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The cobordism of Real manifolds
by

Po Hu (Chicago, IL)

Abstract. We calculate completely the Real cobordism groups, introduced by Land-
weber and Fujii, in terms of homotopy groups of known spectra.

1. Introduction. The notion of Reality was first introduced by Atiyah
[4] for K-theory. A Real bundle over a Z/2-space is a complex bundle, to-
gether with a complex antilinear Z/2-action compatible with the Z/2-action
on the base. A Real manifold is a Z/2-equivariant smooth manifold with
a Real structure on its normal bundle. The cobordism of Real manifolds
was first considered by Landweber [14] and later Fujii [12]. Landweber [15],
Araki [3], and Fujii [10] also introduced the Real Thom spectrum MR, a
Z/2-equivariant spectrum indexed over the complete universe in the sense
of Lewis, May and Steinberger [16], whose homotopy groups were calcu-
lated by Araki (see [13]). Landweber [14, 15] and Fujii [10] obtained partial
results relating the Real cobordism group, which we denote by 28l to
. MR. Interest in Real cobordism increased recently in connection with a
Real version of the Adams-Novikov spectral sequence (see [13]).

In this note, we completely calculate £28°* in terms of MR and other
known spectra. It should be pointed out that our treatment of geometric
Real cobordism here is a fairly straightforward application of the methods
of Conner and Floyd [7], Costenoble and Waner [8], tom Dieck [9], and
Wasserman [20]. Nevertheless, the problem clearly was considered, though
not completely solved, in the literature ([14], [12], [15], [3], [10]). The pur-
pose of this paper is to record the answer, with a complete, self-contained
proof.

Ideally, we would like to show that the Real cobordism groups of compact
Real manifolds are MR,, in analogy with the case of complex cobordism.
However, as usual this turns out to be false, due to the lack of transversality.
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Hence, we consider first the case of free Real cobordism of free Real mani-
folds (see also Fujii [12] and Landweber [15]). There is the following result,
analogous to the case of equivariant cobordism:

ProproSITION 1. The free Real cobordism groups of free compact Real
manifolds are (MR N EZ/2_ ).

For Real cobordism of general Real manifolds, consider the cofibration
sequence
EZ/2, — S° — EZ)2.
After smashing it with ¥ ~/* MR and taking Z/2-fixed points, we obtain the
cofibration sequence of nonequivariant spectra
(1)  (Z7'(MR A EZ/2))%? - (27 MR)%/? — $2/2( 571 MR)

where $%/2 denotes the geometric fixed points in the sense of [16]. These
can be found by taking fixed points on the prespectrum level. For MR, the
spaces are of the form T'(Vf..| Bu(n))- Taking fixed points gives T'(v"|go(n)),
and suspension by la does not affect the geometric fixed points, so

P22 Ele MR = L2 MR = MO.
From the connecting map d : Ei72 — YEZ./2,, we get a connecting map
d: MO — S(X7'(MR A EZ/2)%/?).

Now let M be a Real manifold of dimension k + la, with fixed point
set MZ%/2. M*%/? is a real submanifold with dimension k, and so specifies
an element of 7 (X ~!*®%/2MR) = 1, MO. However, this is not all of the
structure present on M?%/2: there is also an I-dimensional bundle 7 such that
N @ vz is trivial. We will call such manifolds I-trivial. While deferring the
precise definition of cobordism of [-trivial manifolds to the next section, we
have the following result.

PROPOSITION 2. The cobordism groups of compact l-trivial real manifolds
are the homotopy groups of E*IT(71|BOU)).

There is a stabilization map ¢ : X ~/T' (v |Bo@y) — MO. Thus, composing
with the connecting map d, we get a map
(2) §: 2T (Vo)) - MO % 2(S71(MR A EZ/2)"/?).

Let MR; be the homotopy fiber of the map §. Also, denote the Real
cobordism group of Real manifolds of dimension k + la by 28 (k 4 la).
The following theorem is the main result of this paper.

THEOREM 3. For a given | > 0, MR, is the cobordism spectrum of com-
pact Real manifolds of dimension k + la. In other words,

(3) Rk 4 1a) = 1, MR;.
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In Section 2, we will make precise the notions of Real cobordism of Real
manifolds and free Real cobordism of free Real manifolds, as well as that
of [-trivial manifolds and their cobordism. Section 3 will be devoted to the
proof of Proposition 1; and the main result will be proven in Section 4.

2. The main definitions. Let a denote the unique nontrivial irreducible
representation of Z/2. A Real manifold (with boundary) is a manifold (with
boundary) M with a smooth action of Z/2, together with a Real bundle v
of dimension n(1 + «) over M, and an isomorphism

™ PV = m+ pa

where m+pa denotes the trivial Z/2-equivariant bundle isomorphic to direct
product with the representation R™*P*, The Real dimension of M is then
defined to be m + pa — n(1 + «). M is a free Real manifold if the action of
Z/2 on M is free.

A compact Real manifold M can be embedded smoothly and equivari-
antly into R™ TP, Then v is the normal bundle of M in R™"P%, Note that
there may be Real bundles v, v/ of dimensions n(1+«a),n’(1+«) on M such
that

TMBrv=m+pa, TRV =m'+pa.

Hence, there may be more than one Real structure on M, with possibly
different Real dimensions k + la and k' +1'a, where k+1 = k' +1’ is the real
dimension of M. An actual example of this ambiguity of Real dimension is
the manifold S(na), of nonequivariant dimension n — 1. Note that 7g(,q) ©
1 = na, so S(na) is a Real manifold of dimension na—1. On the other hand,
by division algebra theory, for n = 2, 4,8, we have 7g(,) = n — 1, and hence
TS(na) = Ts(m)@ = (n — 1)a for n = 2,4, 8, giving S(na) a Real structure of
dimension (n — 1)a.

Let M be a Real manifold with boundary of dimension k + la, and let
1 be the trivial 1-dimensional collar bundle of 6M in M. If we choose m,p
sufficiently large, then on 0 M, the complement of p in (m+ pa)|sps is trivial
of dimension (m — 1) + pa. So we have an isomorphism

Tsm D vlsm = (m — 1) + pa

giving M an induced structure of a Real manifold of dimension (k — 1) +
la. Again, choosing m, p sufficiently large, we see that this induced Real
structure is unique.

As in the nonequivariant case, given a Real manifold M with its structure
given by the Real normal bundle v and isomorphism 73 @ v =2 m + pa, we
can define the Real manifold —M as the same manifold and normal bundle,
but reversing one chosen coordinate in the trivialization isomorphism.



122 P. Hu

DEFINITION 4. A compact Real manifold M of dimension k + [« is Real
cobordant to 0 if there is a Real manifold with boundary P such that the
boundary of P is 6P = M. If M is free, then it is free Real cobordant to 0 if
there is a free Real manifold P with 6 P = M. Two compact Real manifolds
M, N of dimension k + la are cobordant if M 11 (—N) is Real cobordant to
0, and free Real cobordant if M II (—N) is free Real cobordant to 0.

Real cobordism and free Real cobordism are equivalence relations. The
cobordism classes of compact Real manifolds of dimension k& + la form an
abelian group under disjoint union, which is the Real cobordism group of
dimension k 4+ la. Similarly, the free cobordism classes of free compact Real
manifolds of dimension k + la form the free Real cobordism group of dimen-
sion k + la.

We also make precise the definition of /-trivial manifolds.

DEFINITION 5. For a given | > 0, an I-trivial bundle is a real bundle & (i.e.
an R™-bundle) such that & @ 7 is trivial for some [-dimensional real bundle
n. An [-trivial manifold (with boundary) is a real manifold (with boundary)
N, with a normal bundle v and an [-dimensional real bundle n that gives
an [-trivial structure to v, i.e. isomorphisms

TN®v=m, noOv=p
where m, p denote trivial real bundles of these dimensions.

Note that if M is an Il-trivial manifold with boundary of dimension k,
with [-bundle n, then dM is an [-trivial manifold of dimension k& — 1, with
I-bundle 7n|sps.

Given an [-trivial manifold M with normal bundle v and [-bundle 7, we
define —M as the same manifold and bundles, but reversing one coordinate
in each of the trivialization isomorphisms 73y ® v = m and n ® v = p.

DEFINITION 6. An [-trivial manifold M is I-trivial cobordant to 0 if there
is an [-trivial manifold P with 6P = M. Two [-trivial manifolds M and N
are [-trivial cobordant if M 11 (—N) is [-trivial cobordant to 0.

Thus, we have the cobordism groups of [-trivial manifolds for each given [.

Let us also establish here some notations and recall certain basic notions
in equivariant stable homotopy theory, such as can be found in Lewis, May,
and Steinberger [16]. For a Z /2-equivariant spectrum E, we denote homology
and cohomology in integral dimensions by F,, E*; and we denote homology
and cohomology over the complete universe, i.e. all dimensions k+la, k,[ €
Z, by E., E*.

Recall the contractible free Z/2-space EZ/2, which can be considered as

S(ooa) = lim S(na)
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where S(na) is the n-dimensional sphere on which Z/2 acts by the negative
map. There is the cofibration sequence

EZ/2, — S° — EZ7)2.

The cofiber EZ/2 is the unreduced suspension of EZ/2, and is therefore
S the one-point compactification of R*. If E is a Z/2-equivariant spec-
trum, smashing the cofibration sequence with E gives the cofiber sequence

EZ/2, NE — E — EZ/2 N E.
We can take Z/2-fixed points of the sequence. Recall also that

(EZ/2)%2 N E ~ (8§ A E)%/?

is the geometric fixed point spectrum of E, denoted by ¢#%/2E.

Following Atiyah [4] and Landweber [15], let BU(n) denote the space
of n-dimensional subspaces of C*>°, with an involution given by complex
conjugation. There is a canonical Real bundle ~ ., of dimension n(1 + «)
over BU(n), which classifies the Real bundles of dimension n(1 4+ «). We
have a map of Thom spaces

(4) 21+aT(’Yﬁeal) - T(,yg—ei_all)

Let MR be the resulting Z/2-equivariant spectrum. Then MR is Real ori-
ented. Also, BU(n) x EZ/2 is a free Z/2-space with Z/2 acting diagonally.
There is the canonical free Real line bundle 4™ ¢, (of dimension n(1 + «))
over BU(n) x EZ/2, which is the induced bundle of the projection map

BU(n) x EZ/2 — BU(n). There is a prespectrum given by
() ZHeT(y" Rea) — T(" ).
This is MR A EZ/2, after spectrification.

3. Free Real cobordism. This section will be dedicated to the proof
of Proposition 1, which will be done in a manner analogous to the case of
complex cobordism, as shown in Milnor [17] or Milnor and Stasheff [18].
We will show that given any equivariant map from SP+™¢ to the Thom
space T' of a smooth Real bundle over a free Real manifold, there is an
(equivariant) homotopic smooth map transverse to the zero section of the
base manifold. The cobordism of the resulting Real manifold depends only
upon the homotopy class of maps, so we have a well defined map from
Thtla+n(1+a) (T) to the cobordism group of Real manifolds of dimension
k+la.

For any x in a Z/2-space, write T for its image under the action of
the nontrivial element of Z/2. Let M be a compact Real manifold. For n
large enough, we can consider M as embedded equivariantly in R™TP% =
RF+letn(1+e) with Real normal bundle v of dimension n(1 + a).
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LEMMA 7. Let M be a compact Real manifold, possibly with boundary,
embedded in R™P*, Then there is an open neighborhood U of M in R™TP>
which is diffeomorphic to the total space E(v) of the normal bundle by an
equivariant diffeomorphism ¢ that sends each x € M to the zero normal
vector at x in E(v).

Proof. Similar to that for the nonequivariant tubular neighborhood
lemma. =

Let N, M be free Real manifolds, £ a smooth Real bundle of dimension
n(l+«) over M, with total space E(¢) and Thom space T'(&). Let oo € T'(§)
denote the point at infinity. First, we will show that each continuous function
Smtra _, T(€) is homotopic to a map g smooth throughout g~ (T'(§)—o0) =
fHT(E) — o).

LEMMA 8. If f: N — T(&) is equivariant and continuous, then f is
homotopic to a map g which is smooth on g~ (T(£) —o00) = f~H(T(£) —00).

Proof. Let | | be an equivariant Euclidean norm on E(&), and D(§)
be the elements v € E(§) with |v] < 1. Then D() is a compact manifold
with boundary and a smooth Z/2-action, and for some m,p, D(§) can be
smoothly and equivariantly embedded in R™~ 1P by an embedding . Also,
let # : [0,1] — [0,1] be a smooth map which is strictly increasing and
bijective. Then define

Y T(E) — R™Pe
by
v = (0(]v]), (1 = 0(|v]))e(v))
forveT(§) —oo=D() —0D(), and
oo +— (1,0,...,0).

Then 1 gives an embedding of T'(§) topologically in R™*P* such that the
manifold 7'(§) — oo is smoothly embedded. By a similar method, T'(§) — oo
has a tubular neighborhood U diffeomorphic to E(v), where v is the normal
bundle of T'(£) — oo in R™ P>,

Let 6 : N — R be a positive function invariant under the Z/2-action
such that 6(z) — 0 as 2 — f~1(00). Let U = f~1(T(£) — o0). Then by
an argument similar to that for the nonequivariant case, we have a smooth
g : U — T(§)—o0 homotopic to f by some H(x,t) such that for all0 <t < 1,
|H(x,t) — f(z)| < J. Then we can extend H by setting H(x,t) = oo for all
0<t<1,x€ f1(c0), and H,g will be continuous everywhere. Moreover,

H(z,t) =0 iff f(z) =00. m

The next step shows that for M free, a map S™P* — T(£) is homotopic
to one that is transverse to the 0-section M C T'(§).
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LEMMA 9. If M is a free Real manifold, € is a Real bundle on M, and f :
SmAPa — T(€) is equivariant and continuous, then f is homotopic to a map
g which is smooth on f~1(T(£) — 00), and transverse to the zero section M.
The Real cobordism class of the manifold g=1(M) of codimension n(1 + «)
depends only on the homotopy class of g. Thus, we have a well defined
map from T 4pa(T(§),00) to the Real cobordism group of Real manifolds of
dimension m + po — n(1 + a).

To prove this lemma, we use the following standard lemma (Milnor—
Stasheff [18]).

LEMMA 10. Let U C C" be open, and f : U — C° smooth, with the
origin as a reqular value throughout a relatively closed subset X C U. Let
K be a compact subset of U. Then there is a smooth map g : U — CT,
g = [ outside of a compact subset K' C U, and having the origin as a
reqular value throughout X UK. Given any € > 0, we can choose g such that

|f(z) —g(x)| < e forall z€U.

Proof of Lemma 9. By the equivariant smooth approximation lemma,
we can assume that f is smooth on f~1(T(¢) — oc). Since M is free under
the action of Z/2, so are F(§) and T'(§) — oo. Thus, the equivariant map
f o SmtPe — T(€) must take every fixed point to oo. We can cover the
compact set f~1(M) in SP*™? by a finite number of open sets Uy, . .., Uy in
F7H(T(&)—00). Each U, is small enough such that it is disjoint from U;, where
U; denotes the image of U; under the action of Z /2. We also make sure that
each f(U;) C T(£)—oo C E(€) is contained in some £~1(V;) 22 V; xC", where
V; is an open coordinate neighborhood of the bundle in M. Let K; C U; be
compact, with f~!(M) contained in the interior of K = Ule K;. Also, for
x € T(§) — oo, we have the Euclidean norm 0 < |z| < 1, with |z| = 0 iff
x € M. By compactness, there is a constant € > 0 such that |f(¢)| > ¢ for
allt ¢ K.

Now we proceed according to the standard argument, by constructing
a sequence of equivariant maps fo, fi1,..., fn such that fo = f, each f; is
smooth throughout f; ' (T(¢) — 00) = f~Y(T(¢) — 00), and coincides with
fi—1 outside of a compact subset of U; U U;. Also, we want each f; to be
transverse to M throughout (J;_, (K; U K;), and that £(fi(z)) € M is equal
to &(f(x)) for all z € f~H(T(£) — o), i.e. each f; differs from f;_; only
within each fiber.

Suppose we have f; 1 satisfying these conditions. Then f; 1 maps U;
into £~1(V;) and U; into £~1(V;). By the equivariance of £, we have

ENV) =V xCr, V)2V xC

Let p; : £ 1(V;) — C™ and p, : £ 1(V;) — C" be the projections onto the
second coordinate. Then the composition p; f;_1 has the origin as a regular
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value throughout the relatively closed subset U; N U;;ll K; in U;. Then by
Lemma 10, it is approximated by ¢; : U; — C™ which has the origin as a
regular value throughout U; N (K7 U...U K;) and differs from p; f;_1 only
in a compact subset K| of U;. We can make it so that

165(t) — pi(fi—1(t))] < £/k
for all t. Define p;f; : €~4(V;) — C™ to be ¢;, and p;f; : £ 1(V;) — C"
to be the conjugate of ¢;. Since f; and f;_; differ only within fibers of &,
this determines f; on U; U U;, and thus on S™1P% completely. Because we
made the corresponding changes over U; and Uj;, f; is equivariant. It is easy
to check that f; satisfies all the desired conditions. Let g = fi. Then g is
smooth, equivariant, and transverse to M throughout the compact set K.
We chose each f; such that for every t,

|fi(t) = fi-a ()] < e/k.
Then |g(t) — f(t)| < € for every t, so |g(t)| # 0, i.e. g(t) € M for every t ¢ K.
Hence, we have g~ 1(M) C K. Therefore, g is transverse to M throughout
SmFreand g—!(M) is a manifold with a Real structure induced by g.

If g and ¢’ are two maps S™1P* — T(£), smooth throughout the inverse
images of T'(§) — oo and transverse to M, and homotopic by h, then we can
make the homotopy h transverse to M. Thus, the inverse image h~!(X)
is a Real manifold with boundary, giving the cobordism between g~—!(X)
and ¢'~!(X). Hence, we have a well defined map from 4 pa(T(€)) to the
(m + pa — n(1 + «))th cobordism group of free Real manifolds. It is easy
to see that this is a group homomorphism, just as in the case of real and
complex manifolds. m

We are now ready to prove Proposition 1, which gives the free Real
cobordism groups of free Real manifolds. We shall denote these cobordism

groups by 28k + ).

Proof of Proposition 1. Let G, + be the space of all n-dimensional sub-
spaces in C*, with Z/2-action by conjugation. Then G,,; has the structure
of a Real manifold, and

BU(n) = | G-

There is a canonical Real line bundle v over G,, +, of dimension n(1 + «),
and for ¢ large enough, 7™ classifies Real bundles of dimension n(1 + «)
over paracompact spaces. The projection

Gnﬂg X EZ/2+ — Gnﬂg

induces the bundle 4™t ke over G,,;, which classifies Real bundles of di-
mension n(1 + «) over free Z/2-spaces.
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Let M be a compact free Real manifold of dimension k+[«. Then for n,t
large enough, M is embedded equivariantly in R¥Hte+n(1+9)  with normal
bundle v™. There is the canonical smooth equivariant map

o: M — Gy, x EZ/2

where the first coordinate is the classification map of v™. The second coor-
dinate is the canonical map from a free space to EZ/2 = S(co). For some
s >0, M is mapped into the finite skeleton S(sa)) of EZ/2. So we have

M % Gy x S(sa) 5 Gy x EZ/2.

Now the inclusion i induces the bundle 4™t e over G, , x EZ/2, which
has the structure of a compact free Real manifold. ¢ gives a map of Real
bundles v — ’y:’ftree. Thus by the tubular neighborhood lemma, we have

o1 U = B(v) — B ) — T es)
which we can extend to S™P% the one-point compactification of R™ P
by mapping S™TP* —U to oo. This is an equivariant smooth map transverse
to the zero section BU(n) x EZ/2 of 4™ k¢, and
0 G,y x S(sa)) = M.

Thus, M is in the image of the map

n,t free Real

Tk4latn(l+a) (T("}/S Rcal)) - “ercc (k + lOé)

Passing to the limit over s, we get the surjective map

(6) T ttatn(+a) (T Rea)) — 256 (k + la).

Injectivity is proved in a similar manner for n,t sufficiently large. Thus, we
have

Thttotn(i40) (T Rem)) = Qe (k + 1),

This shows that Qf{ggl(kz—kla) is isomorphic to the stable homotopy group
Thtia (MR A EZ/2 ), which is our theorem. m

4. Cobordism of general Real manifolds. Let M be a compact Real
manifold of dimension k + lo, not necessarily free. Let M?%/? denote the
subspace of M fixed by the action of Z/2. Then M Z/2 is a compact real
submanifold of M.

LEMMA 11. The dimension of M?%/? is k.

Proof. There is a Real normal bundle v on M of dimension n(1 + «)
such that 7y ® v = m + pa, where m = k + n, p = [ + n. Restricting to
M?%/2 | we have

™M | agzr2 ® V| pze = M+ pad ppzse.
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Since M?%/? is fixed, the Z/2-action on a bundle over it takes each fiber
onto itself, so we can consider its fixed subbundle. The Real structure of v
gives that over M%/2 the Z/2-action on each fiber is a complex antilinear
transformation. Hence, each fiber, of complex dimension n, is the direct
sum of a fixed real subspace, and a real subspace where the Z/2-action is
multiplication by —1, where each subspace has dimension n. Let v%/2 denote
the fixed subbundle of v. Then v%/2 has real dimension n, and v breaks into
two copies of v%/2 i.e.

v=1521+a) =12 g i?

where the Z/2-action is complex conjugation. Also, at each point x € M Z/2
M is locally equivariantly diffeomorphic to a representation of Z/2. Thus,
the fixed subbundle of Tas|psz/2 is Tppz/2. Finally, the fixed subbundle of
m + pa is m. Thus, taking 7 /2-fixed points of the earlier equation, we get

TMZ/2 EBI/Z/2 =m.

So the dimension of M%Z/2 ism —n=1Fk. =

In particular, this shows that if a Real manifold M has a nonempty fixed
submanifold M?%/2, then the Real dimension k + la of M is independent of
the Real normal bundle giving M its Real structure, and that k,7 > 0.

What can we say about the fixed submanifold M?%/2? Note that there is
the normal bundle I/J]\\/[/[Z/z of M%/? in M, with

m + pa = Tar|pzre © Vlpgzre = Tagzre ® Vita)s ® VA2 (1 + a).

By the previous lemma, we have 7y,z/2 @ v%/?> = m. Also, taking the non-
fixed complements, we get V]]\\/I/IZ/Q @ V%2 = pa. In particular, y]]\‘/[/[Z/Q has
dimension la.

Considering only the real structures of the bundles, we see that a normal
bundle v%/2 of M?/? is trivialized by an [-dimensional bundle. Thus, for a
Real manifold M of dimension k + lo, M%/? is an I-trivial real manifold.

We now prove Proposition 2, which determines the cobordism spectrum
of compact [-trivial manifolds.

Proof of Proposition 2. The classifying space for sums of pairs of bundles
¢ @ n over a space X, with |{| = n, |n| = [, is BO(n) x BO(l), and the
universal bundle is 4™ x 4!. There is a map

6 : BO(n) x BO(l) - BO(n+1)

that classifies 4™ x 4'. Thus, if £ @7 is trivial, the map X — BO(n) x BO(1),
classifying the sum £®n over X, pulls back to the homotopy fiber of 6, which
is O(n+1)/(O(n) x O(1)).
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The universal n-dimensional [-trivial bundle, which we denote by 7}, is
the pullback of 4™ over BO(n) under the map

O(n+1)/(0O(n) x O(l)) — BO(n) x BO(l) — BO(n).
By the usual procedure, the cobordism of [-trivial manifolds is given by the
Thom spectrum lim,, . X~ "T(F}"). As n — 00, O(n) — O(n +1), so
O(n+1)/(0(n) x O(1)) — BO(1).
Hence
lim S"T(}) = 27'T(|sow))-

n—oo

Let 2'(k) denote the cobordism group of compact k-dimensional I-trivial
manifolds. Then

(7) T (ET( | Bowy)) = 2 (k)

i.e. X7'T(v'|poq)) is the cobordism spectrum of compact [-trivial mani-
folds. m

We are now ready to prove Theorem 3. First, consider the manifolds rep-
resented by X /T (! Bo(l)). Suppose that we have a k-dimensional compact
[-trivial manifold N, with normal bundle v and I-dimensional bundle 7, such
that v @ v =m, n@® v = p. Let | | be a Riemannian metric on v, and

D(n) ={(z,v) |z € N, v €na, |v] <1}
be the disk bundle of v with respect to | |. Give an action of Z/2 on D(n)
by
(z,v) — (x,—v).
Then D(n) is a real manifold with boundary
S(n) ={(z,v) |z € N,v €ny, |v] =1}
D(n) has a smooth Z/2-action that sends S(n) to S(n), and its tangent
bundle is
T™D(p) = TN BN
with Z/2 fixing 7y and acting by —1 on 7. The bundle v @ iv on N, with
7 /2-action given by complex conjugation, has a natural Real structure. Let
v(1 + «) be the pullback of v @ iv under the projection map D(n) — N.
Then there is an induced Real structure on v(1 4 «). Note that
o) vl +a) =178 @@ v(l +a) =m+ pa.

Also, the collar bundle of S(n) in D(n) is fixed under the Z/2-action. Hence,
D(n) is a Real manifold with boundary, of dimension k + la, so S(n) is a
free Real manifold of dimension (k — 1) + la, with the Real normal bundle
v(1+ «). If N is an [-trivial manifold with boundary N and I-dimensional
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bundle 7, then S(7|y) is the boundary of S(7). Thus, (N,n) — S(n) is a
well defined map 2'(k) — QFal(k — 1 + la).
Now recall the connecting map (2):
§: X7'T (Y powy) — MO — Z(Z7'*(MR A EZ/2,)%/?)
defined by means of homotopy theory. On coefficients, d gives the map
0s : Q'(k) = m (X' T(+[Bow))

— T (Z(ZT (MR A EZ/2,)%?)) = mp_1410(MR A EZ/2.)
= QRel(k — 14 1a).

— ““free

LEMMA 12. 6, : Q2'(k) — 028 (k — 1+ la) sends the cobordism class of

free

N, with l-dimensional bundle n and normal bundle v, to the class of S(n)
with a Real normal bundle v(1 + «).

Proof X~!'T(4! |Bo(1y) is the Thom spectrum of the pullback of 4™ over
O(n+1)/(0(n) x O(1)), and the stabilization map ¢+ : X'T'(v'|goq)) — MO

1S

LT ot/ (0myxow)) = T(V"|Bo(n))
on the prespectrum level.

Let S(v'a) be the sphere bundle of v'a over BO(1), and let S7'e be its
unreduced suspension. Then there is a map

1
T('Yla|BO(l)) — 5T
given by contracting the 0-section to a single point. Also, there is a classifi-
cation map S(y'a); — S(cca)y = EZ/2,, giving a map
c: S gooer,

Moreover, v"*(1 + «) is Real of dimension n(1 4+ «) over the fixed space
BO(n), so there is a classification map

7" (1 + a)[Bo(n) = VReall BUM)-
Hence, we have the map of Thom spaces
ST (Y o) s0my o)) = T (1 + a) ® v alomn /0m)xo))
=5 T(Y*(1+ a) x v'alpom)xBow))
= T(Y*(14 @)|som) ATV elsow)
— T(YReal | BU(R)) N e
= T(VReat| BUG)) A S
= ST (VR eat| BU@Y) A 5>
% ST (Ve Bu(my) A TEZ/24
= XX T (" R | Bun) x B2/2)
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where the map
S T(f}/ﬁea”BU(n)) N ST — E_laT(Vﬁea”BU(ﬂ)) A S

is inverse to the map induced by the suspension S° — S!®. Since X!® g% =~
S s is a homeomorphism. Passing to spectra, this gives the map of Z/2-
spectra (with X'T(v!|go()) considered as fixed):

ST sogy) — (MR A 5%%) L 2(S7 (MR A EZ/2,)).
Taking 7 /2-fixed points, it becomes our map
§: ST (| powy) - MO 4 £(Z71*(MR A EZ/2,)%/?).
Since the diagram

§'* > 5S(yla),

o _d o 35 (coa) 4

is commutative, the above map of Thom spaces is the same as

ST (3| oty s 0myx0@)) = TV (1 + @) & ¥ oty (0m)xo))
ST (1+ a) @+ alpomxsow))
=T("(1+ a)|pom) AT elpo))
= T(Weatl BU(m) A ST
5 T(Vheat| BU(m) A ZS('a)4
= T(Veatl Bun)) AT (Ls(y1a))
= T(YReat X 1BU(M)xS(1ia))
= EEMT(’Yﬁem|BU(n)xs(~yla))

— ZXT (" Rl Bunyx E2/2)-
Given an [-trivial manifold NV of dimension &, with /-dimensional bundle

n and n-dimensional normal bundle v, for n > 0 the cobordism class of N
is represented by a smooth map

£ 8M = (Y omtny(0m)xou))
such that N is the preimage of the 0-section. We also have

e . ghtntntle _ SOHDD (47 601 (0m)x00))-

Following the maps of Thom spaces to XT (YR ea1|BU(n)x S(yia)), We see that
the O-section changes from O(n+1)/(O(n) x O(1)) to BU(n) x S(y'a). Hence,
the preimage of the 0-section changes from N to the universal sphere bundle
S(n), giving the desired map of cobordism groups. m
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The following lemma appears superficially similar to Theorem 1 of Land-
weber [14]. However, the two are different: Landweber’s theorem dealt with
cobordism after forgetting the Real structure, whereas we consider the fixed
points of a Real manifold.

For a real manifold M with a submanifold N, let v|}} denote the normal
bundle of N in M.

LEMMA 13. If in a compact Real manifold M of dimension k+la, M%/?
is cobordant to 0 in the l-trivial category, then M is Real cobordant to a free
Real manifold M'.

Proof. Let M’ be an I-trivial manifold with boundary M%/2. Then there
is an [-dimensional bundle  on M’ with

Nlarzz = V|3

Let T be a tubular neighborhood of M%/2 in M with T = E(v|},,.). Let

0T denote the boundary of 7. Then we can construct S(n|a), and attach
it to M by identifying

S(vlygere) = S(nlae2)

with 07. The resulting space X is a smooth manifold except at 61 =
S(n|pr2/2), with a free Z/2-action that is smooth except at 7, so X — 6T
has the structure of a free Real manifold of dimension k + la, except at
0T. Also, let Y be the space obtained by attaching M x [0, 1] to D(n) by
identifying D(n|ysz/2) with T, the closure of T. Then Y has the structure of
a (k + 1+ lo)-dimensional Real manifold with boundary except at 7", and
the “boundary” of Y is X IT (—M). Thus, we will get a free Real manifold
cobordant to M if we can “smooth out” the corners of X at 67'.

Since 67T is compact, there is another tubular neighborhood S of M%/?
in M,

S = B(v|}h/2)

such that T C S, and there is a collar neighborhood U = §S x [0,1) of §S
in S with 67 C U. Also,

6T = S(v|ih.2) =268
so we have
S—T>6T x[0,1).

There is also a collar neighborhood V' 2 S(n|sz/2) x [0,1) of S(n|psz/2) in
S(n|ar). Hence, we have a neighborhood of 67 in X

(S—T)UV = (8T x [0,1)) U (6T x [0,1)) = 6T x ([0,1) U [0, 1)).
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We can smooth (S —T) UV by smoothing out [0,1) U[0,1). More precisely,
let f:(0,1/2) — (0,1/2) be a smooth map such that

lim f@) =1/2, lim f(@) =0

and for all derivatives f(*) of f,

lim f@(z) = 1 @) 0.
lim f(z) = oo, irp/zf (z) =

Let

{(0,y) [1/2 <y <1},
{(z, f(2)) |0 <z <1/2},
{(2,0)]1/2 <z < 1}.

Let W = W; UWsUW;. Then W is a smooth 1-dimensional manifold. By

attaching 07 x W to X — ((S —T) U V), we obtain a smooth manifold P
with a free smooth Z/2-action. Similarly, let

Wa=A{(z,y) |0 <z <1/2, 0<y < f2)}
Let U = W1 U W4 U Ws. Then, attaching U to Y, we get a smooth Z/2-
manifold Z with boundary P.
It remains to give a Real normal bundle to W that will be a smooth
transition between the Real normal bundles of M — S and S(n) — V. Let ¢’

be the collar bundle of M?%/2 in M’, and ¢ be the collar bundle of §S in S.
Then &, £ are 1-dimensional and trivial. Note

1
2
3

™mlss =EDTss ZED s and Ty lsv =& @ Te

Then W gives a smooth transition between between £ and &', i.e
T = 1O TsT
where 4 is a 1-dimensional trivial real bundle such that
plss =&, plsv =€

Let vys be a Real normal bundle of M with dimension n(1 4+ «). Then at
4,
=@ Tss Dvmlss ©E B
~k+n)+(+nadf da
2k4+n+1)+({l+n+1)a.
Extending &’ to a trivial bundle of dimension 1 on M, we see that vy &E' B
is a Real normal bundle to M. Also, Tar|sy =& @ 157, SO

Tmlsy ©vmlss ®EDa = (k+n+1)+((+n+1)a.

Since M’ = S(v11,,2) % [0,1) near 6T, at 6V, vir]ss BE B a extends to a Real
normal bundle of M’. We can find a smooth trivial 1-dimensional bundle p’

™ ®Upmlss BE B a
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over W such that

plss =€, plsy =€
Then p @ p' =22, and at every x € W,

Tw O vMmlss DU A X ud® 55 Brmlos D S a
2P 755 BUMlss B a
XD Ts Drmlss DE D
~ Tarlos @ (Vmrlss B E @ )
2k+n+1)+{(+n+1a.

So var|s @ i’ @ a gives a Real normal bundle on W which is a smooth tran-
sition between the Real normal bundles of M and M’. Therefore, P has the
structure of a free Real manifold. Similarly, the manifold Z with boundary
P has a compatible Real structure, giving a Real cobordism between P and
the original manifold M. =

Proof of Theorem 3. We have the long exact sequence of homotopy groups
®) .= m(MRy) B m (87T (Y Bow))
% 141a(MR A EZ/2,) — ...

Given a class [f] in 7 (MR;), [p(f)] determines a cobordism class in the
[-trivial category, represented by the manifold N, with /[-dimensional bundle
n and real normal bundle v. Also, f gives a homotopy from d.p(f) to 0,
which gives a free Real cobordism M’ of S(n) to 0. Thus, we can combine
D(n) and M’ along their common boundary S(7n), giving a Real manifold
M of dimension k + la, with the Real normal bundle v(1 + «). Thus, define
the map

@ mp(MR;) — QR (k 1 la)

by letting ¢[f] be the cobordism class of M. The cobordism class of N
depends only on the homotopy class of f. Suppose that N is a (k + 1)-
dimensional [-trivial manifold with boundary N, with normal bundle 7 and
I-dimensional real bundle 7. Then N’ gives a smooth homotopy H of p(f) to
0. Also, there is a smooth homotopy of 6, H to 0, giving the space M’. We
can combine D(7) and M’, which gives a (k+la)-dimensional Real manifold
with boundary M. Therefore, ¢ is well defined.

To show that the map is an isomorphism, consider the following com-
mutative diagram:

_ O
— 1 (MR) == m(Z7'T(y|Bow))) == Th-141a (MR A EZ/2, ) —

A

— OReal(k 4 Ja) ——> Ql(k) —— = QR (k — 1 + la) ——
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Here ¢ sends M to M?%/? and i sends the free Real cobordism class of a
free manifold to its Real cobordism class. Thus, it suffices to show that the
sequence of cobordism groups is exact, since then by the Five Lemma, the
map ¢ is an isomorphism. At £2!(k), given a real manifold M, (M) = M?%/2
There is a tubular neighborhood N’ of M%/2 in M such that N’ = E(v|¥, ).
Then

8eq(M) = 6.(M*/?) = S(v]3z2),

which is cobordant to 0 via M \ N’. Conversely, as we have seen above,
given an [-trivial N in 2!(k) with I-dimensional bundle 7, if its image is 0
in QFl(k — 1+ la), then there is a free Real manifold M’ with boundary
S(n). Thus, we can combine D(n) with M’ to get a Real manifold M with
q: M — N. Hence, the sequence is exact at £2'(k).

To show exactness at Q&fﬁl(k — 1+ la), suppose a free Real manifold
M is the image of some [-trivial N with [-dimensional bundle 7. Then M
is Real cobordant to S(n), which in turn is Real cobordant to 0 via D(n).
Conversely, let M be a free Real manifold of dimension k& — 1 + la with
i(M) = 0, so there is a Real manifold P with boundary M. Then consider
PZ/2 in QX1 (k) with

0. (M*/?) = S(v|pzy2)

in Q8¢ (k — 1+ la). Let Q be a tubular neighborhood of P*/2 i

in P, Q&
E(v|L,,2). Then M is cobordant to S(U|%Z/2) via P\ Q, so [M] = §,[P%/?].

Finally, the previous lemma gives exactness at 2% (k 4+ la). m
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