, +...+ Ty,

P " ZHx‘G\Uan GiH(M) =1 (n1,...,ng — 00)
and
om(zn) = om(zla\y,., 6:) + em(yly,., ¢;) = om(2) < 1.
But
oz —2) = d(Yly,., ) — oy, ) = Wlu.., )
=¢(ylc.) = 1.

So x,, # x weakly, contrary to z being an LWER point of B(Ly)).

We claim that p{t € G : |z(t)] € U;2,(ai, b))} = 0.

In fact, if this measure is positive, then uE > 0, where E = u{t € G :
x(t) € (a+ 20,b — 20)} for some 6 > 0. Split F into two parts E; and FEs
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with uFy = pEs = (uFE)/2. Define
z = x|G\E + (x4 20)|g, + (z —20)|g,-
Then
om(2) = em(zla\p) + o ((z 4 20)| ) + om ((z — 20)|E,)

= om(zle\g) + oM (z|E,) + om (2] m,) = 1,

on (57 = entalene) + w0+ D)) + en(a = D))

= om(zle\g) + oM (z|E,) + om(2]E,) = 1.

Moreover z # z. As in Lemma 2, there exists a sequence {z,} in B(Lr))
such that z, — z weakly and sep{z,} > 6 > 0, where 6 depends only
on z. For k > 1, since z, — z weakly and ||z + z[/(p) = 2, we have
limy,, . npooo |+ 20, + ... + 2, || = k£ + 1. This contradicts = being an
LWER point of B(L(as)). For k =1 we can take x,, = 2z to get a contradic-
tion.

From Theorem 1, it follows that if u{t € G : |z(t)] = b} > 0 for some
affine interval (a,b) of M, then N € Ay and p{t € G : |z(t)] = ¢} = 0 for
all affine intervals (¢,d) of M. m

COROLLARY 2. In an Orlicz function space Ly equipped with Luzem-
burg norm, the following are equivalent:

(1) L(ary is locally UR [ChWa92, Ka84];
) L(ary is locally kR (k > 1);
(3) L(ary is locally WER (k > 1);
(4) L(ary is locally CkR (k > 1);
(5) Lary is locally KNUC (k > 1);
(6) Ly is locally k-B (k> 1);

(7) L(ary is locally NUC;
(8) L(ary has the C-I property;
) L(ary has the C-II property;
(10) M € Ay and M is strictly convex on the real line.

COROLLARY 3. In an Orlicz function space Lyry equipped with Luzem-
burg norm, suppose M € Ay and let x € S(Lary). If p{t € G : |z(t)| €
U2 (aiybi)} = 0 and either pu{t € G : |z(t)] € U;2{bi}} =0, or N € Ay
and p{t € G : |z(t)] € U2 {a;}} = 0, then every proziminal metric projec-
tion Pp is norm-norm upper semicontinuous at .

Moreover, if M € Ay and M € SC, then every proriminal metric
projection Pp 1S norm-norm upper semicontinuous.

Next, we study the LC-III points.
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LEMMA 3. For an Orlicz space Lnry, suppose M € Ny. Then
(1) for any € > 0 there is n > 0 such that
o (@) <0 = lellan <
lzllary > 1 —=n= om(x) > 1 —¢;
(2) if on(zn) = on(x) and z, 2 = in measure, then x,, — x in norm.
For a proof, see [Ch86, Hu83, HuLa95].

THEOREM 2. In an Orlicz function space Ly equipped with Luzemburg
norm, let x € S(L(ry). Then x is a C-III point of B(L ) if and only if

(1) M€ Ay,

(2) either N € Ay, or p{t € G : |z(t)] € U2, (ai bi)} =0 and pft € G :
jz(t)] € UZi{bi}} = 0.

Proof. Choose ¢ > 0 such that uG. = p{t € G : |z(t)| < ¢} > 0. Sup-
pose M & Ay. There exists [KrRu61] y € L) with suppy C G, ||yl =
dist(y, Ear) = 1, and ¢ € L{,,) with ¢(y) = [|¢]| = dist(y, Ear) =1 and
¢(z)=0 for all ze€ E)ys, and G,, C G., where G,, ={t € G : |[y(t)| > n}. Set

T = rlo\a, T Yla,-
Then for § > 0, take ng such that ||z[g\g, [l(mr) > 1 — 6. Then for all
ng <ni <...<nyg and for any Zf:o A; = 1, where \; > 0,

[
=0

But {z,} is not relatively weakly compact. In fact, otherwise by the
Shmul’yan Theorem {xz,} is relatively weakly sequentially compact. By

an > |lzlevgn, vy > 1 =6

taking a subsequence if necessary we may assume that z,, — 2’ in the weak
topology. Combining this with z,, = x in the w* topology, we get z,, — .
A contradiction since ¢(x,, — ) = ¢(yla,) + ¢(z|c,) = ¢(yla, ) = 1.

Assume that p{t € G : |z(t)] € Ujo(a;,b;)} > 0. Then puB = p{t € G :
x(t) € (a+6,b—6)} > 0 for some affine interval (a,b) and some 6 > 0. Split
B into two parts B’, B” with uB" = uB"” = (uB)/2. Define

y=zle\s + (¢ —0)[p + (z+0)[p.
Then
om () = om(zlevs) + em((z — 0)| ) + on ((x + 0)|5)
= om(z|e\B) + om(z|B/) + one(2|Br) = 1,

QM(x;_y> =om(r) =1

and
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If N ¢ Ay, then there exists a real sequence {u,} such that u, oo

and
1 1
"M — 1—-—|M .

Take decreasing subsets {B,,} of B such that
om(ylg) = M(a)uB = om(z|p) — M(a)pB = [M(un) — M(a)lnBy.
Then M (u,)uBy > onm(x|g) — M(a)uB > 0. Set
Tn = T|lc\B + alp\B, + Un|B,-
By [An62], {z,} is not weakly compact. But
om(zn) = om(zla\p) + M(a)(uB — pBn) + M(un)puBn = o (x) = 1.
For any 6 > 0, take K such that 2/K < 0. Let z,, = x. Then for all

K <ny <...<ng and for any Zf:o A; = 1, where A\; > 0, as in the proof
of Theorem 1,

k
QM(;)\ixm) >1-0.

This contradicts = being a C-III point of B(Lay)).

By the same argument as for the second part of (iii) in Theorem 1 we
can show that if x is a locally C-III point of B(L(,s)) then pu{t € G : |z(t)]
= b} > 0 for some affine interval (a,b) of M implies N € A.

Suppose {z,} is a sequence in B(L()) such that for any § > 0 there
exists an integer N with conv({z} U {zn}n>n) N (1 = 8)B(L(ary) = 0.

If N € Ay, then by (1), Ly is reflexive. So B(L(ay)) is weakly compact
and {z,} is relatively weakly compact.

If N & Ag, then we show that lim,, .. z, = x. By Lemma 3, it suffices
to show that z,, % = in measure. By (2), u{t € G : |z(t)| € U, (ai, b))} =0
and p{t € G : |z(t)] = b} = 0 for all affine intervals (a,b). Since
,,,,, np—oo [T+ Tn, .o 2, |l () = k+1, we have lim,, o |24, || (ar)

= 2. From
1= oum (x) ZQM(%) > QM(x +2xn> —1,

it follows that z,, - 2 in measure on {t € G : |z(t)| € G\ Uiz lai, bil}

We claim: z, £ z in measure on G, = {t € G : |z(t)| = a} for every
left endpoint a of an affine interval (a,b). Without loss of generality, assume
that G, = {t € G : z(t) = a}.

We first show that for any ¢ > 0, u{t € G, : z,(t) < a—¢c} — 0 as
n — oo. Indeed, if for some gy > 0 and oy > 0 and a subsequence of {z, }
(again denoted by {z,}) we have uG,, = p{t € G, : ,(t) < a—ep} > 09 >0
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for all n, then there exists a g > 0 such that

M (SR < 50 - )b (@) + Mo - o)

(because ¢ # d for all affine intervals (c, d)). Hence

r+x a+a—c¢
QM( 2 n) < slom(zleng,) + om(Tnlang, )] +M<%>MGTL

< slom(zlane,) + om(znlave,)]
+1 5(1—60)[M(a) + M(a — 0)|uGp
sloar (2) + onr (20)] = 560[M (a) + M(a — £9)|uG,
1—160[M(a) + M(a — €)]uGn < 1.
By Lemma 3, lim, .« || 4 2, ||(ar) < 2, a contradiction.

Next we show that for any ¢ > 0, u{t € G, : z,(t) > a+¢} — 0 as
n — 00. Indeed, suppose that for some g > 0 and oy > 0 and a subsequence
{z,} (again labeled {z,}) we have uG, = p{t € G4 : v,(t) > a+e9} > 09
for all n. Since

G={teG:uf \%Ua“ l}U{teG:]m(t)]e[j(ai,bi)}

i=1

U {t €G:lz(t) e U{bi}} U {t €G:lz(t) e U{ai}},
i=1 i=1

by the Fatou Lemma, we see that for all G’ C G,

1inH_1>i£f om(Znlar) = om(xlar)-
Hence for n large enough,
+ om(wala,)
+ M(a + £0)pnGy,
+ M(a)pGn + [M(a + £0) — M(a)|uGy
a+é&9) — M(a)log > 1,

on (Tn) = onm(xy |G\Gn

)
> om(Tnlang,)
= om(znlena,)
> om(x) + [M(
a contradiction.

We now show that x,, % x in measure on {t € G : |z(t)] € U2, {a;}}.
Indeed, for every ¢ > 0 and o > 0, take iy such that u{t € G : |z(t)| €
Uisi 1ai}} < /2. From the claim we deduce that for n large enough,

{teG \EU{al} and ]wn()—x(t)]20}<

O M

L. m .
From the decomposition of G as above we get x,, — x in measure on G.
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By Lemma 3, we know that x,, — x in norm, so {z,} is relatively weakly
compact. m

REMARK. By the same argument we can show that an element in S(L 7))
is a locally C-III point of B(L ) iff it is a locally WCER point of B(L ).

COROLLARY 4. In an Orlicz function space Lyr) equipped with Luzem-
burg norm, the following are equivalent:

(1) L(ary is locally WCER;
(2) Ly has the C-111 property;
(3) M € Ay and either M € SC or N € As.

COROLLARY 5. In an Orlicz function space Lyry equipped with Luzem-
burg norm, suppose M € Ao and let x € S(Lay). If p{t € G : |z(t)| €
Uiz (ai b))} =0 and p{t € G : |z(t)] € U;o,1{b:}} = 0, then every prozim-
inal metric projection Pp is norm-weak upper semicontinuous at x.

Moreover, if M € Ny, and either M € SC or N € Ay, then every proz-
iminal metric projection Pp is norm-weak upper semicontinuous on L(yr).
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