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Bimorphisms in pro-homotopy and proper homotopy
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Abstract. A morphism of a category which is simultaneously an epimorphism and a
monomorphism is called a bimorphism. The category is balanced if every bimorphism is
an isomorphism. In the paper properties of bimorphisms of several categories are discussed
(pro-homotopy, shape, proper homotopy) and the question of those categories being bal-
anced is raised. Our most interesting result is that a bimorphism f : X — Y of tow(Hy)
is an isomorphism if Y is movable. Recall that tow(Hp) is the full subcategory of pro-Hy
consisting of inverse sequences in Hp, the homotopy category of pointed connected CW
complexes.

0. Introduction. First, let us recall the notions of epimorphism and
monomorphism in abstract categories:

0.1. DEFINITION. A morphism f : X — Y of a category C is called
an epimorphism if the induced function f* : Mor(Y,Z) — Mor(X, Z) is
one-to-one for each object Z of C.

A morphism f: X — Y of a category C is called a monomorphism if the
induced function f, : Mor(Z, X) — Mor(Z,Y’) is one-to-one for each object
Z of C.

Equivalent, and typically used, is the definition of f being an epimor-
phism (respectively, monomorphism) of C as a morphism such that go f =
h o f (respectively, fog = f o h) implies g = h for any two morphisms
g,h Y — Z (respectively, g,h: Z — X).

1991 Mathematics Subject Classification: Primary 55P10; Secondary 54C56, 55P65.

Key words and phrases: epimorphism, monomorphism, pro-homotopy, shape, proper
homotopy.

The first-named author supported in part by grant DMS-9704372 from NSF and by
the Ministry of Science and Education of Spain.

The second-named author supported in part by DGICYT.

[269]



270 J. Dydak and F. R. Ruiz del Portal

0.2. DEFINITION. A morphism f : X — Y of a category C is called a
bimorphism if it is both an epimorphism and a monomorphism of C.

A category C is called balanced if every bimorphism of C is an isomor-
phism.

The following fact is well known and useful:

0.3. PROPOSITION. A monomorphism (respectively, epimorphism) which
has a left (respectively, right) inverse is an isomorphism.

There is considerable literature devoted to the properties of epimor-
phisms in the homotopy category Hy of pointed connected CW complexes.
We recommend [G] for a nearly complete list and a thorough review of results
(see also [C-G]). The question of whether Hj is balanced has been open for a
while with Dyer and Roitberg [Dy-R] resolving it in affirmative and Dydak
[D2] giving a simple proof of it. Essentially, both proofs consist in showing
that a bimorphism of Hj satisfies the hypothesis of the Whitehead Theorem
(in the case of [Dy-R] the authors prove a version of the Whitehead Theo-
rem involving cohomology with local coefficients). Subsequently, Mukherjee
[Mu] generalized [Dy-R] to the equivariant case and Morén—Ruiz del Portal
[Mo-P] showed that the shape category of pointed, movable, metric continua
is not balanced but every weak isomorphism is a bimorphism.

We believe that the following general question is of interest:

0.4. PROBLEM. Suppose a category C is balanced. Is the pro-category
pro-C balanced?

[M-S] (see Theorem 1 on p. 107 and Theorem 3 on p. 109) contains an
affirmative answer in the case of the category of groups. The purpose of the
present paper is to investigate the case of C = Hy. We are also interested
in the problem of other categories being balanced, the categories associated
with pro-Hy. Examples are: the shape category of pointed metric continua
and the proper homotopy category of rayed, strongly locally finite, connected
CW complexes connected at infinity (see [Ed-H] for an explanation on how
this category is related to pro-Hj). Here are the specific problems we would
like to solve:

0.5. PROBLEM. Suppose f : X — Y is a bimorphism of tow(Hy) (respec-
tively, pro-Hy). Is f is an isomorphism?

0.6. PROBLEM. Suppose f : X — Y is a bimorphism of the (strong)
shape category of pointed metric continua. Is f a weak isomorphism? Is f
an isomorphism?

0.7. PROBLEM. Suppose f : X — Y is a bimorphism of the shape category
of pointed metric movable continua. Is f is a weak isomorphism?



Epimorphisms and monomorphisms 271

0.8. PROBLEM. Suppose f : X — Y is a bimorphism of the proper ho-
motopy category of rayed, strongly locally finite, connected CW complezes
K connected at infinity, equipped with a ray rx : [0,00) — K. Is f an
isomorphism?

In the case of 0.5 and 0.8 we are able to show that every bimorphism is a
weak isomorphism (i.e., induces an isomorphism of homotopy pro-groups).
However, it is known that one has difficulty finding an analog of the White-
head Theorem in those categories and only partial cases are known. Thus we
are not able to solve the problem of those categories being balanced com-
pletely but we provide additional assumptions to show that bimorphisms
are isomorphisms. Problem 0.8 is related to the problem of the strong shape
category of metric compacta being balanced as one can see from [Ed-H] and
[D-Sa].

The main results of this paper are the following:

2.13. COROLLARY. If f: X — Y s a bimorphism of tow(Hy), then it
s a weak isomorphism.

2.14. THEOREM. Suppose f : X — 'Y is a bimorphism of tow(Hy). Then
f is an isomorphism if one of the following conditions is satisfied:

(i) def-dim(Y") is finite,
(i) Y is movable.

3.1. THEOREM. Suppose f : X — Y is a bimorphism of the shape category
of pointed metric continua. If X is movable and pro-mi(Y') is stable for each
k > 1, then fis a weak isomorphism.

4.11. COROLLARY. If f: (K,rx) — (L,rL) is a bimorphism of P,, then
f induces isomorphisms of proper homotopy groups.

4.12. COROLLARY. If f : (K,rx) — (L,rr) is a bimorphism of P, so
that dim(L) is finite, then f is an isomorphism.

The authors would like to express their gratitude to Carles Casacuberta
for helpful discussions of the subject, and to Rafael Ayala and Antonio
Quintero for sharing their knowledge of proper homotopy theory.

1. Epimorphisms and monomorphisms in pro-categories. For a
definition and basic properties of the pro-category pro-C of any category C
we refer to the book by Mardesi¢ and Segal [M-S].

1.1. DEFINITION. For any category C, the full subcategory of pro-C whose
objects are inverse sequences indexed by natural numbers, is denoted by

tow(C).
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Given an object Y of tow(C), the nth term of Y is denoted by Y,,, the
bonding homomorphism from Y, to Y,, is denoted by p(Y)!, and p(Y), :
Y — Y, is the projection morphism.

For readers who are not familiar with pro-categories the following fact
should be helpful (the authors had trouble locating a reference for it in the
existing literature):

1.2. PROPOSITION. If D is a category possessing inverse limits of ar-
bitrary inverse systems (respectively, inverse sequences), then any functor
F :C — D extends over pro-C (respectively, tow(C)).

Proof. We only cover the case of tow(C); the general case is similar. We
define a functor F': tow(C) — D as follows:

(i) F(X) = invlim F(X) if X is an object of tow(C),

(ii) if f : X — Y is a morphism of tow(C) and p : invlim F(X) — F(X) is
the projection (and a morphism of pro-D), then the sequence of morphisms
{F(p(Y)n) o F(f) op : invlim F(X) — F(Y,)}n>1 induces a morphism
invlim F(X) — inv1lim F(Y) of D which we denote by F(f).

One can easily check that F is a functor. m

If one views categories with limits as objects of a “category” CAT LIM
with “morphisms” being functors preserving limits (we cannot call them
morphisms in the classical sense as they do not form a set, in general),
then one has the inclusion i : CAT LIM — CAT into the “category” CAT
whose objects are arbitrary categories and whose “morphisms” are functors.
The meaning of Proposition 1.2 is that pro : CAT — CAT LIM is a right
adjoint to i, i.e. More a7 (C, (D)) =~ Morcar czm(pro-C, D).

Traditionally, the concept of being Mittag-Leffler is defined for towers of
groups. We generalize it to arbitrary categories:

1.3. DEFINITION. An object of pro-C is called Mittag-Leffler if it is iso-
morphic to an object Y of tow(C) such that p(Y)"*! is an epimorphism for
each n. An object of pro-C is called stable if it is isomorphic to an object Y
of tow(C) such that p(Y)"*! is an isomorphism for each n.

If X is stable, then it is isomorphic to an object Y of tow(C) such that
Y, =Y, for all n,m and p(Y)"*! is the identity morphism for each n.

1.4. PROPOSITION. A morphism f: X — Y oftow(C) is an epimorphism
of tow(C) iff the induced function f* : Mor(Y,Z) — Mor(X, Z) is one-to-
one for each stable object Z of tow(C).

Proof. Suppose the induced function f* : Mor(Y, Z) — Mor(X, Z) is
one-to-one for each stable object Z of tow(C). Let g,h : Y — T satisfy
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hof =gof.Let p(T), : T — T, be the projection morphism. Since p(T),, o
hof=p(T),ogo f, weinfer p(T), oh =p(T),og for eachn,ie. h=g. m

In practice, one often uses a special kind of morphisms in pro-categories:

1.5. DEFINITION. A morphism f : X — Y of tow(C) is called a level
morphism if there exist morphisms f,, : X,, — Y, such that p(Y)"lof, 1 =
frop(X) 1 and p(Y), o f = fn o p(X), for each n.

The morphisms f,, are not uniquely determined by f. We will say that
f is induced by f,, n > 1.

[M-S] (see Theorem 1 on p. 107 and Theorem 3 on p. 109) contains
the following characterization of epimorphisms and monomorphisms in the
category pro-Gr of pro-groups:

1.6. PROPOSITION. Suppose f: X — Y is a level morphism of tow(Gr)
induced by fr, : X, = Y,.

(a) f is an epimorphism of tow(Gr) iff for each n there is m > n such
that im(p(Y)7") C im(f,).

(b) f is a monomorphism of tow(Gr) iff for each n there is m > n such
that ker(f,,) C ker(p(X)).

n

1.7. LEMMA. Suppose f : X — Y is a morphism of tow(Gr) such that
f« : Mor(Z,X) — Mor(Z,Y) is one-to-one, where Z is the group of integers.
If X is Mittag-Leffler and Y is stable, then f is a monomorphism.

Proof. Assume Y is a group. It suffices to consider the case of f be-
ing a level morphism induced by f, : X,, — Y (see [M-S], Theorem 3 on
p. 12). Since X is Mittag-Leffler, we may assume that p(X)”" is an epimor-
phism for all m > n. Let K,, be the kernel of f,,, n > 1. We now show that
(p(X)"*t1)~YK,,) = K, 41 for each n. Clearly, p(X)"*1 (K, 1) C K,. Sup-
pose p(X)"*t1(z) € K,. Thus, f,(p(X)""(z)) = 1. Since f, o p(X)nT! =
fna1, one gets z € Kp11.

To prove that f is a monomorphism it suffices to show that K,, = {1}
for each m. Suppose z,, € K,, — {1} for some m. Define z, for r < m
by z, = p(X)"(xn,) and define, by induction on r > m, z, € K, so that
p(X)i(xs) = x, if s > r. The sequence of homomorphisms a,, : Z — X,
defined by a,,(0) = z,, induces a level homomorphism a : Z — X so that
f oa is trivial but a is not trivial, a contradiction. m

As one can see in Section 3 later on, it is not easy to generalize results
from the case of arbitrary CW complexes to the case of finite complexes.
The following problem is the algebraic version of that difficulty:
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1.8. PROBLEM. Let fgGr be the category of finitely generated groups.
Suppose f: X —Y is a bimorphism of tow(fgGr). Is f an isomorphism of
tow(fgGr) 7

2. Epimorphisms and monomorphisms in the pro-homotopy
category

2.1. DEFINITION. By CWq we denote the topological category of pointed
connected CW complexes. By Hy we denote the homotopy category of
pointed connected CW complexes. The homotopy functor CWy — Hj can
be extended to a functor [ ] : tow(CWq) — tow(Hj) so that [X],, = X,, and
p(XD5* = [p(X)5+] for each n.

Given a functor F': C' — D one can extend it, by Proposition 1.2, to a
functor from pro-C to pro-D. Typically this extension is denoted by pro-F'.
However, it is easier to use the same symbol F' for the extension whenever
it is not ambiguous. For example, in the case of the shape category we
will continue to use the notation pro-m(X) and pro-Hy(X) for homotopy
and homology pro-groups as those pro-groups are different from the groups
7k (X) and Hy(X) if X is a pointed topological space.

2.2. PROPOSITION. If f : X — Y is an epimorphism of tow(Hy), then
m1(f) : m(X) — m(Y) is an epimorphism of tow(Gr).

Proof. Suppose a, 3 : m1(Y) — G are two morphisms of tow(Gr) such
that oo (m1(f)) = B o (m(f)) and G is a group. One can find a,b : Y —
K(G,1) so that m(a) = a and 71(b) = . Now, ao f = bo f, which
implies @ = b as f is an epimorphism. By 1.4 we deduce that m(f) is an
epimorphism. =

2.3. DEFINITION. A morphism i : X — Y of tow(CWj) is called an
inclusion if, for each n, X, is a subcomplex of Y,, and the following condi-
tions are satisfied (i,, : X,, — Y}, is the inclusion):

(1) in 0 X = p(Y)H 0y for each n,
(ii) 4 coincides with the level morphism induced by {i, }n>1.

A morphism f : X — Y of tow(Hy) is called inclusion induced if there
is an inclusion ¢ : X — Y of tow(CWy) such that X = [X], Y = [Y], and f
coincides with the level morphism induced by [iy], n > 1.

2.4. LEMMA. For any morphism f : X — Y of tow(Hy) there exist
isomorphisms a : X — X andb:Y — Y sothati =bo foa: X —Y is
inclusion induced. Moreover, if w1(f) is a monomorphism of tow(Gr), then

we can ensure that m (i) is a monomorphism for each n, where i, : X,, —

Y, is the inclusion map.
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Proof. Without loss of generality we may assume the following (see 1.6
and [M-S], Theorem 3 on p. 12):

(i) f is a level morphism induced by maps f, : X, — Y,
(ii) if 71 (f) is @ monomorphism of pro-Gr, then for each n,

Ker(my (fut1)) € ker(m (p(X)3 ).

If 71 (f) is a monomorphism of pro-Gr, then create Z,, from X,, by attach-
ing 2-cells so that ker(m(f,,)) is killed. Obviously, one can extend f,, over
Z, and an extension will be denoted by g,. Notice that p(X)"T! extends
over Z,+1 (see (ii) above) and denote an extension by r, : Z,11 — X,.
Let p(Z)"*! = 4, ory, jn : X, — Z, being the inclusion. Notice that the
inclusion j : X — Z is an isomorphism of tow(CW,) (its inverse is induced
by 7, n > 1). Now, replace g : Z — Y by an inclusion as follows: let Y,
be the reduced mapping cylinder of g, : Z,, — Y,,. Use Lemma 3 on p. 145
in [M-S] to produce p(Y)?*! for each n. =

As seen in [Dg] double mapping cylinders are vital in understanding the
epimorphisms of Hy. The purpose of the next definition is to extend the
concept of double mapping cylinder to inclusions of tow(CWj):

2.5. DEFINITION. Suppose (K, kg) is a subcomplex of a pointed CW
complex (L, ko) and i : (K, ko) — (L, ko) is the inclusion map. By DM(i)
(the double mapping cylinder of i) we denote the pointed CW complex
(L x {0,1} UK x I)/{ko} x I. For simplicity, when discussing DM(i), the
space K x I/{ko} x I will be denoted by K x I. The two maps i°,i! :
(L, ko) — DM(i) are induced by the maps 2 — (z,0) and z — (z,1) (x € L),
respectively.

If i : X — Y is an inclusion of tow(CWj), then one can easily define
DM(i) and %,i! : Y — DM(i).

Below, we write (X)~ instead of X if X is a long expression.

2.6. LEMMA. (a) Suppose that (B, A) is a pair of pointed connected CW
complexes such that (i) : m(A) — 7 (B) is a monomorphism of groups.
Then DM(7) C (DM())™.

(b) Suppose that, for j = 1,2, (Bj, Aj) is a pair of pointed connected
CW complexes such that m (i;) : m1(A;) — m(B;) is a monomorphism
of groups, where i; : A; — Bj is the inclusion. If 3 : By — Bj is a
map such that im(m(5)) C im(m(i1)) and B(As) C Ai, then the image of
7+ (DM(i2))~ — (DM(i1))™, v : DM(i2) — DM(i1) being induced by (3, is

contained in DM(iq).

Proof. (a) Let p : (DM(:))~ — DM(i) be the covering projection.
Since (%) is one-to-one, A C B, DM(i) exists and is simply connected.

Let 7 : DM(i) — (DM(%))™~ be the lift of the natural map DM(i) — DM(3).
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Notice that 7 is one-to-one. Indeed, the component of p~! (B x 0) containing
the base point is simply B x 0, the component of p~!(B x 1) containing the
base point is B x 1, and the component of p~1(A x I) containing the base
point is A x I.

(b) As is well known, an element of (DM(i2))™ is the homotopy class
rel. 0 of a path w : (I,0) — DM(ig).

CASE 1: w(1) € Ag x I. Choose A in Ay x I joining w(1) and the base
point of DM(i3). Now, w# A is a loop and can be expressed, up to homotopy,
as the product of loops in DM(i3) which are completely contained in one of
the following sets: Ay x I, By x 0, By x 1. When applying v to w * A, the
loops in Bz x 0 and By x 1 can be homotoped into A; x I. Thus, v(w) has
the homotopy class rel. 0 of y(w * \) * v(A~1), which belongs to Ay x 1.

CASE 2: w(1) € By x 0. Choose A in By X 0 joining w(1) and the base
point of DM(i2). Now, w* X is a loop and can be expressed, up to homotopy,
as the product of loops in DM(i3) which are completely contained in one of
the following sets: As x I, By x 0, By x 1. When applying v to w * A, the
loops in By x 1 can be homotoped into A; x I and then into By x 0. Thus,
v(w) has the homotopy class rel. 0 of y(w * A) * v(A™1), which belongs to
B1 x 0.

CASE 3: w(1) € By x 1. This case is completely analogous to Case 2. m

The following lemma characterizes inclusion-induced epimorphisms of
tow(Hp) in terms of the double mapping cylinder:

2.7. LEMMA. Suppose i : X — Y is an inclusion of tow(CWy). Then
[i] - [X] — [Y] is an epimorphism of tow(Hy) iff [i°] = [i'], where i% i' :
Y — DM(i).

Proof. Since [iY 0i] = [i* oi], [i°] = [i!] if [i] is an epimorphism. Suppose
[i°] = [i'] and suppose f,g : Y — Z are two morphisms of tow(Hy) such
that fo[i] = go[i] and Z is a pointed connected CW complex. Choose maps
a,b: Y, — Z for some n so that f = [a] o [p(Y),] and g = [b] o [p(Y).].
Since fo[i] = go[i], there is m > n such that aoi, op(X)" is homotopic to
boi,op(X)n'. Using the homotopy one can construct a map H : DM(i,,) — Z
such that Hoil = aop(Y)™ and Hoil = bop(Y)™. Since [i'] = [i!], there
is p > m such that i o p(Y)?, ~ il op(Y)?,. Thus aop(Y)2 ~bop(Y)E
and f = g. Proposition 1.4 says that [i] is an epimorphism of tow(Hy). =

2.8. PROPOSITION. Suppose f : X — Y is an epimorphism of tow(Hy).
If 11(f) is an isomorphism, then f : X — Y is an epimorphism of tow(Hy).

Proof. Without loss of generality (explanation follows) assume that f
is induced by an inclusion i of tow(CWj) so that the following conditions
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are satisfied:

(i) m1(4p) is @ monomorphism for each n,
(i) im(m (p(Y)2*1)) C im(7(4,)) for each n,
(iii) % op(Y)?+L il op(Y)?+! 1 Y, 1 — DM(i,,) are homotopic for each n.

Indeed, (i) can be ensured by 2.4. (ii) can be ensured with the help of
1.6 by choosing a cofinal subset of integers. Let us provide more details for
(iii) so as to see how choosing a cofinal subset works. By 2.7, [i°] = [i!],
where i°,i! : Y — DM(i). Thus, given n > 1, there is m > n such that
i op(Y)™ il o p(Y)™ :Y,, — DM(i,) are homotopic. By induction we can
choose an increasing sequence m; < mg < ... and rename X,, .Y, as
Xn, Y, so that (iii) is satisfied.

Let H : Y12 — DM(in41) be a homotopy joining 70, op(Y)Zﬁ and
il 10p(Y)rt3. Let g : DM(iy41) — DM(iy,) be the natural map induced by
p(Y)n 1. By 2.6, the image of g is contained in DM(;n) Thus, joH : }N/n_,_g —

DM(i,,) is a homotopy joining i% o p(Y)™+2 il o p(Y)"+2 : Y, 5 — DM(iy,).
By 2.7, f is an epimorphism of tow(Hy). =

2.9. DEFINITION. A morphism f : X — Y of tow(Hp) is called a weak
isomorphism if 7, (f) is an isomorphism of tow(Gr) for each k& > 1.

2.10. THEOREM. Suppose f : X — Y is an epimorphism of tow(Hy).
If 7 (f) is a monomorphism of tow(Gr) for each k > 1, then f is a weak
isomorphism of tow(Hp).

Proof. By 2.2, m(f) is an epimorphism of tow(Gr). Thus, m(f) is
an isomorphism of tow(Gr). Without loss of generality (see 2.4), we may
assume that f is induced by an inclusion i of tow(CWy) so that 7 (i,,) is a
monomorphism for each n.

SPECIAL CASE: m1(Y,,) = 0 for each n. In this case, m(X,) = 0 for
each n. Let Y/X be defined by (Y/X), = Y, /X, and p(Y/X)" be the
natural map induced by p(Y)7". Since the composition of X — Y — Y/X
is trivial in tow(Hp), sois Y — Y/X as X — Y is an epimorphism. Notice
that Hy(Y/X) is naturally isomorphic to Hy (Y, X) for each k > 1 (we use
the integral homology here). From the homology exact sequence we deduce
the exactness of 0 — Hy11(Y, X) — Hi(X) — Hi(Y) — 0 for each k > 1.
Suppose Hi (Y, X) = 0 for all £ < n. By the Hurewicz Theorem in pro-Hy
(see [M-S], Theorem 7 on p. 140), the Hurewicz morphism ¢y, : m(Y, X) —
Hi(Y, X) is an isomorphism for ¥ = n and an epimorphism for & = n + 1.
Since m, (Y, X) — m,—1(X) is trivial (as m,—1(f) is a monomorphism) and
H,(Y,X)— H,_1(X) is a monomorphism, we get H, (Y, X) = 0. Thus, all
homology pro-groups of (Y, X) are trivial, which implies that all homotopy
pro-groups of (Y, X)) are trivial and f is a weak isomorphism.
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GENERAL CASE. By 2.8 we see that fis an epimorphism of tow(Hj). By
the Special Case, f is a weak isomorphism. Since 7 (f) = m(f) for k > 1,
f is a weak isomorphism. m

The following characterization of monomorphisms in tow(Hp) is useful:

2.11. PROPOSITION. Suppose f : X — Y is a level morphism of tow(Hy)
induced by f, : X, — Y,. Then f is a monomorphism of tow(Hy) iff for
each n there is m > n such that given two morphisms o, : P — X,, of
Ho, fn 00 = fr o implics p(X)T 0 o= p(X)™ o B.

Proof. Fix n > 1 and suppose that for each m > n there is a CW
complex P,, and two homotopy classes a,,, by, : P, — X, so that f,,0a,, =
fm©oby, but p(X)oay, # p(X)n oby,. For each m > n let Z,,, be the wedge of
all Py, k> m.If p>m, then p(2)?, : Z, — Z,, is the inclusion. By defining
Oy B+ Ly — X, via o | P = p(X)], 0 a, and G, | P = p(X)], 0 b, one
gets a, 0 : Z — X so that foa = fof and a # 3, a contradiction. m

2.12. COROLLARY. If f: X — Y is a monomorphism of tow(Hy), then
7k (f) is a monomorphism of tow(Gr) for each k > 1.

Proof. Assume f is a level morphism. Apply 2.11 in the case of P being
a pointed sphere. Thus, for each n there is m > n such that ker(mi(fmn)) C
ker(m,(p(X)') for all £ > 1. By 1.6, 7, (f) is a monomorphism for each
k>1.m

2.13. COROLLARY. If f: X — Y s a bimorphism of tow(Hy), then it
1$ a weak isomorphism.

Proof. By 2.12, i (f) is a monomorphism for each k£ > 0. By 2.10, f is
a weak isomorphism. =

2.14. THEOREM. Suppose [ : X — Y is a bimorphism of tow(Hy). Then
f is an isomorphism if one of the following conditions is satisfied:

(i) def-dim(Y") is finite,
(ii) Y is movable.

Proof. By 2.13, f is a weak isomorphism.

(i) If def-dim(Y") is finite, then Corollary 5.7 of [D4] says that f has a
left inverse. By 0.3, f is an isomorphism.

(ii) We may assume that f is a level morphism induced by f,,, n > 1. Fix
n > 1. By 2.11 there is m > n so that given two morphisms «,3: P — X,
of Hy, fmoa = fy, o implies p(X)" oa = p(X)™ o 3. Since Y is movable,
Theorem 5.9 of [Dq] says that f is a weak domination. This means that for
each k there is s > k and a morphism r : Yy — X}, such that fior = p(Y)3.
Choose s > m and r : Yy — X,, so that f,or =p(Y)s,. Let a =ro fs:
Xs — Xy Notice that fr,0a = frooro fo =p(Y);, 0o fs = fm o p(X);,.
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Thus, p(X)7 0.0 = p(X)7 0 p(X)3 = p(X)5. Let b= p(X)T o7 : ¥y — X,
Notice that f, ob = p(Y): and bo f; = p(X)3. This proves that f is an
isomorphism of tow(Hy). m

Our next result improves Theorem 2.14(ii):

2.15. THEOREM. Suppose f : X — Y is a bimorphism of tow(Hy). If
Z is movable, then the induced function f. : Mor(Z,X) — Mor(Z,Y) is a
bijection.

Proof. It suffices to show that f, : Mor(Z, X) — Mor(Z,Y) is surjective
(it is injective as f is a monomorphism). Suppose g : Z — Y. First, consider
the special case of Z so that each p(Z)"*! is a domination. This implies the
existence of a morphism r,, : Z,, — Z, for each n, so that p(Z),or, =idz,.

We may assume that f is a level morphism induced by f,, n > 1. By
2.11, for each n there is m > n so that given two morphisms «, 3 : P — X,
of Hy, fmoa = fp o implies p(X)" o = p(X) o 3. Without loss
of generality we may assume m = n + 1 for each n. We may also assume
that ¢ is a level morphism induced by g,, n > 1. By 2.13, f is a weak
isomorphism and [D;] says that for each n there is a morphism s,, : Z,, — X
so that fos, = gor,. Let h, = p(X), o8, : Z, — X,. Notice that
In op(X)n'H ohpt1 = p(Y)Z-H O fnt10hni1 = fnohy OP(Z)Z—H' Therefore,
P(X)2 b1 = p(X)7_ 0 hnop(Z)2+! and the morphisms p(X )+ ok 1,
n > 2, induce a morphism h: Z — X so that g = foh.

The same argument as that of Spiez [Sp] shows that any movable ob-
ject Z of tow(Hy) is dominated by an object T so that each p(T)"*! is a
domination. Thus, the general case follows from the special one. =

3. Bimorphisms in the shape category. This section is devoted to
partial answers to Problems 0.6 and 0.7.

3.1. THEOREM. Suppose f : X — Y is a bimorphism of the shape category
of pointed metric continua. If X is movable and pro-m(Y') is stable for each
k> 1, then f is a weak isomorphism.

Proof. Assume X C Y and f is induced by the inclusion j : X — Y.
Notice that DM(j) is compact and the two maps j°, j1 : ¥ — DM(j) are
homotopic when restricted to X. Since j induces an epimorphism in the
shape category, we have Sh(j°) = Sh(j!), where Sh is the shape functor
from the topological category to the shape category. Express (Y, X) as the
inverse limit of an inverse sequence (B, A) of pairs of pointed, connected,
and finite CW complexes. Since Sh(;j°) = Sh(j!), we can switch to the inclu-
sion 7 : A — B and deduce that [r°] = [r!] (here r°,r! : B — DM(r)). By
2.7, r is an epimorphism of tow(Hj). Notice that r, : Mor(Z, pro-m(A)) —
Mor(Z, pro-m(B)) corresponds to Mor(S*, X) — Mor(S*,Y) in the shape
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category. The latter function is one-to-one as f is a monomorphism. By 1.7,
pro-m(r) is a monomorphism for each k£ and by 2.10, r is a weak isomor-
phism. =

3.2. COROLLARY. Suppose f : X — Y is a bimorphism of the shape
category of pointed metric continua. If X is movable and Y is an FANR,
then fis an isomorphism.

Proof. Since pro-m;(Y) is stable for each k£ > 1, 3.1 says that f is a
weak isomorphism. By Theorem 6.5 of [D4], f is an isomorphism. m

3.3. THEOREM. Suppose (Y, X, xg) is a movable triple of metric continua.
If the inclusion i : (X, x0) — (Y,x0) is a bimorphism in the shape category
of pointed metric movable continua, then i is a shape isomorphism.

Proof. By Theorem 7.5 of [D-S3] (see also [Mo-P]) it suffices to show
that i is a weak isomorphism. Notice that DM(%) is movable and the reason-
ing of 2.7 applies to prove that ¢ is an epimorphism of tow(Hy). It remains to
show that pro-mj (i) is a monomorphism for each £ > 1. Without loss of gen-
erality we may assume that there are shape morphisms r,4+1 : Xpp1 — X
and s,41 @ Ypi1 — Y so that p(X), o rpp1 = p(X)2 p(Y), 0 8p41 =
p(Y)" 1 ior,i1 = spi1 0ing for each n. If a € ker(my (ip41)), then a =0
inX,,. n

4. Bimorphisms in the proper homotopy category. Since there
is a strong connection between the proper homotopy category and tow(Hy)
(see [Ed-H]), the purpose of this section is to apply the results from tow(Hy)
to the proper homotopy case. The connection is realized as follows: given a
locally compact CW complex K one constructs its end end(K) as {K — C :
C' is compact in K}, where the bonding morphisms are induced by inclu-
sions. In the case of K being connected one can express K as an increasing
union of its compact subcomplexes K,, with K,, C Int(K,,41). Thus, end(K)
is equivalent in pro-H to an object of tow(H ), namely {K — Int(K,)}.

A CW complex K is locally compact iff it is locally finite. It turns out
(see [F-T-W]) that there exists a proper map f : K — L of locally finite
CW complexes which is not properly homotopic to a cellular map (one
mapping the nth skeleton of K to the nth skeleton of L). To remedy this
one introduces a special class of locally finite CW complexes:

4.1. DEFINITION [F-T-W]. A CW complex K is called strongly locally
finite if it can be covered by a locally finite family of its finite subcomplexes.

The next definition is a rewording of end(K') being equivalent to a tower
of connected CW complexes:

4.2. DEFINITION. A locally finite CW complex K is called connected at
infinity if for each compact subset C' of K there is a compact subset D of K
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which contains C' in its interior so that K — D is contained in one component
of K —C.

In the following definition we treat [0, c0) as a CW complex with integers
as vertices and [n,n + 1] as 1-cells.

4.3. DEFINITION. Suppose K is a locally finite CW complex. By a ray

in K we mean an embedding r : [0,00) — K of [0,00) onto a subcomplex
of K.

Essentially, a ray is an analog of a base point.

Notice that the end(K) is not an object of pro-Hy. Namely, the base
points are not defined yet. The purpose of the next definition is to create an
object of tow(CWjg) which is equivalent to end(K) in pro-H once the base
points are forgotten.

4.4. DEFINITION. Suppose (K,rk) is a rayed, connected, locally finite
CW complex. By a preferred end of (K, rk) we mean the object end(K, k)
of tow(CW),) for which the bonding maps are inclusions and end(K, rg ), =
(K, Urk|0,00),7k(0)) for each n so that the following conditions are sat-
isfied:

(i) K1 = K, each K, is connected, and each K — Int(K,) is compact,
(ii) Ky41 C Int(K,,) for each n,
(iii) given a compact subset C' of K there is n such that C C K — K,,,
(iv) for each n there is an integer v, such that rx[0,v,] N K, is a vertex
of K,, and rg[v,,o0) C K,.

Notice that any two preferred ends of (K, rk) are equivalent in tow(Hp).
Therefore, one may define the pro-homotopy groups pro-m,(K,rk) of
(K,rk) as my(end(K,rk)) (strictly speaking, one should talk about the
equivalence class of pro-groups).

4.5. LEMMA. Suppose (K,rk) is a rayed, locally finite CW complez.

(a) If a preferred end of (K,rk) exists, then K is connected, connected
at infinity, and strongly locally finite.

(b) If K is connected, connected at infinity, and strongly locally finite,
then a preferred end end(K,ry) exists. Moreover, if f: (K,rix)— (L,rr)
is a proper map and end(L,rr) is a preferred end of (L,rL), then one can
find a preferred end end(K,rg) of (K,rk) so that f(K,) C Ly, for each n.

Proof. (a) Suppose a preferred end end(K,rx) exists so that
end(K,rg)n, = (K, Urk[0,00),7x(0)) for each n and the properties in
Definition 4.4 are satisfied. Since K = K, it is connected. Suppose C
is a compact subset of K and choose n so that ¢ C K — Int(K,). Put
D = K — Int(K,,+1) and notice that K — D C K, is contained in one com-
ponent of K — C. Put A, = K,, — Int(K,,+1) for n > 1. Notice that A,,
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n > 1, cover K. Given x € K there is a compact neighborhood C' of x € K.
Let m satisfy C C K — Int(K,,). Notice that C N A,, =0 for n > m + 1.

(b) Let {A;};>1 be alocally finite cover of K consisting of finite subcom-
plexes. Put K1 = K and suppose K, is given for some n. For each m > n let
B,,, be the union of those A; which do not intersect (K —Int(K,,))UlU,—, Ax.
Notice that K — Int(B,,) is compact for each m.

For each m choose the smallest integer w,, so that rx(w,,) € B,, and
let Cp, = By, Urg[wpy,o0). Let D, be the component of rx (wy,) in Cp,.
Notice that K — Int(D,,) is compact. Our candidate for K, i is any D,
contained in Int(K,). Let us show that such a D,,, exists. First of all, there
is an integer p such that rx[p, 00) C Int(K,,). There exists an integer ¢ such
that A,, does not intersect rx[0,p] U (K — Int(K,,)) U f~1(L — Int(L,)) for
m > q. Notice that D, can be chosen as K, ;. »

4.6. DEFINITION. P, is the proper homotopy category of rayed, strongly
locally finite, connected CW complexes K connected at infinity, equipped
with a ray rg : [0,00) — K. Morphisms of P, are proper homotopy classes
of ray-preserving proper maps f : (K,rx) — (L,rz) (i.e., forg =rp).

4.7. DEFINITION. If f : (K, rx) — (L,rr) is a ray-preserving, proper, cel-
lular map between two rayed locally finite CW complexes, then its mapping
cylinder (M, ryy) is defined as the quotient of the regular mapping cylinder
so that (rx(t),s) is identified with r1(¢) for all £ > 0,1 > s> 0.

If f is an inclusion, then its double mapping cylinder (DM(f),rnr) is
defined as the quotient of the regular double mapping cylinder so that
(rx(t),s) is identified with (r.(¢),0) for allt > 0,1 > s > 0.

4.8. PROPOSITION. If f:(K,rx) — (L,rL) is a ray-preserving, proper,
cellular map between two objects of P, then its mapping cylinder is an
object of P,.. If f is an inclusion, then its double mapping cylinder is an
object of P;.

Proof. Since f is cellular, M is a connected CW complex. Since f is
proper, M is locally finite. Let p : M(f) — M be the projection from the
regular mapping cylinder M(f) of f. Choose preferred ends end(K,rg),
end(L,ry,) so that the following conditions are satisfied (see Lemma 4.5):

(i) end(K,rx)n = (K, Urk[0,00),7x(0)) for each n,
(ii) for each n there is an integer v, such that rx[0,v,] N K, is a vertex
of K,, and rg[v,,00) C K,,
(iii) end(L,7L)n = (Ln UrL]0,00),7(0)) for each n,
(iv) for each n there is an integer w,, such that r[0,w,] N L, is a vertex
of L,, and rp[v,,00) C Ly,
(v) f(K,) C Ly, for each n.
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Since f(K —Int(K,)) is contained in L — L, for some s, we may assume
that

(vi) f7Y(Lpy1) C Int(K,,) for each n.

Indeed, f(K —Int(K,)) C L — L, implies f~1(Ls) C Int(K,) and one
may redefine L, 1 as L.

Notice that w,, < v, for each n. Let f,, : K,, — L, be induced by f and
let P, = M(fy). Let M,, = p(P,). Notice that r;[0, w,|NM,, = rps(w,) and
T [Wwn, 00) C M,,. The main purpose of (vi) is to ensure M,,+1 C Int(M,).
Now, it is easy to check that end(M,rar), = (M, Urp[0,00),71(0)) defines
a preferred end of (M,rp). By Lemma 4.5, (M,ry) is an object of P,.
A similar proof works for the double mapping cylinder. m

4.9. PROPOSITION. If f: (K,rkx) — (L,71) is a monomorphism of P,,
then pro-mi(f) is a monomorphism of pro-groups for each k > 1.

Proof. Choose preferred ends end(K,rg) of (K,rk) and end(L,rr)
of (L,rr). We may assume that f(K,) C L, for each n. Fix k¥ > 1 and
m > 1. Suppose that for each p > m there is a map a, : (8% 1) — (Kp U
ri[0,00),7k(0)) so that foa, = 0 in L, Urs[0,00) but a, is not null-
homotopic in K, U rk[0,00). Since K, is a deformation retract of K, U
ri[0,00), there is a map b, : (S*,1) — (K,,v,) (v, being the first vertex
on the ray which belongs to K,) so that fob, ~ 0 in L, but b, is not
null-homotopic in Ky,. Define S as [0,00) x 1U U, {gp} ¥ S* and define
rs : [0,00) — S by rg(t) = (t,1). Combining the maps b,, p > m, one
constructs b : (S,7s) — (K,7x) so that fob~ focand bis not properly
homotopic to the “constant” map ¢, a contradiction. The map ¢ : (S,rg) —
(K,7r) is defined by c¢({g,} x S*) =v, forp>1. =

4.10. ProPOSITION. If f : (K,rx) — (L,rL) is an epimorphism of P,,
then end(f) : end(K,rx) — end(L,rr) is an epimorphism of tow(Hy).

Proof. First consider the case of f being an inclusion. Choose preferred
ends end(K,rg) of (K,rx) and end(L,ry) of (L,rr). We may assume that
K, C L, for each n (see Lemma 4.5). By 4.8, (DM(f),ras) is an object of
P,. Let i%,i' : (L,71) — (DM(f),rar) be the two inclusions. Since i% o f is
properly homotopic to i o f, there is a proper homotopy H : L x I — DM(f)
joining i° and i'. Given m > 1, let C = L — Int(L,,41). The image D of
C x{0,1} U (K,, N C) x I in DM(f) is compact, so H~1(D) is compact
in L x I. There is p > m such that (L, x I) " H=!(D) = (). This means
that H|L, x I : L, x I — DM(j,) is a homotopy joining i°|L, and i'|L,,
where j,, : K, — Ly, is the inclusion. By 2.7, the inclusion end(K,rx) —
end(L,ry,) is an epimorphism of tow(Hy).

In the general case one may assume f is a cellular map (see [F-T-W])
and then replace f by the inclusion j : (K,rx) — (M,rp) of (K,rk) into
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the mapping cylinder of f. Since the inclusion (L,rr) — (M,ry) is an
isomorphism of P,, it induces an isomorphism of preferred ends. =

4.11. COROLLARY. If f: (K,rx) — (L,rL) is a bimorphism of P, then
f induces isomorphisms of proper homotopy groups.

Proof. Use 4.9, 4.10, and 2.10. =

4.12. COROLLARY. If f : (K,rx) — (L,rL) is a bimorphism of P, so
that dim(L) is finite, then f is an isomorphism.

Proof. We may assume that f is a cellular map (see [F-T-W]). It suffices
to show that f has a left inverse in P,.

First, notice that f : (K,rx(0)) — (L,r£(0)) is an ordinary homotopy
equivalence (the finitness of dim(L) is not needed here). Indeed, replace f
by an inclusion and notice that the proper double mapping cylinder of f is
equivalent to the ordinary double mapping cylinder of f. Thus, as in 2.7, f is
an epimorphism of Hy. It remains to show (see [Ds]) that f: (K,rx(0)) —
(L,7(0)) induces monomorphisms of all homotopy groups. This follows
from the fact that m,, (K, rk(0)) can be regarded as the set of proper homo-
topy classes of maps (Sy,, 7s) — (K, rk), where Sy, = [0, 00) x{1}U{0}x.S™,
1 being the base point of the m-sphere S™.

Let (M, ry;) be the mapping cylinder of f. We construct a proper map
H,: M x0U(KUM®™)xT— M sothat H,|M x 0 =id, H,|K x I =id,
and H, (M x 1) c K. Choose ends end(K, rx) of (K,rx) and end(M, ry;)
of (M,ryr) so that K, C M, for each m. The map Hy is constructed by
homotoping vertices in M, — M, _; to v, inside M,,.

Suppose H,,_1 is given. Since end(K,rx) — end(M,rys) induces iso-
morphisms of pro-homotopy groups, Lemma 8.1.2 of [D1-S] (see p. 104) says
that for each s there is p(s) > s such that m, (M), Kps)) — mn(Ms, Ky) is
trivial. This allows extending H,,_; to H,, as follows: Given an n-cell o of M
which is not contained in K the homotopy H,_; restricted to o x 0UJdo x I
can be extended over o x I so that the image of o x 1 lies in K. This follows
from the fact that K is an ordinary deformation retract of M. However, we
require this extension to be done in such a manner that its image lies in K,
with m maximum possible (such an m obviously exists).

Let us show that H, : M x 0U(K UM™) x I — M obtained by pasting
together such extensions is proper. It suffices to show that H,, 1 (M —Int(M,))
is compact for each s. Suppose there are infinitely many n-cells o,, v > 1,
so that Hy, (o, x I) N (M — Int(My)) # 0. Let w = p(s + 1). Notice that
there is v so that H,_1(0o, x 1) C K, and Hy,,—1(0o, X I Ua, X 0) C M,,.
Since m,(My, Ky) — mpn(Msy1, Ksyq) is trivial, H, (o, X I) C Mgy, a
contradiction.
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Let dim(L) = d. Notice that Hy|L x {1} is a left inverse of (K,rg) —
(M,rp) in Pr.. m
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